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Abstract. A closed-form solution is provided for the stress, strain and velocity fields due to a planar
crack steadily propagating in an elastic quasicrystal with fivefold symmetry at speed lower than the
bulk wave-speeds. The case of a semi-infinite rectilinear crack loaded on its surfaces is considered.
The dynamic theory of quasicrystal with inertia forces, but neglecting dissipative phonon activity, is
assumed to govern the motion of the medium. Both phonon and phason stress fields display square-
root singular at crack tip. The energy release rate is positive for subsonic and subRayleigh crack
propagation. The limit case of a stationary crack is then recovered as the crack tip speed becomes
vanishing small.

1. Introduction

Quasicrystals (QCs) are a special class of quasi-periodic alloys characterized by atomic clusters
displaying incompatible symmetries with periodic tiling of atoms in space, symmetries such as the
icosahedral one in three-dimensions and the penthagonal one in the plane. Quasi-periodicity in
space is assured by atomic rearrangements creating and annihilating atomic clusters with symmetry
different from the prevailing one. Inner degrees of freedom pertain then to each material element (a
cluster of atoms). Peculiar interactions are generated: they are different from the standard stresses
due to the crowding and shearing of material elements and influence even drastically the
macroscopic behaviour [1]. In particular, in presence of defects such microscopic interactions
contribute to both equilibrium and possible evolution of the defects themselves. A paradigmatic
example is the one of cracks propagating in QCs: the effects of the atomic rearrangements influence
the force driving the crack tip and, consequently, they perturb the crack path with respect to the one
foreseen by neglecting the rearrangements at atomic scale (see results in [2,3]).

In the present work, we investigate steady crack propagation in an elastic QC with fivefold
symmetry within the infinitesimal deformation setting, occurring at speed lower than the bulk wave
velocity. A closed form solution for interactions measures, deformation, and rate fields is provided
under general loading conditions. Viscous-like dissipation within material elements is neglected
since the analysis is developed at a time smaller than the characteristic activation time. Macroscopic
and substructural stresses display square root singularities at the crack tip. The energy release rate is
evaluated for subsonic sub-Rayleigh crack propagation. Stress intensity factors are determined. The
indeterminacy of the coupling coefficient between the gross deformation and the atomic
rearrangements is accounted for parametrically. The method adopted for determining the closed
form solution is an evolution of a previous approach used in [4,5] for linear anisotropic elasticity.
The method is based on the Stroh formalism [6,7]. However, for the considered isotropic relation
between phonon stress and strain, the eigenvalue problem is degenerate, namely the fundamental
matrix admits two double eigenvalues and these identical roots do not have distinct eigenvectors
associated with them. Therefore, the Stroh formalism has been modified in agreement with the
generalization presented in [8] for degenerate orthotropic elastic materials.
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Notation. Applied to the second-order tensor A with components A; in Cartesian axes, the
divergence operator div is defined componentwise as (div A); = A;;; where ( ); denotes the partial
derivative with respect to the j-th spatial coordinate and the summation over repeated indices
applies. AT is the transpose of A. V denotes the gradient operator, namely (Va); = a; for a scalar
field a. The notation ({a;)) denotes the diagonal matrix diag[ai, a», a3, as] with components a; (k =
1, 2, 3, 4) on the principal diagonal. An overdot denotes derivatives with respect to the time 7. The
operators Re and Im define the real and imaginary parts of a complex number. An overbar denotes
the complex conjugate of a complex number.

2. Field and constitutive equations

Neglecting body forces the equations of balance of momentum can be expressed in terms of the
Cauchy stress o and of the phason stress S as:

dive=p i, divS=cw. 1)

Here u and w are the phonon and phason displacement vectors, ¢ is a positive scalar and p is the
mass density of the medium which is assumed to be constant. The Cauchy and phason stresses
depend on the phonon and phason displacement gradients, namely Vu and Vw, through the
following two-dimensional linear elastic constitutive equations:

o=p(Vu+Vu)+ 1T divu+k (Vw+Vw' -1 divw) R, )
S=lkR(Vu+Vu =1 divu) + ky Vw -k (VW =1 divw), (3)

being R = e; ® ¢; — e, ® e,. The five parameters W, A, ki, k> and k3 define the linear constitutive
response. Their values are given in [1], namely u = 65 GPa, L =75 GPa, ki =81 GPa, ky = 42
GPa. Moreover, the mean value of ks is fixed at 0.1 &;. The phonon and phason traction vectors t
and s acting on a surface with outward unit normal n are defined as

t=on, s=Sn. 4)

