ELASTIC STRESS FIELDS IN THE VICINITY OF A NARROW NOTCH
WITH CIRCULAR ROOT

G. Kullmer*

Using an Airy’s stress function, stress field equations for
general plane loading, valid for a slit ending in a drilled
hole, are derived. The appropriate solution for antiplane—
loading is found by using the hydrodynamic analogy to
torsion and considering the flow past a circular cylinder.
The stress distribution is described with the stress intensity
factors K, Ky, and Ky in a form similar to the well—
known Creager—equations, which are valid for parabolic
notches. Neglecting all terms depending on notch root ra-
dius, the solution of the sharp crack equivalent is obtained.

INTRODUCTION

Very often the stress distribution in the vicinity of cracklike narrow notches
with notch root radius p and notch depth a (p << a) is estimated with the
Creager—equations (1), which read in cylindrical coordinates —position of the
origin of the coordinate system see Fig. 1— for general plane loading

o = 4_% [(5 - 2005 - cosig] = 41{(—_1—?% [(5 + L)sing - 3sin§g] ,
5y = % [(3 + 2)cos + cosig] - ?1};_;—75 [(3 - 2)sing + 3sini$§] , (1a)
Tro = 4—Kﬂ’:m [(1 + Bsind + sinég] + %ﬁ‘_ﬂ: [(1 ~20)cosf + 3cos§§§] ,
and for antiplane—loading
T = % sin, 7, = % cosf.. (1b)

Since for p << a Ki, K1, and Ky are the stress intensity factors of the sharp
crack equivalent (i.e. crack of the same orientation and length as the notch in
question), for p/r — 0 the stress field equations for the crack are obtained.
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The Creager—equations are the theoretical background of many experi-
mental and numerical investigations concerning blunt_cracks. Although it can
easily be shown, that they are only valid for parabolic notches (Fig. 1) the
model notches applied in such studies are in most cases U—shaped notches or
slits ending in a drilled hole (Fig. 2). Therefore, it is the aim of this work to
derive new stress field equations, valid for narrow notches with circular root,
in a form similar to the Creager—equations.

METHOD OF SOLUTION

The Plane Problem

For a disk with a straight slit ending in a circular hole (Fig. 2) under general
plane loading the following Airy’s stress function is proposed:

3 1 -1 3 ) 3 3
A=(Clr7+Czr7+C3r7)cos§§+(C4r7+Csr7+Cer7)cos—g

3 | a 3 ) 3.3
+(D,r7+D2r7+D3r7)sm%+(D4r7+D5r7+D5r7)sm—-§§. (2)

The stress components may be calculated with the following definitions:

1 9%A ,10A  _ A _13A L1 0A
o =ngpT T iar: %= &T) e~ rdop T o O

For mode I-loading only the symmetrical terms of equation (2)

3 1 -1 3 1 -3 3
Ar=(Cyr2 + Cgr7+C3r’f)cos§2‘3+(C4r7+ Csr2+ Cer ?) cos—g, (4)

stated by Neuber (2) for tensile loading, need to be considered. To satisfy the
boundary conditions for a stress—free circular notch surface

of(t=p)=0, 7 (r=p)=0, (5)
the constants are chosen
Ci=-2Cip, Ca=Cip?, Cs=-3Cip, Co=5Cir®. (6)

The boundary conditions along the slit require, that o, and Ty, vanish for
¢ =+ 7. This is satisfied for O but for Tip this is only approximately

possible. To assure, that the main portion of shear stresses vanishes along the
slit, for the limiting case p/r — 0 the solution of the sharp crack equivalent is
demanded. Thus, the comparison with equations (1) yields

Oy= 36, ==L, (7)
e

and for mode I-loading the following stress field equations are obtained:
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ow=z%{[3+2§+3 [g] ] cos§+ [1+%§+g[§] ] cos:ig}, (8)
r,¢_—1(—;r-{[1 1283 [2]2] sind + [1 +3e0.8 [2]3] sinigi}.

In order to solve the mode II-problem the antisymmetrical terms

3 1 4 3 1 3 3
Anp=(D;r2+ Dyr?+ D31 ?) smg + (Dgr2+ D512+ Dgr 2) sm-? (9)

of equation (2) are convenient. The boundary conditions (eqs (5)) yield
D;=-2Dip, Dy=Dyp?, Ds=-3D4p, Dg=3Dyp?. (10)

Along the slit 7, is zero, whereas, the boundary condition o (p=%m)=0
can only approximately be satisfied. The main portion of o,, vanishes, if for

the limiting case p/r — 0 the solution of the sharp crack equivalent is requi-
red. Thus, the comparison with equations (1) results in

Dj=Dy="Ki1_ (11)
(7

and the stress field equations for mode II-loading read:

= (o-ngs -2+ ).

