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THE EXPECTED POSITION OF FATIGUE FRACTURE PLANES ACCORDING TO
VARIANCE OF THE REDUCED STRESS

W. Bedkowski, E. Macha¥

In the paper the fatigue criterion for multi axial
loadings is presented. It concerns the random state
of stress, which components have zero mean values. It
was assumed that the plane in which the maximum of
the. variance of the reduced stress appears is criti-
cal for the material. It was demonstrated that for
each stationary random stress state there is one or
more critical planes where the fatigue fracture plane
can be expected.

INTRODUCTION

Fatigue fracture of machine parts and structures occurring as a
result of multi-axial random loads takes place in case of random
states of stress. It means that components of the stress state are
stochastic processes and that principal stresses change at random
their magnitudes and directions at selected points of the materi-
al.

The criterion of the maximum strain in the direction perpendicular
to a fracture plane, proposed in the earlier papers (1), (2), is
one of the fatigue criteria for the random triaxial stress state.
In case of this criterion it is assumed that fatigue fracture is
influenced by a strain in the direction perpendicular to the ex-
pected fracture plane and the plane is perpendicular to the mean
direction of the maximum principal strain e,;(t). In a particular
case the criterion agrees with the maximum principal strain crite-
rion concerning sinusoidal loadings. If the presented criterion is
used for evaluation of fatigue life of materials, the fatigue
fracture plane should be known, which is determined in macroscopic
scale by the unit normal vector:
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Assuming that the material is isotropic, the strain sn(t) in the ﬁ

direction can be expressed in the following way (1), (2):

sn(t) = % {[;12 (1+v) - v] oxx(t) + [m,2 (1+v) - v] oyy(t) +
e [n,2 (o) = v] g, (8) + 2 (1+9) %, m, IO

e 2 () By m, o, (8) 2 (1+V) _— 0, (O} @)

According to the discussed criterion E en(t) = dred(t)’
The value of Ored(t) determines failure cumulating and fracture,

cf. figure 1.
Fatigue life calculated on the base of the presented criterion
under a given random loading state depends on the assumed values

%,, m, and n,. It is known that the variance of the acting stress
is one of very important parameters influencing the fatigue life.
It is more important when the stress has the normal probability
distribution. The higher its value is, the fatigue l1ife lower is.
In the next considerations we assume that the cases where the va-
riance of the reduced stress reaches its maximum are the most dan-
gerous for the material.

Analysing formula (2) we can notice that the reduced stress de-
pends on components oij(t) in a linear way and on the mean direc-

tion cosines in a non-linear way.
Formula (2) can be written in the following way:

6
0peqlt) = kz1 @, X () (3)

Then the variance of the reduced stress can be calculated from the
following relationship:

6 6
ucred(T) = 521 tZ1 ag O uxst(T) (4)

According to the assumptions estimation of the expected fracture
plane consists in determining the conditional maximum of the vari-
ance of the reduced stress.
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The results of fatigue tests under multiaxial random loadings

are not available, so for generating the random triaxial stress
state the digital simulation was used (3), (6), (7).
The random stress state was generated as 6 random sequences of
numbers and each of them had the normal probability distribution
and wide-band spectrum of frequency. Triaxial state of stress was
replaced by uniaxial state by determining a time course of the
reduced stress according to the discussed fatigue criterion. The
matrix of covariance of components of the simulated stress state
is equal to:

902.77 455 .41 274.49 -274.56 -455,48 51.97

455,41 864.90 133.23 -133.21 -864.88 36.01

274.49  133.23 853.20 -853.26 -133.29 171.31

“xij = -274.56 -133.21 -853.26 853.32 133.27 -171.33
-455.48 -864.88 -133.29 133.27 864.87 -36.03

51.87 36.01 171.31 =-171.33 -36.03 892.76
[MPa?] (5)

On the basis of calculations the following function maximum of the
variance of the reduced stress according to equation (4) consider-
ing the values of the covariance matrix according to equation (5)
was obtained:

i 2
(“c )MAX = 2448.1614 [MPaZ?]
red

for:

%, = -0.5939

m, = -0.7369

n, = 0.3229 (6)
The graph of the variance function and the position of the expect-

ed fatigue fracture plane simulated state of stress are presented
in figure 2. From the graph it results that also local maxima oc-
cur, but - in consideration of the function value in these points
- fracture on these planes is not too probable.

