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EXPERIMENTAL STUDY OF PATH INDEPENDENCE OF THE
J-INTEGRAL IN AN HSLA STEEL TENSILE PANEL"

* *
D T Read*, J. C. Moulder , and J. F. Cardenas-Garcia o

The J-integral has been evaluated from full-field
strain data from a double-edge-notched tensile panel
of high strength low alloy (HSLA) steel. The speci-

men was 80 mm wide and 14 mm thick. The notch

lengths were quite small, 1.5 mm. The strain mea-
surement technique used was a newly developed video-
optical method. The J-integral was evaluated using
five series of paths: two rectangular with constant
ratio of height to breadth; two rectangular with
constant height and varying breadth; and one rectan-

gular with constant breadth and varying height.

The

observed variation in J over different paths is 10
percent or less. The J-integral from the full-field
strain measurement agreed with the J-integral mea-

sured from strain and CMOD gages.

INTRODUCTION

Fracture occurs when the driving force for fracture exceeds the
material fracture resistance. Discussion continues on the identity
of the most appropriate parameter to be used to characterize mate-

rial fracture properties and fracture driving force.

However it

seems clear that the driving force for fracture, by any measure,
controlled by some combination of the stress-strain-displacement
field surrounding the crack tip. Techniques for measurement of
this field are therefore relevant to the measurement of the driving
force for fracture, regardless of which fracture parameter even-

tually is judged the best.
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One very widely used fracture parameter is the J-integral,
developed by Rice (1) after Eshelby's pioneering work (2). The
J-integral is

J =/ wdy - T « 3u/sx ds, (1)
r

where W is stress work density, foi-dei-; 0;; and €;; are the
stress and strain tensors. T is the tractioh vector"across the
contour of integration, T, U is the displacement vector, ds is
the increment of displacement along the contour of integration and
x and y are Cartesian position coordinates, with the crack perpen-
dicular to the y direction, propagating in the x direction.

The J-integral has been defined as a path independent line
integral on a contour surrounding a crack tip; it has also appeared
as the amplitude of the Hutchinson-Rice-Rosengren (HRR) stress-
strain singularity (3,4). The original J-integral and a modified
version have been used in tearing studies (5,6). The integral used
in this paper is asserted to be the path-independent line integral
J(1). No claim is intended here regarding the existence and/or
amplitudes of HRR stress-strain fields in the present specimen, or
about any unique correspondence between the J-integral measured
here and the initiation or extent of tearing.

Furthermore, clarification of the term "fracture driving
force" used above is necessary. J as defined by Equation (1) gives
an actual crack driving force only under deformation theory plas-
ticity, that is, linear or nonlinear elastic specimen behavior, as
distinct from the familiar elastic and plastic deformation behavior
of actual metals. In addition, Equation (1) assumes that only in-
finitesimal strains occur in the cracked body under consideration.

In actual metals, the J of Equation (1) is applied in unmodi-
fied form to contours away from the immediate neighborhood of the
crack tip. This J is used as a parameter characteristic of the
fracture process both before and immediately after the initiation
of ductile tearing. The geometry dependence of the critical J
value, JIc’ for fracture initiation and the rate of change of J
with progressive cracking have been studied extensively. A few
examples of these studies may be found in References (7-9).

The frequent use of J as a fracture parameter has come about,
in part, because it can be approximately calculated from the load-
displacement record of deeply notched specimens of convenient geo-
metries (10). Obtaining J from load-displacement information,
instead of from the stress-strain-displacement terms indicated in
Equation (1), is termed indirect measurement of J. Equation (1)
has been used as written in many numerical analysis studies; a few
examples are given in References (11-13).
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Several investigators have discussed experimental determina-
tion of J by measuring of the stress, strain, and displacement
terms indicated in Equation (1). Obtaining such information and
using Equation (1) to get J is termed direct experimental measure-
ment of J. Several reports of such procedures have appeared in
the literature in recent years (14-17), although no comprehensive
review is known to us.

