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THE OPENING DISPLACEMENT OF A CRACK IN AN INFINITE
PLATE SUBJECTED TO CRACK PARALLEL-INITIAL STRESS

Hao Tian-hu*

In this paper the COD of a crack in an infi-
nite plate subjected to crack-parallel ini-
tial stress is studied. It has been found
out that initial crack-parallel tension
(compression) has the effect of decreasing
(increasing) the COD.

It is wellknown in the classical theory that the crack
opening displacement (COD) is independent of a crack-
parallel initial stress. Physical intuitions, however,
tend to suggest that a crack-parallel tension (compres-
sion) should have the effect of decreasing(increasing)
the COD of a crack. 1In this paper the COD of a crack
in an infinite plate subjected to crack-parallel ini-
tial stress is studied. The theory is based on the
Dugdale Barenblatt hypothesis and theory of finite de-
formation. The plane stress problem is studied.

Let y;xj;be the coordinates referred to cartesian
axes of a point of the reference(initial) configuration
B, and current configuration By respectively. The axis
O0x3(0ys3) is perpendicular to the midplane of the plate
and the crack is on the axis 0x, (0y, ). From (3) it is
known that:

.o 9Yi . .. — OY& oYk
Fl] axj ! Cl] X} JXj (1)
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Let Ojj be the Piola stress(in(3) it is called the
first Piola stress) and W be the strain energy density
function for the body in B,:

L. _ o9yi OW
Ul] - Zaxk aij (2)
ao—ij/axj= 0 (3)

Let)\l)‘zAg, be the initial stretch ratio of the plate
in the direction 0x,0x,0xzdue to the crack-parallel
initial stress. In the initial rate:

C11=A?: C22=A2; C33=A}: Cij=0 i#3;

Ji4,=0 except U110 (4)
whereUij,= (0ij), and (), is () under initial homoge-
neous deformation.

A small displacement uj (caused by 022 =0;A1/\3
acting at 0 )is superposed on the initial homogeneous
deformation:

Yi =)\ixi#+ uj; uji,q = %}1—<£ << 1 (5)
Cj5 = (Ci5), +8Cijs 8C34 = A g +)\j (6)
T34 =T34, +80‘ij; 805 = 2wjkui_k+2)\.l Wijkl‘Sckl (7)

;W d2W
W, .=(35—) ; W.. - =(ss—=c——) 7% no sum (8)
17 aCij o ijkl acij ackl ()
As it will be pointed out in the appendix80'33;
&C c((a(=l,2) can be neglected and in the equilibriim
equationa@/ax]can also be neglected.

6 033= 0:30/a 073C3q=0Cy3= 0 (9)
Condition5U33= 0 leads to:
2’\3W33«58C«p + 2AgW,355,8C5 = 0 (10)
8Cy; = - (3345 /w3333)8c,,p ohf= 1,2 (11)
Substituting (11) into (7) one obtains:
Scrij = 2ijui-k+2wijdﬁ Ax Uy g (12)
Wi jap = Zkitwij _2)\3Wij33w33o{lﬁ/w3333 (13
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Substituting (12) into (3) one obtains:

ijkui-jk+2(")ije(/3)‘a(u°‘-pj= 0 i=1,2 (14)

Let )\lu1=&)ij2ﬂF_pj;)\2u2= -[wllF_ll/)\lmijlpF_j@ 1 (15)

2 F
h F ‘=..a—
where rﬁj BXPBXj
Substituting (15) into (14) one obtains:
W 32 J2
Wy o Wisngf o —(=Ll 2 +4 )
2ris 1]2p .jprs A1 %% ljw axja%ﬂ
W A’F 92F i
(711 2= +¢) —— )=0 1r,s,3,4=1,2 (16)
Ay 9x3 2r2s ox dxg ! p

Let F(xl x2)=F(x1+px2) and substituting it into(16)
’
one obtains the characteristic equation:
_ r+s+j+8-4
‘wljlngrzs (‘)ZrlswljZ?)p =% w7 (A Ay 0+
j+p-2 _
+(W11w1j1p/)‘2+wllw2j2P/Al)p p 0 (17)
Equation (17) is an algebraic equation of fourth
order. In general, the roots of equation (17) are com-
plex (when there exist real roots, the ellipticity of
the equation is lost and unstability occurs. This ques-

tion will be discussed in another paper). Let P,i Pyi
P3i Py be the four roots of equation (17):

P _ . Pz _ N I
21 ~ifys ) =iy fo0 0 as)

2 2
F = ZR%E,g;(xl+ psz); u,= 2Re£5 adlyl(xl+plx2)

2
80ij= 2Re§5: bijf?L(Xl+ plXZ) ;?L(xl+ psz) =

m
= Fu xRy %))

. +J-2 . __ +5~2
"“11‘2613'1# Pze, /Ayi apy= “"’11/)‘1+“)1j1(3%8 /Az

.= 420, -1
ble 281jW11a1L+2ldeAdadlp
Now let us study the COD of the crack. At first,
the Barenblatt's cohesive stress must be determined.
For the convenience of study only the Tresca criterion
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is considered. 1In the plastic zone the three true
principle stresses are:

Op1/hyA37 0p/A0h5 =05705 G33/A1A,= 0
Thus 07 =2k, 0y>0:0,=2k+07 ,011 <o0.
where k is the yield shear stress.