In the paper the expected fatigue fracture planes for some
particular cases of stationary ergodic random state of stress were
also determined with the assumption that the components are not
mutually correlated and their own variances are equal:

Uy when i=j

(i, j=1, ....,6) (7)

xij

0 when i=j
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The exemplary graph for triaxial tension-compression (uii = 0,

i = x,y z, the remaining corﬁponents = 0) is presented in figure 3.
In this case U, , according to equation (4), 1is equal to:

red :
T L vz u, + [m® Q) - v]? u,
red
+ [n,2 (1+v) - v]? Wy (8)

and the maximum value is equal to:

"
[}
red 2
( 7 )MAX 1+ 2v
X
for:
g, =1 m = On, = 0
g, = Om, =110, = 0 (9)
L, = Om, = On, = =1

Three fracture planes, probable to the same degree, were obtained.
The final evaluation of the correctness of the described method of
determining the position of the expected fatigue fracture plane
requires fatigue tests of materials for various random state of
stress. It should be noticed that application of the proposed met-
hod for biaxial simusoidal loadings leads to the expected agree-
ment with the experiments. The expected directions of the fatigue
fracture for stress state used in tests carried out by Nishihara
and Kawamoto (tests of cylindrical specimens under bending and
torsion) (cf. reference (4)) amd by Rotvel (pbiaxial tension-com-
pression of the cylindrical specimens (cf. reference (5)) agree
with the directions obtained during this analysis.

CONCLUSIONS

% The fatigue life of the material under the given state of
stress, calculated on the basis of reduced stress according to
the presented criterion, depends strongly on the assumed fatigue
fracture plane orientation.

¥ For each stationary random state of stress there is one or more
planes which are critical as far as fatigue life of the material
is concerned. On these planes the reduced stress variance reach-
es its maximum value and the fatigue fracture can be expected
there.
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In some special states of stress it is possible to observe an
analogy between the critical planes location under static loads
and those under random fatigue loads, if normal fatigue stresses
are treated as principal stresses. It refers to the planes of
the maximum principal stresses, the planes of the maximum shear
stresses and the octahedral planes.

An analysis of selected cases of random loads shows that - gene-
rally speaking - location of the critical planes do not depend
on values of Poisson's ratio for a given material.

SYMBOLS USED

= normal vector describing location of fracture plane
.M, ,n, = mean values of direction cosines
,J3,K = versors of axes X,y,z, respectively
10t) = maximum principal strain

= Young's modulus

= Poisson's ratio

ij(t) = components of stress state (i,j = x,y,z)

n(t) = strain in direction n erpendicular to fracture plane

ar = fatigue strength limit under sinusoidal tension- com-
pression

red(t) = reduced stress

K = one-dimensional stochastic processes equal to compo-
nents of stress tensor (k=1,...,6)

K = coefficients depending on £1v;x:;1

G (1) = variance of reduced stress

red

5 at = coefficients depending on El,él,gl, in non-linear way

xst(-r) = variances (for s=t) or covariances (for s=t) of random

variables Xk
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max ’ max max
. {E en(t)} € B g {E en(t)] = 0.¢ . (e en(t)} > op

no fatigue fracture limit state fatigue fracture can
occur

Figure 1 Results of applying stress E en(t) = ored(t) with various

maximum values
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Figure 2 Graph of Mred? situation of expected fracture plane for
~ -~ ~2
simultaneous state stress n, = (1 - i,? - m1)0'5
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Yred

= (21, m1, n1, v)

Figure 3 Graph of ured/"x’ situation of expected fracture plane

for triaxial tension-compression, v = 0.3
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