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ESTIMATES OF THE J-INTEGRAL FOR CRACKS AT REGION
CONCENTRATION S OF STRESS

*ETEMAD, M.R., DAGBASI, M., and TURNER, C.E.

Numerical results for cracks in regiones of stress
concentration of various geometries are presented and
compared with estimates by several methods. In the LEFM
regime the well known division into 'short' or ‘long‘ crack is
used. Short cracks are treated by the local stress, (kyo) and
a shape factor for a small crack size ratio such as Vr, and
large cracks are treated by the remote stress (c)and a shape
factor, Y, related to the size of the crack plus concentratior
feature. A relationship is stated to establish whether a
given crack should be treated as 'long' or 'short'. In the EPFM
regime the EnJ estimation method is found useful for either
case provided that for cracks that are short EnJ is entered
according to the local strain at the stress concentration
rather than the local stress.

INTRODUCTION

Linear elastic fracture mechanics, LEFM, has prooved an invaluable
tool, in both design and assessment of structural integrity. It
uses the crack size, a, the nominal remote stress, o, and a geomet-
ric shape function, Y, to define the stress intensity factor, K,
which gives the magnitude of the crack tip severity.

K=Yova (m
To account for small scale plasticity, an estimate of the plastic
zone developing ahead of the crack tip is made in conjunction with
Egn.1 to give,

"o (1/Bw)(K/oy) (2)

where B is a numerical constant; 2 for plane stress (upper bound)
and 6 for plane strain (Tower bound). K is then increased by
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replacing the crack size (a) in Eqn.1 by (a+r_). Some users update
Y corresondingly, whilst some do not. An extBnsive discussion on
various plastic zone size estimation and correction procedures can
be found in Ref.1. For more extensive plasticity, several elastic-
plastic design methods have been proposed, COD(2), R-6(3), EPRI(4)
and EnJ(5). These methods have been described and compared for
several case studies in Ref.5.

Although most engineering structures are designed and oper-
ated within their elastic 1imit, they may experience yield level
stresses locally at geometric discontinuities. In LEFM itself, a
crack arising in a region of stress concentration is allowed for
by the choice of appropriate Y factor where known, eg. Ref.5,
where the Y factor is not known an approximate expression, some-
times used for short cracks is given by,

K=k yovma (3)

Eqn.3 implies a small crack of length (a) in a remotely applied
uniform stress field of magnitude k t+o where k¢ is the conventional
elastic stress concentration factor evaluated here using the gross
cross sectional area. In many instances, such a crack at a stress
concentration is better modelled as an edge crack in a wide plate,
giving,

K=1.12k0vTa (4)

In some of the EFPM (elastic-plastic fracture mechanics) methods
the procedure for estimating the applied crack tip severity is by
usin ag effective stress level, which at least in Ref.2 is taken
as -

t

For the LEFM regime this paper presents and compares the
severity of cracks in stress concentration areas as published (6),
as estimated by Eqn.3, Eqn.4 and by Smith and Miller (7) and as
obtained numerically. Specifically cracks emanating from ellip-
tical holes in wide plates subjected to tensile loading with
parallel ends are first studied, see Fig.1 and Table 1. The geo-
metries modelled for the numerical studies gave rise to nominal
stress concentration factors, SCF, of 2, 3 and 5. The study is
then expanded to other geometries where standard solutions are not
available, and the only comparison made is therefore between
estimated and numerically obtained values. Analyses beyond LEFM
regime is then detailed by comparing computed J-integral values
with thosepredicted by End, for both short crack and long crack
cases. The Tocal plastic strain in the notch, as found by finite
element study of the uncracked body, was also used in the End
estimation procedure.
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TABLE 1 - Details of Geometries Studied.

