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Abstract

The present article is an extension of the authors' earlier publications, e.g. Pustai¢ and Stok
[1-3], in which Dugdale strip yield zone model was used for modeling some elastic-plastic
fracture mechanics parameters. In those investigations the authors had kept the assumption
about constant cohesive stresses within the yield zone and the assumption about elastic-
perfectly plastic model of a material as well. In this paper we wish to define a model, which
will be closer to the real elastic-plastic state of a material within a yield zone. An assumption
of variable cohesive stresses within a yield zone is introduced. In this way we would like to
get a model for describing plastic yielding around a crack tip in a strain-hardening material.
On the base of the Dugdale strip yield model for the strain-hardening materials the formulae
for calculating the magnitude of a plastic zone and the crack tip opening displacement
(CTOD) were derived. The calculation was performed for several different values of strain
hardening exponent 7 and two different Ramberg-Osgood coefficients « .

Introduction

A thin infinite center cracked plate (CCT) with an embedded straight crack of the length 2a is
considered. The plate is loaded by a monotonically increasing tensile stress o =0, in a

direction perpendicular to the crack plane, Fig. 1. The plate is in the state of plane stress
determined by the components o, (x,y), o, (x,y) and o, (x,y)of the stress tensor. It is

assumed that the plate is made of a ductile material, therefore the plastic zones around crack

tips are occured. Our aim is to investigate the magnitude r, of plastic zones, as well as the

magnitude of the crack tip opening displacement &,(CTOD) in a plate made of strain

hardening material. One of the first models by which it was possible to determine these
parameters was the Dugdale strip yield zone model, Dugdale [4]. Although it simplified the
real physical picture of occurrences around a crack tip, it was very successfully applied for
solving many engineering problems of elastic-plastic fracture mechanics. This model
describes a yield zone as a narrow strip band, extending ahead from the crack tip and lying in
the direction of a crack plane. Accordingly, he postulated the existence of an imaginary
elastic crack composed of a physical blunt crack of length 2a and a supplementary cracked
zone extended ahead at both tips of the virgin sharp crack for a distance r,, the length of the

supplementary crack being equal to the length of the plastic zone around the crack tip, Fig. 1.
The elastic response due to the external loading is superposed by the elastic response due to
the application of the cohesive stresses. Because of the assumed elastic approach both
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responses are characterized by the stress singularity, their intensities being given by the stress
intensity factors (SIF) K., and K, , respectively. But, since in reality the stress singularity,

introduced by the elastic approach, does not occur due to plastic yielding it has to be
cancelled by imposing

coh »

K(a+rp)=Kext(a+rp)+Kcoh(a+rp)=0 . (D)

The original Dugdale strip yield zone model was implied the application of the Tresca yield
criterion and an elastic-perfectly plastic material model of a plate. It assumed constant
cohesive stresses in the whole yielding zone whose magnitude is equal to the tensile yield
stress of a material, 1. e. oy =0, .

In the present paper we wish to define a new micro mechanical model, which will better
describe the real elastic-plastic state of a material within a yield zone. If we wish to describe a
strain-hardening effect of a material we must introduce an assumption about variable
cohesive stresses within a yield zone. There are several papers discussing the application of
the Dugdale model by strain-hardening materials, for example Hoffman and Seeger [5], Chen
et al. [6], Neimitz [7] and so on. Hoffman and Seeger defined the cohesive stress distribution
on the plastic zone as a function of the plastic zone length r,, taking into account the strain

hardening exponent n of a material. The cohesive stress distribution should be clearly and
reliably defined if we wish to obtain an accurate CTOD value. Hoffman and Seeger pointed
out in their article that: "even if the exact stress distribution is taken as p(x), the calculated

CTOD still has large discrepancies from the expected CTOD". Chen at al. [6] suggest that we
could use the relation between J-integral and CTOD ( J / CTOD = const.) as a judgment
about reliability of assumed cohesive stress distribution.