42m
o= e 028+ [ onf + [+ 3+ 5 [ Tmn'g) 02
Trp = ﬁ{[l + 2?—3 [§]2]cos§+ [3 +g§—lg [g]s]cosig} s

Superimposing equations (8) and (12) the stress field in the vicinity of a
drilled hole at the end of a slit may be described for general plane loading.

The Antiplane Problem

Because of the analogy between antiplane shear and plane potential flow, a
starting function similar to the complex potential describing the flow past a
circular cylinder is chosen: .

F=A&+CeT=(r,0) +i¥(rp). (13)
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The complex variable ¢ and the complex constants A, and C are defined by
f=x+iy=r(cosp+ising), A=a+ib, C=c+id, i2=-1,(14)
where a, b, ¢, and d are real undetermined constants. This yields
1 -1
d(r,p) =12 [a cosg—b sinég] +r2fc cos§2‘3+ dsing] , (15)
1 -1
Y(r,p) =12 [a sin§§+ bcos%]—r 2[c sin-g—d cos%] : (16)

To calculate the stress components the following definitions may be used:

_ ?!rlg! _10¥(r,p) _1 gQ!r,Q} _ _0¥(r,p)
T2 = Bt TTdy v Toz = T Ty T Or : (17)
The boundary conditions for a slit ending in a drilled hole (Fig. 2)
Trz(r = P) =0, Tq)z(‘p =%* 7l’) =0, (18)

and the comparison with equations (1), keeping in mind, that for the limiting
case p/r — 0 the solution of the sharp crack equivalent is demanded, give:

a=c=0, b e LELH (19)
P {27
Thus, the stress field equations for the antiplane problem read:
_ K11 [1 E] B ’ _Krn[l g]
=2DIIT |7 - ) =211 4+ B cos & . (20)
Tz J‘ﬁ r g vz Im T g
DISCUSSION

The comparison between the Creager—equations (1) and the new field
equations (8), (12) and (20) yields, that only the shapes of o, on the ligament

for mode I-loading are similar (Fig. 3), whereas, for mode II-loading the
shapes of 7, are clearly different (Fig. 4). The hoop stress distributions

calculated with both, the new field equations (Fig. 5) and the Creager—equati- -
ons gFig. 6) for the respective notch shapes, show, that for notches with

circular root equations (1) are approximately suitable to estimate the

maximum notch stress for mode I-loading, but they are unfit to describe the

whole stress field of such notches, especially for mixed mode— and

mode IT-loading. This is strengthened with the following comparisons of

characteristic stress values:

— maximum notch stress for mode I-loading:

. K1
egs (8): Omax = 0, (p =100 1= p) =2.1213 —,
o
egs (1): Omax = 0, (p =001 =05p) =2 =L
™™
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— maximum shear stress for mode II-loading:

eqs (12): Tmax = Tp, (¢ =00 r=1.723 p) = 0.7132 K_! )

{mp
eqs (1): Tmax = Tpy (¢ =001 =15p)=0.3849 EE,

{7

— maximum tangential stress on the notch surface for mode II-loading:
eqs (12): Onax = 0, (= 671159 1 = p) = —2.8664 X1L|

{7
eqs (1) Omax = 0 ((p:QOO;r:p):_K_:’

{m

— maximum shear stress for mode ITI-loading:

eqs (20): Taax = Top (0= 09 1 = p) = 14142 KLLL |
X {mp
eqs (1): Tmax = Ty, (p=1001=0.5 p) = LIL
{m

Except for the maximum notch stress under mode I-oading the differences
between all the characteristic stress values, calculated with both stress field
equations, are distinct. Thus, the amount of stress concentration caused by a
narrow notch is not only dependent on the notch root radius and the notch
depth, but clearly on the notch shape, too. Therefore, it is recommended to
use the new field equations as theoretical background for experimental and
numerical investigations dealing with slits ending in a drilled hole or even
U—shaped notches at least for mixed mode—, mode II— and mode I1I-loading.
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Fig. 1: Coordinate systems for Fig. 2: Coordinate systems for the
Creager’s stress field equations stress field at a slit ending in a
drilled hole
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Fig. 3: Shapes of normal stresses Ol
the ligament for mode I-loading
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Fig. 5: Shapes of hoop stress for
mode I- and mode II-loading for a
slit ending in a drilled hole
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Fig. 4: Shapes of shear stress on the

ligament for mode 11-loading
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Fig. 6: Shapes of hoop stress for
mode I- and mode 1I-loading for a
parabolic notch.
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