(a) Elliptical centre notch (Fig.1.a)

SCF
Case W D R H -
mm pe T pesi Nominal True
M212 100 100 5 10 2 2.04
M202 50 200 5 10 2 2.041
M203 50 200 10 10 3 3.153
M205 50 200 10 5 5 5.183
(b) Edge notch tension (Fig.1.b)
W D R H Type of
Case mm mm mm mm Notch SCh
M202T 50 200 5 10 Semi- 2.124
elliotical
M205T 50 200 10 5 Semi - 5.869
elliptical
MIIRT 10 40 1.8 0.5 | u-notch | 7.8
(c) Edge notch bending (Fig.1.c)
Type of
Case W (mm) D(mm) R(mm) H (mm) Notch SCF|
M202B 50 200 5 10 Semi - 1.627
ellipotical
M2058B 50 200 10 5 Semi- | 4.475
elliptical
MI9RA 10 40 1.8 0.5 | u-notch [5.5
M99R 10 40 2 0.5 u-notch 5.8
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(d) The structure (Fig.1.d, 1.e)

Case W (mm) D(mm) R (mm)[ H (mm) {Loading SCF
M1218 50 200 5 10 Bending | 1.465(1.187)
M121T L " " " Tension | 1.55(1.400)*

*Figures in parenthesis are based on reduced section area.

THE FINITE ELEMENT PROGRAM

A two-dimensional, small geometry change FE code with 8 noded iso-
parametric elements was used to model various structures for num-
erical study. The material modelled was a pressure vessel steel
with mild work hardening with yield stress o _=573.64 MN/m2.
Young's modulus E=210x103MN/M2, and Poisson'¥ ratio v=0.3.

A11 goemetries studied were constrained to plane strain, and
the J-integral was evaluated along 10 different contours around
the crack tip, to prove path independence of the method. Whilst
elastic, these values were converted to K and Y using

K=/(J/E")=Yova, (5)
where E'=E/(1-v?) and (6a)
at=a+R (6b)

where R is the notch size (see Fig.1).

STRESS CONCENTRATION CASES IN LEFM

Infinite Geometry Cases

Estimates of the stress intensity factor K by Eqns 3 and 4 and
those obtained using the equations given by Smith and Miller (7),
are compared with FE results obtained here and those presented in
Ref.6, for cracks at elliptical holes in three cases of nominal
SCF, 2, 3 and 5, in Fig.2. Note that the geometries studied by

the FE method were of finite size, see Fig.la and Table la, so that
a correction to infinite size was made using vsec(ma,/w due to
Fedderson (8). The FE results agree with those giveﬁ in Ref.(6)
being 2% higher, but predictions by Eqn.3 are always Tower for low
SCF cases. For higher SCF cases predictions by Eqn.3 are lower

for small cracks and higher for Tonger cracks than those given by
Ref.6. On the other hand Eqn.4 predicts exact or higher K values
for all those cases presented in Fig.2. The amount of over-estimate
by Eqn.4 depends upon both the crack size (a) and the SCF. For
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short cracks the prediction by Eqn.4 approaches to the exact solu-
tion. Fig.2 further shows that the stress intensity factor for
these geometries increases with the increase of crack size, approa-
ching to the centre crack panel solution after slightly overshoot-
ing it. Therefore, the stress intensity factor predicted by the
Tong crack (a ) approach, that is the centre crack panel with a
crack size (23 )» using Eqn.7, which is essentially Eqn.5 with
Y=/, while be ng reasonably accurate for Tong cracks, will be per-
haps too conservative for short cracks.

ch/TFt = o/{m(a+R) (7)

Furthermore use of Eqn.4 for short cracks proves to be a good or
slightly conservative estimate of the true stress intensity factor.
A simple criterion to distinguish those cracks in a region of
stress concentration where a short crack approach will be better
than the long crack approach and vice versa can be obtained by
equating the two solutions for K, i.e. Eqns.4 and 7, for a particu-
lar crack length a'.

K=k,01.12/ra" = o/§3£ = ovm(a+R) (8)
to give,
a'=R/[(1.12k)2-1] (9)

if a<a' a short crack treatment (Eqn.4) is preferred
a>a' a long crack treatment (Eqn.7) is preferred.