Most direct measurements of J were based on data for a single
path surrounding the crack tip. In some cases, symmetry assump-
tions were used, similar to those routinely used in numerical
analysis. In these cases, only half of an actual path was instru-
mented, and symmetry allowed the total J to be obtained. Full-
field strain data were used by Miller (18) to obtain J for multiple
paths. This study used a difficult manual photoelastic technique
to obtain data under load control.

The investigation reported here studied notches that were a
small fraction (0.027) of the specimen width. Small cracks are
important for structures because they may be overlooked acciden-
tally, or, if discovered, they may be judged not to present a risk
of fracture. However, small cracks present experimental difficul-
ties because the crack-related strains occur over a smaller area
than for large cracks. A recent study reported that the notch size
significantly affected the form of the dependence of J on applied
strain (19).

Full-field strain data were used for direct measurement of J
via Equation (1), on a double-edge-notched tensile specimen of a
high-strength, low-alloy (HSLA) steel. A new technique for obtain-
ing full-field, in-plane strain data was applied. Measurements
from a variety of paths were used to study the path independence of
J and were compared with the results from direct measurements of J
using a previously reported technique involving strain gages along
a selected contour (15).

MATERIAL

The specimen material used in this investigation was reported by
the manufacturer to be ASTM A710 Grade A Class 3 alloy steel. It
was received in the form of 19 mm (0.75 in) thick plate. The chem-
ical analysis, as supplied by a commercial source, is listed in
Table 1. This analysis indicates less than 0.01 weight percent of
Nb, which violates the specification for A710 Grade A Class 3
steel. Some unusual behavior of this alloy under heat treatment,
which may be related to its chemistry, has been noted (20). The
tensile properties of the specimen material, obtained using repli-
cate round bar tensile specimens 6.4 mm (0.25 in) in diameter, are
listed in Table 2. The engineering stress-strain curve, given in
Figure 1, contains a slight yield point, some Liiders extension, and
strain hardening. The tensile properties of the specimen material
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at room temperature were essentially the same in the transverse and
longitudinal directions, except for the elongation, as can be seen
from Table 2. The Liiders strain after the yield point was present
in both longitudinal and transverse orientations. After its maxi-
mum, the load decreased more rapidly with extension in the longitu-
dinal specimens than in the transverse ones; this led to the lower
elongation values for the longitudinal specimens.

TABLE 1. Chemistry analysis in weight percent, of the ASTM A-710
specimen material used in the present study.

Carbon Manganese Nickel Chromium Silicon Copper Sulfur

0.042 1.54 1.85 0.65 0.34 12 0.010
Phosphorus Niobium Aluminum
< 0.005 < 0.010 < 0.020

TABLE 2. Tensile properties of the ASTM A-710 Grade A steel alloy
used in the present study, measured on round tensile

bars.

Longitudinal

Yield Strength, 637 MPa 92.4 ksi
0.2 percent offset

Ultimate tensile strength 732 MPa 106.2 ksi
Elongation 12.0 percent

Reduction of Area 75.5 percent

Tranverse

Yield Strength 634 MPa 92.3 ksi
0.2 percent offset

Ultimate tensile strength 727 MPa 105.3 ksi
Elongation 17 percent

Reduction 71 percent
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The fracture toughness of this specimen material at room tem-
perature was investigated using three-point-bend specimens in the
TL and LT orientations. Items of noncompliance with ASTM standard
method E-813, which was used for the toughness tests, were the
differences between compliance-measured and physical crack exten-
sion values, Aac and Aa_., and the specimen dimensions. The higher
values of J used to obtain the material tearing modulus failed to
meet the specimen size requirement.

The results of the J-integral tests indicate that the specimen
material is quite tough at room temperature, and that non-side-
grooved specimens without side grooves and with the LT orientation
(crack grows across the rolling direction) are the toughest (JIc =
374 N/mm, T ok = 177), while side-grooved specimens in the TL
orientation ?crack grows along the rolling direction) are the least
tough (Ji, = 128 N/mm, Ty . = 48). No pop-ins or other signs of
rapid crack advance were observed in these room temperature tests.
In the TL orientation, the side-grooved and non-side-grooved speci-
mens had similar JIc values. However in the LT orientation, the
one side-grooved specimen had lower JIC and Tmat values than the
two non-side-grooved specimens.