3. Steady-state crack propagation

The problem of a plane crack propagating at constant speed v along a rectilinear path in an
infinite medium is considered. Two Cartesian coordinate systems are considered, the system (0, x,
¥, z) is fixed in time and the other (0, x;, x2, x3) is centered at the crack tip and moving with it in the
x; direction, with the out-of-plane x3-axis along the straight crack front. During steady-state crack
propagation an arbitrary scalar or vector field v must obey the condition v(x;, x2) = v(x — vt, y), so
that v =—vv,.

The term containing the velocity w in (1) may be neglected since the constant ¢ is usually very
small for quasi-crystals. This term models the self equilibrated forces which originates from
dissipative phenomena. By introducing the following four-dimensional vectors

p = (o11, 621, S11, S21)s q = (012, 022, S12, S12), ®)
a = (uy,1, U1, wi,1, wa,1), b = (u12, u22, w12, wa2), ©6)

which collect the phonon and phason stresses and components of the displacement gradient, the
constitutive relations (2) and (3) may be written in the form
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=| 1 , (N
q B C|b
where
2u+d 0 k5 O 0 A 0 Kk n 0 -k, 0
0 0 k 0 -4k O 0 2u+x 0 -k
A= n oB= u 3 . C= M ®)
k, 0 &k O 0 -k 0 k& —k; 0 k, 0
0 ky 0 k ky, 0 -k O 0 —k, 0 k,
and the equilibrium equations (1) become
Pitq2=p’Day, ©)

where D = diag(1, 1, 0, 0) and a subscript comma denotes partial differentiation with respect to
spatial coordinates. Introduction of (7) in (9) and the identity b,; = a, yields the equations of motion
in terms of the phonon and phason displacements, written in the following matrix form

a . Q'B+B") Q'Cl|(a (0 (10)
b), -1 o |lb), (o)

being the matrix Q = A — pv2 D non singular.
Let us find the spectrum and corresponding eigenvectors of the 8x8 matrix of coefficients in
equation (10), namely the values of oy, e kand £* satisfying the following eigenvalue problem

{QI(BJFBT)—O),J QIC}(ekJ m
et (1)
| -, I\ f 0

or equivalently
[C-wx(B+B)+w2Q]fF=0, ef=— ot~ (12)
The eigenvalues oy are the roots of the characteristic equation
det[C — o (B+B") + 0,2 Q] =0, (13)
which admits the following purely imaginary roots with positive imaginary parts
_ i i

as well as the corresponding conjugate roots with negative imaginary part. In (14) we introduced
the Mach numbers

m3=1, (14)

e
u—ky /8’

IR LG
TR

2 _
m, =

(15)
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where & = ki/ks. Note that the algebraic multiplicity of the roots ®; is two, whereas the eigenvalues
o and ®; are distinct. Moreover, for subsonic crack propagation both m; and m;, are smaller than 1.

The eigenvectors (e*, f¥) corresponding to each eigenvalue oy, for k = 1, 2, 3, are given by the
non-trivial solution of the system (11), namely

fl=((8m?,—dm>yl—-m?,—i(4=3m?),(4—m?)1-m?),
2= (8mi1—-m2,—5m2, —i(4—m?)1-m?,4-3m?), (16)

f3 = (O’Oa_ia 1)7

and, thus, according to (12),:

& m? 4-3m> .
e = (—.i8m],~———L.~i(4-m})),
1—m; A 1—m;
i 8 m? . 4-3m?
¢l = (Bmy, ——.~(4=m3), i 2). (17)
\1=m; yJ1—m;
3 _ .
e =(0,0,—1,—1i).