Stresses and displacements in the direction of the crack plane

Considering the fact that due to symmetry the shear stress vanishes when Imz =0, the
governing equations in the theory of a complex variable (z=x+iy) of the mathematical

theory of elasticity, Muskhelishvili [8], can be expressed in terms of one single Westergaard
function Z(z), as derived by Sih [9]

c.,to, = Z(Z)+Z(Z)

o, —0,+2c,, =24-(2-2)Z'(z) (2)
. 1{3-v =, NS _
2ﬂ(u+1v):5[l+v J.Z(z)dz—J.Z(z)dz—(z—z)Z(z)}—Az,

where A4 is a real constant, x is the shear modulus and v is Poisson's ratio. On the x-axis, the
condition z—2z =0 is fulfilled, so from second equation in the system (2) we get

0, (x0)-0, (x0)=24. (3)

Normal stresses o, (x,0) and &, (x,0) will be at the same time principal stresses. It follows

from eq. (3) that difference between principal stresses of the axis x will be constant and equal
to the double value of the real constant 4. Its magnitude can be determined from boundary
conditions in infinity and in present example according to Fig. 1 it amounts

AZG;/ZZO'OO/Z,Where o, >0.
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FIGURE 1. Center cracked specimen FIGURE 2. Linear distribution of cohesive
subjected to remote loading. stress in the yielded zone.

Tresca's and Mises’ yield criteria

The cohesive zones around the crack tips are considered as narrow bands of yielded material
extending from the tips of the physical blunt crack in the direction of the crack plane, Fig. 1.
First plastic strains occur in the tips of the physical crack when the equivalent stress &
becomes equal to the initial yield stress o, of the material under uniaxial tension. The

occurrence of yielding in the points around the crack tips, in those points lying on the straight
line of the crack plane, depends upon principal stresses o (x,0) and o, (x,0). The

equivalent stress & can be determined from Tresca's yield criterion or from Mises' criterion.
Tresca's criterion can be written in the analytical form as

R a0 | C ) | ERE e 4)
and Mises' as
ol -0 0, +0 =05,. (5)

If the stress o (x,0) is eliminated from the systems of equations (3) and (5), we get a
quadratic equation from which we can determine the cohesive stress o, (x,0)= 0o (x,0). This

equation is expressed as
O';y (x,0)- 0,0, (x,0)- (aéo -0’ )= 0. (6)

The solution of these equation gives the magnitude of cohesive stress in that point of
cohesive zone in which Mises' yield criterion is satisfied. This will be the point on the
boundary of the cohesive zone, i.e. on the border between plastic and elastic range.

Modeling of cohesive stresses in the plastic zone in the case of isotropic
hardening of a material

It is assumed that the plate material has the property of isotropic hardening. According to the
one hypotheses of hardening, the parameter of hardening x is equal to the equivalent plastic
strain &,, 1.e. xk=¢,. This hypothesis is known under the name of sirain hardening

hypothesis. In the yielded zone around the crack tip, a<Rez=x<b=a+r,, the equivalent

stress o will change from a point to a point, in dependence on the level of equivalent plastic
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strain &, and at a particular level of external loading. The equivalent stress & , in the range
of strain hardening, will always be equal to the current yield stress of the material o,
where oy, > oy,. It means that the magnitude of the cohesive stresses in the yielded zone will
change in dependence on the level of equivalent plastic strain &, ie.
o, (x,0)=0y (x,0)= F(Z‘p)z f (O'YC). The equivalent plastic strain £, must be a function of the
elastic-plastic fracture mechanics parameters such as, the crack tip opening displacement

5, (CTOD) and the length of the plastic zone r,, i.e. &, =f (6 r ) The similar assumptions

t>'p

were introduced in the papers of Chen at al. [6], Neimitz [7], Wnuk and Legat [10].

In the paper [6], the authors took same cohesive stress distribution on the plastic zone
p(x) as it was defined in the paper [5], namely

- 1/(n+1)
p<x)=ao( P J . @

X—a

They adopted this expression in their paper in order to calculate the elastic-plastic fracture
mechanics parameters 7, and 6, in an infinite center cracked plate subjected to a remote

tension (CCT). But, they didn't answer the question, how are the obtained results accurate? Is
the expression (7) founded on the experimental observations? In his paper [11], the author
shown that within the strip yield zone the cohesive stress o, (x,0) rises considerably above
the initial yield stress o, due to the geometrical constraints only. The author modified the

Dugdale strip yield model in order to include the work hardening properties of a material. He
adopted the constitutive equation and proposed the distribution of the elastic-plastic strains
within the cohesive zone in the form

£, (0)=p 0. ®)

where &(x) defines the opening of the crack faces within the strip yield zone and ¢ is a
scaling factor which was defined in the paper [7]. The magnitude of the parameter &(x)
could be taken as suggested in the same article, namely as