SPECIMEN AND CONVENTIONAL DIRECT J-INTEGRAL MEASUREMENT METHOD

A tensile panel specimen for direct J measurement was machined with
a gage section measuring 82 mm (3.22 in) wide by 14 mm (0.55 in)
thick by 250 mm (10 in) long. The total specimen length was

850 mm (33 in), oriented along the rolling direction. The grip
sections at each end of the specimen were 108 mm (4.25 in) wide to
confine plastic strain to the gage section. Mechanical wedge

grips clamped the specimen grip sections.

Instrumentation as described previously (15) for direct mea-
surement of the J-integral by strain gages along a selected contour
was used, including a load cell built into the testing machine, a
crack mouth opening displacement (CMOD) gage (ring-gage), 36 elec-
trical resistance strain gages, and up to three linear variable
differential transformer (LVDT) gages for displacement measurement.
An array of five small strain gages was located near the crack
mouth to give the strain profile there, as shown in Figure 2. Some
gages were located away from the crack, for measurement of remote
strain.

The instrumentation for recording strain gage strains, load,
crack mouth opening displacement, and LVDT displacement has been
described elsewhere (15).

In the post-test data analysis, all the measured values of
strain and displacement were zero corrected by fitting the linear
part of the record for each quantity to a linear dependence on the
stress, then forcing zero strain or displacement at zero stress by
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offsetting the measured strain or displacement. The J-integral was
calculated using the trapezoidal rule for displacement and stress-
work integrals along both sides of the contour. Because the con-
tours were chosen along specimen edges so that the stresses at the
contour were uniaxial, an elastic-perfectly-plastic approximation
of the simple round-bar stress/strain curve was used for calculat-
ing stress-work.

Integration of strain gage strains to obtain the displacements
needed for calculation of the traction-bending term of the J-
integral gave some error cancellation, which would not have been
obtained had the LVDT displacements been used. The LVDT displace-
ments were used to check the integrated strain values and for gage
length strain measurement after strain gage failure.

Good correlations were obtained experimentally between the
J-integral and a reference quantity, Jref’ given by

Jpep = 1.0 X 0p X CMOD . (2)

Here Op is the material flow strength, the mean of the yield and
ultimate strengths, and CMOD is crack mouth opening displacment.
This correlation is expected because of low geometrical constraint
of the simple tension geometry used here. After strain gage
failure, this correlation was used to obtain J-integral values.

The analytical approach and experimental techniques used to
obtain the J-integral were discussed at length in a previous
report (15). It was concluded that uncertainty in the measured
J-integral values themselves was about *10 percent and that mate-
rial variability could raise this uncertainty in specimen-to-
specimen comparisons.

FULL-FIELD STRAIN-MEASUREMENT TECHNIQUE

A new method for measuring entire two-dimensional strain fields has
been developed. A complete description will be published elsewhere
(21). The technique is based on the automated analysis of optical
diffraction patterns formed by a laser beam passed through photo-
graphic negatives of deformed specimen grids. A block diagram of
the system is shown as Figure 3.

In common with moiré analysis, the method requires that a grid
be applied to the surface of the object under study; however, the
method of analysis is completely different from conventional moiré
methods. Photographs are taken of the specimen grid in the unde-
formed state and in the deformed state. The photographic negative
of a deformed specimen grid is analyzed by passing a laser beam
through the negative and forming the far field (Fraunhofer) dif-
fraction pattern with a positive lens. The diffraction pattern is
imaged with a solid state video camera and the image is digitized
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and stored with a video digitizer. A desktop computer interfaced

to the video digitizer determines the locations of the centroids of
the first-order diffraction peaks. From these peak locations, the
strains are calculated. :

The centroid location Xk is calculated from
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where each (i,j) indicates one element (pixel) of the digitized

image, Ii' is the pixel intensity, ranging from 0 to 255, X' =X
position and X =y position. The summations are performed in a
19 x 19 pixel window surrounding each spot, with the background

subtracted from each I;; so that only pixels that form the spot

have nonzero intensity.