Note that the eigenvalue problem (11) is degenerate, since there exists only one eigenvector for
each of the repeated eigenvalues w3 and ®, and, thus, their geometric multiplicity is less than the

corresponding algebraic multiplicity. In this case, a generalized eigenvector (¢*, £*), which is
linearly independent of the previous three eigenvectors, can be defined for the repeated eigenvalue
3 from the solution of the following linear system [7]

Q'B+B" -, 1 Q'C|(e*) (¢
{ -1 —o (1) () (1o

Therefore, the generalized eigenvectors ¢ and f* are given by the following equations

B+B" —0;Q)e*+Cf*=Q¢’, et=—m -1 (19)
namely
2 2 25\2
P[Py S Py SV o) (20)
47 0w 4T hep 8k (M+p)
2 2 25\2
= | -0 e PV S PV gy SV |y @1)
I T 8ky (L +1)

Let us define the 4x4 matrices E and F such that their columns are the eigenvectors ¢“ and f*,
respectively, for k=1, 2, 3, 4, which have been defined in (16), (17), (20) and (21). Then, equations
(11), for k=1, 2, 3, and (18) and their complex conjugate relations can be written in the compact
form
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Q'B+B") Q'C||E E| [E E|[W+N 0 @2
-1 0 ||[F F| |[F FJ| 0 W+N]
where W and N are the following semisimple and nilpotent matrices
0000
W = diag(o1, o, 03, ©3), N={o 000 (23)
0000

respectively, in agreement with the Jordan decomposition theorem of linear algebra. Let us define
the vector g(x, x») such that

@ ) E ﬂ @ ) 2Re@§]’ (24)

then, the introduction of (24) into the differential system (10), by using the relation (22) gives

g1t (W+N)g,=0, (25)
and its complex conjugate relation. The differential system (25) writes explicitly:

gritor g2=0, fork=1,2,4, g1t o3 g32=—gun (26)

Hence, by introducing the complex variables

Z=x1+ 2 =X i l-mf fork=1,2,3,4, 27)
@y
with m3 = my = 0, so that z3 = z4 = x; + 1 x, = z, the systems (26) reduce to
a%k = 0, for k= 15 25 45 a‘%?’ = 842 (28)
0z, 0z,

Therefore, the complex function gi(x;, x»), for k£ = 1, 2, 4, must be an analytic function of the
complex variable z;, namely gx = g (zx), whereas the function g3(x;, x2) must satisfy the condition:

0gy __dgy 0z

- i g, 29
0:  dzox, &0 (29)

and thus by direct integration from (29) it follows that

a(x1, x2) =Ms3(z) —1 z gd(2), (30)
where /3(z2) is an arbitrary analytic function of the complex variable z.

The displacement derivatives and stress fields, collected in the vectors a, b, p and q, in term of
the analytic functions gi(z1), g2(z2), g4(z) and hs(z), follow from (24) and (7) as

a=2Re[E g], b=2Re[F g], p=2Re[G g], q=2Re[Hg], (31)

where G and H are the following matrices
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G=AE+BF, H=B'E+CF. (32)

The stress and displacement distribution will be known once the analytic functions gi(z1), g2(z2),
g4(z) and h3(z) have been determined for the boundary conditions of the considered problem.

4. Semi-infinite crack loaded on the crack surfaces

A semi-infinite rectilinear crack steadily propagating in a QC solid is considered. An uniform
distribution of shear and normal phonon stresses denoted with 1y and oy, respectively, is applied to
a segment of length L on the crack surfaces. Moreover, phonon and phason stress fields are
assumed to vanish at infinity, so that the generalized stress vectors (5) must vanish at infinity as
well. Let us denote with g(z) the vector which collects the functions gi(z), for £ = 1, 2, 3, 4.
According to (30), this vector can be written as

giz)=h(z)-1z Nh'(z), (33)
being /4y (zx) = gi(zk), for k=1, 2, 4. The introduction of (33) in (31), 4 gives

a=2Re[E(h—iz Nh)], q=2Re[H(h—-iz Nh)]. 34

Continuity of the phonon and phason tractions (4) along the x; axis requires

q'(x1, 0) = q (x1, 0), for —oo<x;<o0. (395)