Finite geometries

The idea of a 'short crack' in an elevated tensile stress field (k o)
or Tong crack'in the stress field (o) can be extended to cover eage
notch cases in geometries of finite sizes, such as parallel end
tension and bending. To apply to such cases, Eqns.4 and 7 are
modified for finite sizes, respectively, as follows.

K = kyo¥sra (10a)
K = oY, /(a+R) (10b)

Equating these, for a particular crack length, gives,
[ 2_
a' = R/[kyY /Y )21 (11)
where

Y Ys(a,wn,D) as is taken in tension

S
YL = YL(at,N,D) as is taken for the actual geometry (see
Fig.].a,b,c,d,e).

i
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Use of Eqn.11 enables a decision to be made on the 'short
crack' or 'long crack' treatment of a crack problem in a stress
concentration area. Again when a<a' the short crack treatment is
preferred and for a>a' the long crack treatment is preferred.

A summary is given in Table 2, comparing long or short crack
treatments for those geometries studied, see Table 1 and Fig.1, to
support the criteria stated above. Where relevant estimates using
the equations given by Smith and Miller (Ref.7) are also given

TABLE 2 - Comparison of Estimated and Numerically obtained Stress
Intensity Factors

(a) Cases favouring short crack approach

Case SCF a'+ a K/o*
(mm) (mm) | Computed | Egn.10a [Eqgn.10b

M202T 212 1.71(1.3)+ 0:5 2.83 2.98(2.75)| 4.99

o " 1.71(1.3) 1.0 3.8 4.25(3.90)| 5.17

4 Y 1.71(1.3) 1.5 4.47 5.16 5.43
M202B 1.63 12.035 0.5 2.32 2.28 4.07
M121T 1..55 4.52 2.5 4.27 5.04 5.92
MI21T(*)| 1.4 5.21 2.5 3.92 4.71 3.36
MI21T(*)| 1.4 5.21 5.0 5.41 6.60 4.72
M121B(*)| 1.19 4.27 2.5 3.12 3.86 2.85

(b) Cases favouring long crack approach

] K/0+
Case SCF a a
(mm) (mm) | Computed| Eqn.10a | Eqgn.10b

M205T 5.87 ]0.39(0.65)| 0.5 5.98 8.24(5.07)| 7.35
M205B 4.48 0.4 0.5 4.58 6.28 5.65
MI99RA 5.5 0.05 0.2 2.44 3.67 2.45
M99R 5.8 0.05 0.1 2.33 3.64 2.53

* " " 0.2 2.58 5.15 2.60

" & " 0.25 2.66 5.76 2.63
M99RT 7.8 0.04 0.2 3.16 7.42 3.18
M121T 1.55 4.52 5.0 6.01 7.31 7.12
M121B 1.47 2.43 2.5 3.91 4.76 4.72
M121B " " 5.0 5.08 6.97 5.50
M121B(*)| 1.19 4.27 5.0 4.1 5.65 3.92

+ Figures in parenthesis are obtained using Ref.7.
* Stress is based on the reduced section area ie. R=0 in Egn. 10b.
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THE COMPUTED RESULTS AND End

Given the material properties, o , E, and a Timiting value of J,
J=JC, estimates of J can be conv¥rted to either:

i) an allowable stress level if crack size and shape factor
Y are known, or

i1) an allowable crack size if stress level and shape factor
Y are known.

Here the data are examined according to End, although remarks simi-
lar in nature but differing considerably in detail could also be
made in respect to COD(2), R-6(3) and EPR1(4).

The EnJ equations (9) are

_ 2 2 ¥
J/G = (ef/ey) l1+0.5(efey)| for ef/ey<—1.2 (12a)
J/Gy & 2.5|éf/ey)-0.2l for ef/ey> 1.2 (12b)

where (ec/e ) is the effective strain ratio and G is the LEFM value
of G(=K2JE ¥ with oo, . y

In the near LEFM regime, while yield is still contained near
the crack tip region, the remotely applied stress ratio (o/c ) may
be used instead of e_./e . This near LEFM regime is defined 4n
Ref.10 as: oy