The centroids of the four first-order diffraction peaks are
compared for deformed and undeformed grids as shown in Fig. L.
In-plane strains are then calculated using

x! - x!'
o L = (42)
X!
2 2!
X - X
Eyy = L (4b)
_ o+t B
ny = 5 (4c)
_ o -8B
<] = > (4d)

where (see Figure 4) the prime indicates centroid location for the
deformed grid. This analysis yields all four in-plane components
of the deformation tensor: longitudinal strain e v’ transverse
strain egy, shear strain Y,,, and rigid body rota%lon 6. Evalua-
tion of the entire deformation field is accomplished by analyzing
the photograph point by point.

In the present study, optical components appropriate for a

proof-of-principle study were used. An 80-line-per-centimeter grid
was bonded to the specimen. The rectangular grid was placed with
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one edge just below the crack plane, centered between the specimen
edges. The active grid area was 80 mm by 100 mm.

Photographs of the deformed grid were taken at several strain
levels, using a 35 mm camera with a good quality commercial macro
lens and high resolution black and white film. No special precau-
tions were taken during development of the film. Two photographs
were analyzed in detail. The 80 mm by 100 mm field was analyzed on
a grid of 15x16 points.

The method described above was implemented with the optical
system shown in Fig. 3. The laser was a 3 mW HeNe laser with an
output beam diameter at the 1/e points of 0.8 mm. The Fourier
transform lens L-1 was a 75 mm diameter two element positive lens
with a focal length of 15.8 cm. The diffraction pattern of the
grid was formed on a ground glass screen located at the focal point
of L-1. This pattern was in turn imaged with a solid state CCD
video camera with a macro lens. The use of a camera lens and
ground glass permitted adjustments to the position of the camera to
optimize the image size of the diffraction pattern.

The video signal from the CCD camera was digitized with a
video frame-store. The video digitizer could store a single frame
in two fields of 256 x 256 pixels each with 8 bits of resolution
(256 gray levels). The data were transferred to a desk top com=~
puter via a 16-bit parallel bus with direct memory access.

Input of data from the video digitizer and all computations of
spot centroids and positions were accomplished with a desktop com=
puter programmed in BASIC. Total time required to perform these
operations for a single point in the image was 40 seconds. The
photograph of the grid was positioned manually in the laser beam
with a 3-axis micropositioner. To analyze an entire field, the
photograph was stepped across the laser beam in a raster of 1 mm
increments covering the entire field. This operation could easily
be automated by the addition of a two-axis, computer-controlled
positioner.

The main advantage of the present technique is that all four
components of the in-plane deformation tensor are obtained rapidly
for strain levels up to about 5 percent without laborious and time-
consuming manual reduction of data.

Limitations of this new technique, as currently implemented,
are principally its low precision, compared to electrical resis-
tance strain gages, and low spatial resolution. The current preci-
sion is about 0.2 percent strain. This represents an ideal
precision at a location where the strain field is nearly uniform.
The relatively low precision of the strain measurement is thought
to be the result of using a ground glass screen to image the dif-

fraction pattern. Using a relay lens at the focal plane of L-1
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(Figure 3) to image the diffraction pattern directly on the CCD-

sensor would eliminate the need for the ground glass and so would
probably permit a much more accurate determination of diffraction
peak centroids and improved precision in the strains measured.

The low spatial resolution results from the use of 35 mm film
to record the grid images coupled with use of a 1-mm-diameter laser
beam to interrogate the images. The grid line density on the nega-
tive was about 400 lines/cm, which is approximately the maximum
possible resolution of the camera-lens system used. This combina-
tion resulted in about a 5 mm spatial resolution for strains in the
present study. This resolution was sufficient everywhere except in
the neighborhood of the crack mouth. For this single point, strain
information was supplemented by information from strain gages.
Errors larger than 0.2 percent in strains measured near the crack
mouth are believed to have occurred. See the Discussion, below.