Continuity of the phonon and phason displacements along the positive x; axis ahead of the crack
tip requires

a’(x1, 0) = a (x1, 0), for x> 0. (36)

The considered loading conditions on the crack surfaces imply:

or —L<x <0,
aw, 0=/ ! (37)
0 for  x <-L,
where qo = (=10, —00, 0, 0). From condition (35) and result (34), it follows that the function
j@=H[h@E -izNW(E)]-H[h() +izN h'(2)], (38)

must be analytic in the whole complex plane and, thus, by using Liouville’s theorem, it must be
constant. Since the vector h(z) must vanish at infinity, then the value of the constant must
necessarily be zero, and thus

H[h(z) -izNh()]=H[h() +izN h'(2)]. (39)
From the continuity of displacements ahead of the crack tip (36) and result (34); it follows that
E[h'(x)—ixiNh"(x)]— E[h"(x))+ix; N h'"(x))] =

=E [hf(xl) -1 X1 N h'f(xl)] - E [hf(xl) + ix1 N H’ 7()C1)], for X1> 0, (40)
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where h*(x)) = xligét h(x;+1x,), so that @i = H¢(x1) . From (39) one can obtain
h*() +ixi Nh™*(x))= H'H [h*(x)) —ix Nh™*(x)]. 41)
Since the matrix Re[i EH '] is not singular, then the introduction of (41) in (40) yields
h () —ixi NhW(x)) = [h(x)) —ix; Nh'" (x))] = 0, for x;>0. (42)

The loading conditions on the crack surfaces (37) and (34), imply that

. i . . . — q, for —-L<x <0,
H[h'(x)—ixiNh"(x))]+ H[h (x))+ix; N h' (x))] = (43)
0 for x,<-L.
Then, by using result (39), from (43) one obtains
. _ . - H™' —-L<x, <0,
h*Ge) — i N () + b — i Nh(e) = {1 do Jor N (44)
0 for  x; <-L.

Conditions (42) and (44) define an inhomogeneous Riemann-Hilbert problem for the analytic
vector function h(z) — iz N h'(z), which admits the following solution vanishing at infinity [9]:

h(z)—izNh(@) = — <<2 ﬁ*I? L>>H‘qo. (45)
- -

Since the matrix N is nilpotent, and thus N? =0, then from (45) one obtains

Nh() = ZLL(NH a@. (46)

The introduction of (45) and (46) in (33) then yields

1 Ja+ivL (L 2x, (LY ]
8 K<2 & iNL zk>>‘z+L(2) NlH - “n

The phonon and phason displacements, collected in the vector d = (u1, u2, wi, w2), can be
obtained by direct integration with respect to x; of the vector a in (34);, namely

d—gR {E{<<2k;l‘ \/\/i-:g \/ﬁ>>+4x{ log?ii\/\/: ZJ :lH }qo. (48)

The energy release rate G for a crack propagating in a QC can be obtained by generalizing the
result found for linear elastic fracture mechanics displaying square root stress singularity [9]. By
using (34), (45), and (46) the energy release rate becomes

- g { lim Vr q(r)} - { lim Vr [a(re ™) —a(re )]} = 4L qo- Re[iE H'] qo. (49)
r—0" r—0" T
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5. Results

The results show that the distribution of the phonon stress field is similar to the corresponding
results in linear elasticity fracture mechanics. The phason stress field, which arises from the
coupling relationship between the phonon and the phason fields, also exhibits the square root
singularity near the crack tip. The contours of phonon and phason stress components G2, 622, Si2
and Sy, normalized by oy, under Mode I loading conditions, namely for to= 0, for k&3 = 0.1 k; and
v? = 0.6 w/p are plotted in Fig. 1, where the Cartesian coordinates are normalized by L. It is noted
that a significant phason stress field is induced near the crack tip as a consequence of the coupling
effect provided by the constitutive equations, also for a small value of the coupling parameter &s.

2

xz/L

)C]/L X]/L

Figure 1. Contours of normalized phonon and phason stress components G2, 622, S12 and Sy, for
To=0 (Mode I), k3= 0.1 k, and v* = 0.6 wp.
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