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Abstract. The paper presents a new form of the stress criterion of multiaxial random fatigue. The
criterion has been defined as a sum of normal and shear stresses with weight coefficients on the
critical plane defined as the plane where the maximum covariance between shear and normal
stresses occurs. Two forms of the criterion have been proposed.

Introduction

Three groups of multiaxial fatigue criteria can be distinguished depending on the parameter
influencing failure. They are stress, strain or energy criteria [1]. It is possible to select some criteria
coming from all these groups which include the critical plane position. There are three methods of
determination of the critical plane position [2]: the variance method, the method of fatigue damage
accumulation, and the method of weight functions. It is obvious that correlations between loadings
strongly influence the fatigue life [3, 4]. Correlations between normal and shear stresses on the
critical plane seem to be interesting. In [5] it has been shown that the zero correlation between
loadings coming (90° out-of phase loading) from bending with torsion generates a non-zero
correlation between normal and shear stresses on the critical plane.

Criteria of multiaxial fatigue on the critical plane

The stress criteria of multiaxial random fatigue on the critical plane can be written as a sum of
normal and shear stresses on that plane with the weight coefficients B and K [1]

Geq (1) = B1ys (1) + K oy (1). @))]
The critical plane can be defined by shear or normal stresses.

When the critical plane is defined by shear stresses, Eq. (1) for equivalent stresses takes the
following form

Oeq () = Bitys (1) + (2-B1) 6y (1), 2)
where
By = Jaf 3
Taf

for parallel S-N characteristics under bending and torsion. This case is typical for elastic-plastic
materials.
If the critical plane is defined by normal stresses, Eq. (1) takes the form

GOeq () =B Tns )+ On (®. 4
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In this case, the weight coefficient B, is obtained from the best correlation between calculated and
experimental results for non-proportional loadings. This criterion is usually applied for brittle
materials.

Determination of the plane of the maximum covariance between normal and shear stresses

Let us define the critical plane by the maximum covariance. First of all, we should determine
covariance in all possible planes o

T,

o

1 .
i = [iioa, ()
0

where:
Wi ; - covariance between the signals i(t), j(t),

i) =0, (0
J(® = ts (D),
T, - time of observation.

The normal and shear stress at the angle a can be determined from

Oy (1) =05 200 ¢y (1) +sin 20Ty (1), (6)

s () =~ ! sm 200 xx (1) +c0s 20Ty (1) - 7

The stresses oy(t) and Ty(t) are the stresses coming from bending and torsion, respectively.
Interpretation of the critical plane position including the considered shear and normal stresses are
shown in Fig. 1.

Fig.1. Interpretation of the critical plane position
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Covariances at different angles were calculated according to Eq. (5) for various ratios of
shear and normal stresses

L ®)

) axx

The plane where the covariance reaches its maximum value for the given combination of
normal and shear stresses o, (t) and Ty (t) is defined as the critical plane.

Calculations were made for combined cyclic bending with torsion with phase displacements
0” and 90° and different ratios A € (0.01 + 1000) of shear and normal stresses coming from torsion
and bending — Eq. (8). Fig. 2 shows positions of the planes in which the maximum covariance
between normal and shear stresses was obtained for proportional bending with torsion. Fig. 3
presents the same values obtained for non-proportional bending with torsion (phase displacement -
90°).

Under pure bending, the maximum covariance corresponds to the critical plane position at
the angles 30° and +30°. Under torsion, the critical plane is located at the angles -22.5°, -67°, 22.5°
and 67.5".

For a small ratio of shear stresses to normal stresses (significant participation of bending)
there are two planes of the maximum covariance. As the ratio increases (greater participation of
torsion), four planes occur.

How does the phase displacement angle influence position of the defined plane? Such analysis
is shown in Fig. 4 for A = 1. For proportional loadings and phase displacement 30° there are two
positions of the critical plane. Under phase displacement 90° we obtain two positions of the critical
plane. For other phase displacements, we have three positions of the critical plane. From analysis it
appears that under any loadings it is necessary to search all the possible critical planes where there is
a local extremum of covariances between components of shear and normal stresses.
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Fig. 2. Angles of the critical plane inclination between stresses coming from bending and torsion for
phase displacement 0°
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Fig. 3. Angle of the critical plane inclination for phase displacement 90° between stresses coming
from bending and torsion
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Fig.4. Angle of the critical plane inclination depending on the phase displacement angle for A=1

Criterion of multiaxial fatigue on the critical plane determined by the maximum
covariance
The general criterion of multiaxial fatigue (Eq. (1)) can be applied for formulation of the
criterion on a new critical plane. This criterion must be valid for simple stress states. For purposes
of this analysis pure bending and pure torsion were assumed as basic stress states. Two critical
planes were obtained for bending and four planes were obtained for torsion. Two solutions were
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obtained for symmetry in relation to the plane inclined at 0°. The basic relations between stresses
versus the critical plane position give us two forms of the criterion of multiaxial fatigue:

_43+32B; V3(3v28B; -4

Geq(t)— 3(\/5+1) op ()+ 3(\/§+1) Tns (t), ©)
_4/3-342B, V3l4-3428,)

Geq(t)— 3(\/5_1) o (t)+ 3(\/3_1) Tns (1), (10)

where the coefficient B, in given in Eq. (3) like in Eq. (2).

Thus, it is possible to propose a new method of determination of the critical plane position,
different than three known methods (the method of variance, the method of damage accumulation,
the method of weight functions). Moreover, two new forms of the criteria of multiaxial random
fatigue on the critical plane were obtained. Similar analysis and new forms of fatigue criteria could
be proposed for strain and energy criteria based on analysis of both stresses and strains in the given
plane. Calculations of the equivalent histories should be performed according to Egs. (9) and (10)
for all the possible positions of the critical planes. The obtained histories of the equivalent stress can
be applied for determination of calculation fatigue lives according to standard methods presented in
many papers (e.g. [6 - 8]).

It should be checked if the proposed expressions for the equivalent stress (Egs. (9) and (10)) are
valid for different materials. Thus, experimental verification of the presented criterion is necessary.

Conclusions

1. The presented calculations and analysis allow to propose a new stress criterion of multiaxial
random fatigue on the critical plane including normal and shear stresses.

2. The critical plane can be defined as the plane of the maximum covariance between normal and
shear stresses.

3. Under complex stress states we can observe some positions of the critical plane, depending on
the considered complex stress state.

4. On the basis of analysis of simple stress states, two forms of the expression for the equivalent
stress were proposed.
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