CALCULATION OF J-INTEGRAL

As shown by Miller (18), the evaluation of the integral of (1)
requires strains, stresses, and displacement gradients as input
data. The raw measured data from the video-optical system gives

the axial strains, e,y and €,.,, directly under the assumption of
small strains. Shear strains’are trivially obtained from the angu-
lar strain Yy .. Certain needed displacement gradients are identi-

cal to Exx and Eyy: The others, for example, 3u /3x, were obtained
as linear combina{ions of the shear strain and t%e rotation. To
eliminate systematic errors of alignment, the average rigid body
rotation over the full field was forced to zero.

Stresses were calculated from measured strains by assuming
that the mechanical behavior of the isotropic, elastic, strain
hardening plate material subjected to small, time independent,
isothermal deformation (with no unloading) can be approximated by
deformation plasticity theory. Assuming that the small plastic
deformation is incompressible and isotropic and that the loading is
proportional, we can then, by the usual elastic-plastic strain
decomposition, relate the elastic and plastic strains to the
final states of stress by a generalized Hooke's Law, the Mises
yield criterion, and Prager's isotropic strain hardening rule,
which is the simple power rule, (22-24). For the uniaxial case
these final stress-strain relations reduce to the Ramberg-Osgood
formulation. The usual deformation-theory-plasticity expression
for the strain energy density was used.

The J-integral calculation is then made for plane stress con-

ditions, from the experimentally determined strains and displace-
ment gradients and the calculated stresses and stress work density.
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RESULTS

The J-integral was evaluated for each of the two edge notches using
five series of rectangular paths: two of fixed height (varying
width), two of fixed width (varying height), and self similar,
(width and height vary together). Figure 5 shows the results for
remote axial strain plotted against remote stress. Remote here
means the instrumentation furthest from the crack plane. Remote
stress is applied load divided by uncracked cross-sectional area.
The two data points at which full-field data were obtained are
indicated in Fig. 5 by arrows. The average values of axial strains
are about 0.018 and 0.028, both well above the yield strain of
0.0031.

Figure 6 shows the distribution of axial strain over the mea-
sured field. In this image, the strain is proportional to bright-
ness, ranging from O (black) to 4 percent (white). Each small
square in the image corresponds to an area of 25 square mm on the
panel.

Figure 7 shows a photoelastic image of the same strain field,
taken in white light and reproduced in monochrome.

Calculated J-integrals are shown in Table 3 for a series of

five paths.

Table 3. J-integral values for five series of paths around the
Teft crack at a remote strain of 0.037.

Path Height Path Width, Average J, Average deviation
mm mm N/mm from average J,
percent (%)

Width x 2 5.4 to 32 222 6.1
10.8 10.8 to 32 212 8.0
27 10.8 to 32 250 25
10.8 to 75 10.8 228 3.4
10.8 to 75 32 214 9.1

AVERAGE 225 5+:8
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DISCUSSION

The variability of measured J-values evident in Table 3, both on
each series of paths and among the series, is not negligible.
Examination of the results indicated that this variability appeared
to be simple scatter. No consistent trends in J with path size
were detected. An important possible cause for path dependence
could be nonproportional loading, which would invalidate the theo-
retical proof of path-independence of J (25). As noted above, the
stress-strain behavior of steel in general is clearly inconsistent
with deformation theory plasticity. However, if an actual material
is loaded proportionally without unloading, its behavior is indis-
tinguishable from deformation theory plasticity. Therefore, path
dependence of J could indicate nonproportional loading. In fact,

J is known to be path dependent close to the tips of growing
cracks, because of local nonproportional loading. However, the
cracks used in the present study were blunt, because they were sim-
ply cut with a saw, and no systematic changes in J near the crack
tips were observed. Therefore, the variability of J observed in
the present study is not attributed to nonproportional loading.

Limitations on the spatial resolution and precision of the
full-field strains measured here were mentioned above. Errors
in these strains would produce errors in the calculated J values.
A check showed that a +1 percent change in € at the first meas-
urement point above the crack mouth produced” a change of -100 N/mm
here. Combinations of strain errors up to 0.1 percent strain at
each point along a contour could easily produce the path dependence
observed.