Then, let us study the case in which the value of
$0,, on the upper and lower side of the"crack" is
eqlisl to qld (x;+x )+8(x,-x ), where §(x) is the Dirac

function. The value of the stressSGTg at infinite is
zero. On the axis 0x;303,=0; blzfrli l)+b122tp2(x1)=0
Thus, one obtains (1) (Liebowitz. H.):

@ (xq)==by,,P, (x1) /b5
2 _ (19)
80 ,,=2Re Z byyPy (x1) =B, (x1) +B§, (x)) =
byy)
121

where 2c is the length of the "crack"; 2a is the length
of the true crack; R is the plastic zone size; R=c-a.

_q[g(x+x )+5(x “X, 1: Ixjcc=a+R;B=b,,,= b1

[BY, (x,)-BF, (x1)17-[B, (x) =B, (x;)17 = 0 |xlcc(20)

(B, (x,)+B, (x1) 17 +BP, (x,) +BF, (x1) 17

=2q[8(xl+xo)+% (xl—xoﬁ lxﬂ<c (21)
B, () -BP, (2,)= 0 2= 3% PoX; (22)
B?2(22)= qzzich—xé/[ni{zz—cz(xé—zi)] (23)

. 14
545 xchmo—zz/" A3 ‘{”_‘)‘Cjz(x -CIkgRe (B4, () 1=

=zqr6/[AlA3njE’2‘—?<'3] (24)
BY; (22)=J¢2 (z,)dz, =5y [n ([c2-z3+[c2-%2) -
An( [c2-z3 - %20 + ¢ (25)
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nt

+ 2 b ¢
CoD=2 =4R = g 2122 "
u2(x1=a) 4 eiiazlﬂi(a) 4Re[(a22 a2lb121)%(an

=4Re§%11n (Icz—a2+!c2—xé)/(ﬂcz-a2— cz-xz) (26)

. b
where Y= (a22—a21 122) /B
bi21

Then, let us study the case in which the value of
3'0’22 on the upper and lower side of the "crack" is
eqtal to 0(lxji<a) andO’(‘))\l/\?)( Ix,pa) .

ki:— (Z,f_c':/;r)j(;1 (O’O/ [cz—xé) dxo=—2]_EU;arccos (a/c)/nt

c0D1=21m(a‘/n)6'o)\1)\3jc 1pici-al +le2-x2 o (27)
a s e ©
=4(TOA1)\3( c2-a2? arc cos(a/c)—aln(oc/a))Im(X)/n

At last, let us study the case in which the value
ofdC , on the upper and lower side of the "crack" 1is
equa% to'O‘;,Al)\3:

k=205 We/m [ (c2-x2) "0 Pax = [C0a/A; ) (28)

1 0 o o o 13

cop2=-(2/r) Ogh A, Im (1) §S 1ndc?=a? +[c?oxFa,
° [c2-az - fe?-x2 ©

=21m(—T)0;A1)\3 ‘cz--a2 (29)
klsk:lL+K2=O; a/c=cos (M&/200) ; R=c-a=asec ( M0e/200) —a

1
(30)
COD=COD1+COD2=4U—OaIm(—T)ln sec(no;/zﬂ’o)AlA3/rr (31)

For example, let W=)\(Ckk-3)2/8+/U(Cij—8ij) (Cij—gij)/ll

A=pM . cop= §COD_ where COD_=COD in classical theory
and 0°=207 1, //qu)\3.

0'=—-O.l,—0.05,—0.025,0,0.025,0.05,0.10,0.16,0.20
A=0.98, 0.99, 0.995,1,1.005,1.01,1.02,1.03,1.04
p=1.03, 1.02, 1.01 ,1,0.995,0.99,0.98,0.96,0.95

As it is pointed out in the example, the initial
crack-parallel tension (compression) has the effect of
decreasing (increasing) the COD.
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APPENDIX

Let h be the thickness of the plate and 1 be a
characteristic length dimension of the plate:

- = Z = = = gl &
7=h/1<<1 Bﬁj-SU;jO‘ xi—xi/l ui—ui/1\x3ls21 >
Using Taylor expansion, one has obtained:

_ 2 n, | —_fe— /n _Fs
ui—%PLnx3/n!’avij‘§iuﬁjn x3/n! where f-n—(axg)x B
5=

Because of the symmetricity:

855. ons1= 07803420707 3G3.2n7 05 Ug.opnp1~07
él—lu__,_ —
3x3 07 Y320

— 1 (T = —
Let ( )=ii,( )aXy  §053 ~2

0.

5 ijui-k+2AiWij1£% 1m’

2 2
.. { =2n+1 . = _
(Mt axg=0  ug,=0

= _s= = = 4y = _42.50 .=
§733= 003 3. o+00 33, pX3/2+0 ()7 R3=7:8033= O

= 2

305,=0(7)

The quantities 0(12) can be neglected.
3033= 0

In main text, f and f are denoted by f for conven-
ience.

190



FRACTURE CONTROL OF ENGINEERING STRUCTURES — ECF 6

"crack"
2c
plastic true crack plastic
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Figure 1 True crack, "crack" and plastic zone
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