5(x)=5t(1—x‘“J o (9)

"o

In the paper [7] author suggests the general formula to compute the cohesive stress within the
strip yield zone oy, . Wnuk and Legat [10] submitted a two-parameter nonlinear function for

representing the cohesive stress distribution within the cohesive zone. This function is
assumed in the form (the designations are adopted those in the present paper)

ay},(x,n,a)zao[ﬂj -exp{a[l—x_aﬂ, or (10)
I"p I"p

O'yy(/l,n,a)zaoxln-exp[a(l—/l)] , /”tz(x—a)/rp. (11)

The parameters o and » are the cohesive zone parameters or the state variables. Similar result
for cohesive stress distribution was obtained in the Guo's paper [12].
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Magnitude of cohesive zone around the crack tip
Non-linear variation of cohesive stress in the yielded zone

In this section we shall repeat and critically discuss some results concerning on the Dugdale
strip yield model for strain hardening materials, as they have been given in the article [6]. The
cohesive stress distribution within the plastic zone is given by expression (7). The stress
intensity factor, the length of the plastic zone r, and the crack tip opening displacement o ¢,
for a center cracked plate (CCT) according to Fig. 1, could be obtained by means of a Green
function (weight function) method. The Green function for an elastic center crack in an
infinite plate subjected to a remote tension is given by the expression

m(x,b)=2 2(1)2 _x2)71/2. (12)

n

The stress intensity factor (SIF) can be expressed by means of a weight function (12) as
b
Kn(b)= [ plx)-m(x.b)d. (13)

If we introduce a new variable & soitis x=a+r, (1-&)=b-r,& ( £=1 at the point B, and

& =0 at the point A), we can transform the expression (7) and write him in the following form

p&)=a,(1-¢)"". (14)
After inserting the expressions (12) and (14) in the formula (13) we get

2 1 | |
Kcoh(b): ;rp 'O-O.(')-(l_é:)l/(nﬂ) |: d§ . (15)

. 12
__P
-2

At this point we could introduce an assumption about small crack tip plastic zone. Under
small scale yielding (SSY) condition it could be taken r,/2b~0. After carrying out

integration, the final result for Ko, (b) will be

. o F[;J-F[nzlj: zrp‘aoB[l n j (16)

p "o _ P
b r 1+ n 2 n+l
2 n+l1

where /7 (x) stands for the gamma function or the Euler's integral of second type and B (x, )
is the beta function or the Euler's integral of first type. This result we have to put in eq. (1)
with opposite sign because the stress intensity factor K.on(b) takes the negative value if it
calculates for a real direction of the cohesive tensile stresses.

Finally, we get the plastic zone length 7, in front of the crack tip, normalized to the initial
crack length a as

2 2
- 2 F(;-}- nlj 2 F(;—i— nlj
e el e Y L I B e A A
A
[n-klj

) 1) ]
n+1

Oy Oy
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The SIF, corresponding to a remote tension of a plate with an imaginary crack of length b,

amounts to Kext(a+rp)20001/ni a+r, ).

Now we wish to obtain the plastic zone length 7, in front of the crack tip in a special case
of elastic — perfectly plastic material, n — o. Namely, the closed form solution for K..n(b)
can be obtained in a case if n =00 . It follows from eq. (15)

\/760](5}5' (18)

After integration, the final result for K..u(b) yields

Kcoh(b)=—4\/%-0'0arctan a?ib . (19)

By inserting this solution, together with the expression K, (b)=0,+/nb, in the eq. (1) and

after some rearrangements it is obtained

' _TO,

> 20
a+b 40, @0)

arctan

or if we do some trigonometric transformations, we shall get the famous expression for the
length of the plastic zone in front of the crack tip, according to the original Dugdale model
for elastic-perfectly plastic material of a plate, i.e.

r—p:sec(za—“’J—l | 1)

a 2 o,

Linear distribution of cohesive stress in the yielded zone — special case

The magnitude of plastic zone r,, around the crack tip is determined under the assumption of
linear distribution of cohesive stress oy(x) in the yielded zone, as shown in Fig. 2. The
equation of the straight line on a part of equivalent elastic crack, through points B: x =a, oyp
=oyiand A:x=b=a+r,, cya= Ovo, is expressed as