Q/Qg<=0.8 (13)
where Q = Applied load or moment

Qf = B.b.oy for tension (14)

and Qe = (B.bz.oy)/4 for bending (15)

Comparison of Data with End

J/G, obtained from Eqn.12, based on (0/c,), will depend upon
the app1¥ed load only. This is shown in Fig.{lwhere it is com-
pared with data from numerical studies using the correct shape
factor as obtained from computation. For load levels Q/Q.<=0.8,
End predictions are either exact or upper bound to numeri£a1 results
for all geometries studied here. These correspond to a stress level
of 0/0,<=0.72 in tension and o/c <1.08 in bending in the present
cases “where both a/w and a_/w ate small. As can be seen the EnJd
predictions are a good estiaate of the true J/G, for small cracks
in a low stress concentration region, but a margin of conservatism
extends as either the crack size of SCF is increased. Examining
Table 1 together with Fig.3 shows that the smaller the (K/o) ob-
tained from a small crack treatment (Eqn.4) as compared to that
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obtained from a large crack treatment, Eqn.7, the closer the
estimate by EnJ is to the numerical result.

Estimation by End

In the EnJ estimation method, "the short crack" approach is
implemented by entering Eqn.12 at (kyo/0,) and using the actual
crack size (a) together with a shape “factor Y=Y_(a,w ), see Fig.1.
On the other hand "the long crack" approach is ?mp]e nted by
entering Eqn.12 at remote stress levels (0/0,), and using (a =a+R)
for the crack size together with a shape factér Y=y approprigte
for the geometry and (a /w). Note that for the gebmetries studied
in the short crack treaEment the shape factor Y_ is approximated
to 1.12/m; since a/wn<=0.1, and in the "long crdck" treatment,
since a_/w<=0.28, tha shape factor Y, is approximated to vr for
center Crack and 1.12/m for edge cra%k.

In Fig.4, the shortest cracks for all cases studied here are
shown as treated by the short crack approximation, irrespective of
‘long' or 'short crack' analysis required according to Eqn.11.
Clearly the EnJ estimation for those cases requiring long crack
analysis becomes too conservative, e.g. M205 and M99R. In Fig.5,
the data is shown again treated by the 'lond crack' crack analysis.
Here the EnJ estimation procedure for cases requiring short crack
analysis becomes too conservative, e.g. M202B. Moreover, if
allowable crack sizes (in this case a =a+R) are to be evaluated
for a given applied load, it is very ?ike]y that one will end up
with a crack size a, which is actually shorter than the notch size
R. It is therefore“concluded that the division between the long
and short crack treatments in the LEFM regime must be carried over
into contained yielding.

Contained Yielding and beyond

A better approach, also consistent with the End derivation, is
to use the effective strain ratio (ec/ey). For short cracks the
notch tip strain, NTS, ratio (er/e ) in’ the absence of any crack,
may be used in EnJ equations. Eoryrigorous LEFM (eT/e )=k, (o/c. ),
but with any degree of yielding these terms differ. E¥tim§tes y
from EnJ by using the NTS ratio (er/e,) obtained by computation,
are compared with the numerical relu]¥s in Fig.6. The agreement
of End for short cracks obtained in this way appears to have im-
proved for those cases strongly favouring short crack treatment.
Therefore, true notch tip strain ratio entered into EnJ gives a
good estimate, both in LEFM and in contained yielding, for cracks
in stress concentration area, favouring 'short crack' treatment.
Hence future work includes estimating the NTS in a stress concen-
tration area in the absence of any crack. Neuber (11) type analy-
sis as suggested by Begley et al (12) is favoured for this study
and extension to yet more extensive yielding is envisaged.
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CONCLUSIONS

A simple formulation has been proposed dividing a "short crack"
from a "lTong crack" treatment for cracks at regions of stress con-
centration. Comparison of computed data all with SCF<=5 and with
at/W<=0.28, with exact solution support the analysis which is then
carried over into other configurations for which exact solutions

do not exist. This same concept is applied to cases with some
degree of yielding and good agreement found with estimation by End
when entered at the Tocal strain et/ey in the uncracked body.
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