As a further check, the crack mouth opening displacement
(CMOD) implied by the measured displacement gradients was calcu-
lated by integrating around several J contours. The variability of
the CMOD was larger than the variability of J. The variability of
the CMOD can only result from accumulation of errors around the
integrations paths. The source of these errors is the errors of
measurement of displacement gradients. The same source produces
the variability of J.

Table 4 compares the full-field J, Jff, results for the two
cracks in the DEN specimen at two strain levels with J values
obtained from strain gage strains, Js , and with the quantity
Jref = of*CMOD, where CMOD was measured by a clip gage and op is
the mean of the yield and ultimate strengths, and with a theoreti-
cal estimate of J, J gt (25,26).

The estimated J value for the lower remote strain value is
very low because the remote strain is low. The local strain around
the crack tip is around 0.02, but the Liders strain has not propa-
gated out to the remote strain gage. These complexities are dis-
cussed in (27).
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This table shows fortuitously good agreement among the full
field J, the strain gage J, the quantity Jref' and the estimated J
for the left crack at the higher strain level. Poorer agreement
exists among these quantities at the lower strain level and between
the values for the left and right cracks at both strain levels.

Table 4. Summary of full-field, strain gage, and estimated
J values and related guantities.
Crack Jep Jsg CMOD cf*CMOD Remo?e Jest
(N/mm) (N/mm) (N/mm) (N/mm) strain (N/mm)
left 173 139 0.181 124 0.0032 10
right 205 - = - 0.0032 10
left 225 229 0.329 225 0.037 228
right 316 - = - 0.037 228

Because all J-integral paths must begin and end on the crack
flanks, possibly at the crack mouth, the strain values near the
crack mouth are critical to obtaining accurate full-field J values.
Table U4 shows that the J values at the higher strain level for the
left and the right cracks differed by 40 percent. Similar differ-
ences occurred at the lower strain value. The reason for these
difference is unknown. The two possibilities are experimental
error or actual differences between the J integral for the two
cracks. The available data are insufficient to indicate which of
these two possibilities is correct.

SUMMARY AND CONCLUSION

In this paper full field strain measurements were used to obtain
the J integral by path integration for very short cracks (1.5 mm)
at very high strain levels (0.04 ~ 14 x yield). The spatial
resolution was about 5 mm and the strain resolution was about 0.1
percent (= 3 x yield stress). Strain data at one point 5 mm above
the crack mouth were obtained from strain gage results because the
full-field strain results were obviously erroneous at that point.
For this strain level, variability of up to 10 percent was observed
for five series of paths. The differences among the series aver-
ages ranged up to 11 percent for the best data set and were higher
for the others. This variability is ascribed entirely to experi-
mental errors. No path dependence of J is observed.
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The J value obtained from the best data set turned out to be
quite accurate, with an error in the neighborhood of 2 percent.
However, differences of up to 40 percent were observed between the
left and right cracks. We were unable to determine whether these
differences resulted from experimental error or from actual differ-
ences in J between the two cracks.

This study shows that J-integral measurement using a video-
optical full field strain measurement is a useful research tool.
The path independence of Rice's J integral was verified to within
10 per cent under the unusual conditions of very large plastic
strains and very small crack sizes. However, this study also shows
that strain data with errors small compared to the yield strain and
with spatial resolution over distances small compared to the crack
length are needed, at least near the crack mouth, if accurate J-
integral values are to be obtained consistently.
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Figure 1. Engineering stress-strain curves of longitudinal- and

transverse-oriented tensile specimens of the ASTM AT10

Grade A Class 3 material used in this study.
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Figure 2. Near-crack-mouth instrumentation for direct measurement
of J-integral.
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Figure 3. Block diagram of full-field strain measurement appara-
tus.
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Figure 5. Plot of remote axial strain against stress, showing
strains at which full field strain data were cbtalined.
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Distribution of axial strain at a remote strain of
0.037. The strain ranges from zero (black) to U per

(white).

Figure 6.
cent

Figure 7. White-light color photoelastic image of the strain field
a remote strain of 0.037.
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