- —O_Y;) A ( (x—a) . (22)

oy(x) =0y

The stress intensity factor Kex in a point A of a fictitious elastic crack, which corresponds to
the external loading of the plate, according to Fig.1, is expressed as K_, =0, -y/m b .The

stress intensity factor K.,n which corresponds to the linear distribution of cohesive stresses
o y(x) within the yielded zone a < | x | < b, is determined by integration. As a matter of fact,
we imagine that a concentrated tensile cohesive force F=-o,(x)dx is acting on an

infinitesimally small part of the cohesive zone. When we introduce expression (22) for oy(x),

K on can be written as
f o 0'Yl Oy~ Oy Tvi =00 /b+x 23)
v b—x b+x

a

After carrying out integration, we get
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Since the cohesive stress o;,(x) = oy(x) in the tip of equivalent elastic crack, point A, should
not be singular, but must have definite magnitude, it means that the resulting stress intensity
factor K in this point must be equal to zero, as it is defined with the expression (1). Finally,
we get a transcendent equation from which we can determine, numerically, the length of the
fictitious elastic crack b. This equation is written in the following form

2
T a a a a
50 (1 _Zj - (GYI - Oy Zj arccos(gj +(oy, =0y )4l 1- [Zj =0. (25)

Using numerical methods, we can calculate the ratio a/b from equation (25), and from this
ratio we can get the length of equivalent elastic crack b. Since b = a + rp, hence follows the
length of the plastic zone r, around the crack tip.

Determination of crack tip opening displacement (CTOD) in a strain-
hardening material

The crack opening displacement 5, (x) (COD) in the Dugdale model is defined as
5D (X) = 5ext (X) - 5coh (X) . (26)

Using the weight function method, as it was discussed in the paper [6], the crack tip opening
displacement caused by uniformly distributed remote loading ¢., amounts to

é‘ext(a)ZA"o-?OO bz_az ’ (27)

while the crack opening displacement caused by cohesive stresses, distributed according to
the expression (7), and under the small scale yielding condition will be

n/(n+1)

B ()= D2 T 1Ly \Fj = "5 as . (28)

By inserting x =a and s = 1 (x = b — r, s ) we shall get the crack tip opening displacement
Ocoh (@) in the form

5. (@)= \/700n+1 /7\/7 n+l . (29)

n+1

If the plate material is elastic-perfectly plastic ( n = o), the crack tip opening displacement,
caused by cohesive stresses, will be

600h(a)=§ﬁ b* —a’® - arccos(ﬁj—L-ln(ﬁJ . (30)
T E b b2 — a2 a

This expression, together with the expression (27), gives the famous formula for CTOD,
based on the Dugdale model, for an elastic — perfectly plastic material
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5D(a)=%%a-ln|:sec[gi—wﬂ . (31)
0

Conclusion

In this paper, we have tried to form a more reliable micro mechanism of plastic yielding in
the yielded zone around the crack tip, which would better describe the real elastic-plastic
state of the material in these zones. Our aim has been to model cohesive stresses in a plate
made of a strain-hardening material. A hypothesis of variable cohesive stresses o (x) within

the plastic zone has been introduced. Many authors tried to model a non-linear distribution of
the cohesive stresses in a yielded zone in front of the crack tip, in the last decade, for example
[5-7], [10-12] and so on. In the paper [6], the authors took same cohesive stress distribution
on the plastic zone p(x), as it was defined in the paper [5]. But, they didn't answer the

question, how are the obtained results accurate? Is the expression (7) founded on the
experimental observations? In the papers [7] and [11] the author modified the Dugdale strip
yield model in order to include the work hardening properties of a material. He adopted the
constitutive equation and proposed the distribution of the elastic-plastic strains within the
cohesive zone in the form (8). Wnuk and Legat [10] submitted a two-parameter nonlinear
function, in the form (10) or (11), for representing the cohesive stress distribution within the
cohesive zone. Similar result for cohesive stress distribution was obtained in the paper [12].

In the present paper we have not succeeded to find an accurate law of distribution of
cohesive stresses o (x) in the yielded zone, we have taken the law of distribution according

to the expression (7). If this hypothesis were proved, then it would be possible to determine
precisely, using analytical methods, the magnitude of the plastic zone around the crack tip 7,

(17), as well as the crack tip opening displacement §,(CTOD), (29). Also, we have shown
that if the cohesive stress o (x) in the yielded zone was linearly distributed, we could
determine, in an analytical way, the length of the plastic zone », around the crack tip, by

solving, numerically, the transcendent equation (25).
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