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�%LDO\VWRN�8QLYHUVLW\�RI�7HFKQRORJ\��)DFXOW\�RI�0HFKDQLFDO�(QJLQHHULQJ��

&KDLU�RI�$SSOLHG�0HFKDQLFV�:LHMVND���&�VWUHHW���������%LDá\VWRN��3RODQG�
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�
$%675$&7�� ,Q� WKLV�SDSHU� IRXU� IUDFWXUH�FULWHULD��DGDSWHG� IRU�VWUXFWXUDO�FRPSRQHQWV�ZLWK�

9�VKDSHG�QRWFKHV�XQGHU�ELD[LDO�ORDGLQJ��PRGH�,�DQG�,,���ZHUH�XVHG�WR�HYDOXDWH�WKH�FULWLFDO�
ORDGV� DQG� GLUHFWLRQV� RI� FUDFN� LQLWLDWLRQ�� )RU� VWUXFWXUDO� HOHPHQWV�ZLWK� VKDUS� QRWFKHV� �L�H��

ZKHQ� WKH� VWUHVV� ILHOG� VLQJXODULW\� IRU� WKH� SULPDU\� SUREOHP� JHRPHWU\� LV� GLIIHUHQW� IURP� WKH�

VLQJXODULW\�RI�D�FUDFN��WKRVH�FULWHULD�UHTXLUH�LQWURGXFWLRQ�RI�FHUWDLQ�QRQ�ORFDO�SDUDPHWHUV��

H�J�� DVVXPSWLRQ� RI� D� ILQLWH�OHQJWK� FUDFN� RU� D� ILQLWH� IUDFWXUH� ]RQH�� 5HVXOWV� RI� QXPHULFDO�

DQDO\VLV�ZHUH�FRPSDUHG�ZLWK�H[SHULPHQWDO�GDWD��([SHULPHQWV�KDYH�EHHQ�FDUULHG�RXW�XVLQJ�

SODQH� VSHFLPHQV� RI� SRO\PHWK\O� PHWDFU\ODWH� �300$��� ([SHULPHQWDO� GDWD� SURYLGH�

VDWLVIDFWRU\�DJUHHPHQW�ZLWK�SUHGLFWLRQV���

�
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)UDFWXUH� UHVLVWDQFH�RI�VWUXFWXUDO�FRPSRQHQWV�ZLWK�VWUHVV�FRQFHQWUDWRUV�VXFK�

DV�VKDUS�QRWFKHV�DQG�FUDFNV�FDQ�EH�HYDOXDWHG�XVLQJ�IUDFWXUH�FULWHULD��,W�ZRXOG�

EH�GHVLUDEOH�WR�KDYH�D�UHOLDEOH�DQG�JHQHUDO�FUDFN�FULWHULRQ�WKDW�ZRXOG�HQDEOH�

DQDO\VLV� RI� ERWK� FUDFN� LQLWLDWLRQ� DQG� FUDFN� SURSDJDWLRQ� SKHQRPHQD� LQ�

FRPSRQHQWV� RI� DQ\� VKDSH� �ZLWK� UHJXODU� DQG� VLQJXODU� VWUHVV� ILHOGV�� XQGHU�

DUELWUDU\�ORDGLQJ��7KH�DQDO\VLV�VKRXOG�SURYLGH�VXFK�GDWD�DV�WKH�FULWLFDO�ORDG�

YDOXH��FUDFN�LQLWLDWLRQ�VLWH�DQG�FUDFN�SURSDJDWLRQ�GLUHFWLRQ��7KH�FRQFHSWV�RI�

IUDFWXUH� PHFKDQLFV� DUH� RI� SDUWLFXODU� LPSRUWDQFH� IRU� HYDOXDWLQJ� VDIHW\�

RSHUDWLQJ� FRQGLWLRQV� IRU� FRPSRQHQWV� PDGH� RI� EULWWOH� PDWHULDOV�� )RU� VXFK�

PDWHULDOV�WKH�PRPHQW�RI�FUDFN�LQLWLDWLRQ�LV�PRVWO\�DVVRFLDWHG�ZLWK�WKH�ILQDO�

IDLOXUH�RI�D�VWUXFWXUDO�HOHPHQW��

�

�

)5$&785(� &5,7(5,$� )25� (/(0(176� :,7+� 9�6+$3('�

127&+(6�81'(5�7(16,21�6+($5�/2$',1*�

�

/HW�XV�FRQVLGHU�DQ�LQILQLWH�OLQHDU�HODVWLF�SODWH�ZLWK�D�9�VKDSHG�QRWFK�ZLWK�D�

ZHGJH�DQJOH�RI��E�DQG�D�V\VWHP�RI�SRODU�FRRUGLQDWHV��U�-���ZLWK�DQ�RULJLQ�DW�



WKH� WLS�RI� WKH�QRWFK�� VHH�)LJXUH����7KH�GRPLQDQW� VLQJXODULW\� JRYHUQLQJ� WKH�

EHKDYLRXU�RI�WKH�VWUHVVHV�V � � �DW�WKH�QRWFK�WLS�UHJLRQ�KDV�WKH�IRUP�>�@��
�
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ZKHUH��
��. �DQG�

�� �. �DUH�WKH�JHQHUDOL]HG�RSHQLQJ�PRGH��PRGH�,��DQG�VOLGLQJ�

PRGH��PRGH� ,,��VWUHVV� LQWHQVLW\� IDFWRUV��O 
 �DQG�O 
 
 �DUH� WKH�H[SRQHQWV�RI� WKH�
GLVSODFHPHQW�ILHOG�IRU�WKH�PRGHV�,�DQG�,,��VHH�)LJXUH�����

�

�
�

)LJXUH����9�VKDSHG�QRWFK�ZLWK�D�SURSDJDWLQJ�FUDFN�RI�OHQJWK�O�DQG�YDULDWLRQ�

RI�H[SRQHQWV�O 
 �DQG�O 
 
 �ZLWK�QRWFK�DQJOH��E��

�

7KH� SUREOHPV� RI� EULWWOH� IUDFWXUH� LQ� HOHPHQWV� ZLWK� QRWFKHV� DUH� XVXDOO\�

DQDO\VHG�RQ� WKH�JURXQGV�RI� OLQHDU�HODVWLF� IUDFWXUH�PHFKDQLFV��0RGHOOLQJ�RI�

WKH�GHWDLOV�RI�PLFURFUDFNLQJ�SURFHVV�LV�DYRLGHG�IRU�H[DPSOH�E\�LQWURGXFLQJ�D�

VPDOO� HTXLYDOHQW� FUDFN�� E\� DYHUDJLQJ� WKH� HODVWLF� VWUHVV� ILHOG� DURXQG� WKH�

VLQJXODU�SRLQW�RU�E\�XVLQJ�VXFK�SDUDPHWHUV� DV� VWUHVVHV�RU� WKH� VWUDLQ�HQHUJ\�

FRPSXWHG�DW�VRPH�ILQLWH�GLVWDQFH�IURP�WKH�QRWFK�WLS�>�@��

6WUDLQ� HQHUJ\� UHOHDVH� UDWH� FULWHULRQ� �*ULIILWK� FULWHULRQ�� GHILQHV� HQHUJ\�

UHTXLUHG�WR�FUHDWH�D�QHZ�IUHH�VXUIDFH��D�FUDFN��LQ�D�OLQHDU�HODVWLF�VROLG��,W�KDV�

EHHQ�PRGLILHG�IRU�PXOWLD[LDO�ORDGLQJ�FRQGLWLRQV�>���@��/HW�XV�FRQVLGHU�D�9�

VKDSHG�QRWFK�ZLWK�D�FUDFN�RI� OHQJWK� O�SURSDJDWLQJ�IURP�WKH�QRWFK�WLS�LQ�DQ�

DUELWUDU\�UDGLDO�GLUHFWLRQ�-��VHH�)LJXUH����$Q�DSSURDFK�SURSRVHG�LQ�5HI��>�@�

DVVXPHV�D�YLUWXDO�FUDFN�JURZWK�'Oo�� LQ� WKH�GLUHFWLRQ�GHILQHG�E\� DQJOH�- � �
GHWHUPLQHG�E\�PD[LPL]LQJ�WKH�HQHUJ\�UHOHDVH��7KH�HQHUJ\�UHOHDVH�UDWH�*�-��
LV�WKH�ZRUN�GRQH�E\�WKH�VWUHVVHV�LQ�IURQW�RI�WKH�FUDFN�RQ�WKH�GLVSODFHPHQWV�RI�

WKH�FUDFN�HGJHV��QDPHO\��
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ZKHUH�� U ��- ��DUH�SRODU�FRRUGLQDWHV�ZLWK�DQ�RULJLQ�DW�WKH�FUDFN�WLS�DQG� ���V ��

�W � �� �X � DQG� �X � DUH� WKH� VWUHVV� DQG� GLVSODFHPHQW� FRPSRQHQWV� LQ� WKH� DERYH�

FRRUGLQDWHV���

7DNLQJ�LQWR�FRQVLGHUDWLRQ�VLQJXODU�WHUPV�RI�WKH�DV\PSWRWLF�H[SDQVLRQ�RI�

WKH�VWUHVV�DQG�GLVSODFHPHQW�ILHOGV�QHDU�WKH�FUDFN�WLS�RQH�REWDLQV��
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ZKHUH� �. �DQG� � �. �DUH�PRGH�,�DQG�PRGH�,,�VWUHVV�LQWHQVLW\�IDFWRUV�IRU�D�FUDFN�

RI�OHQJWK�O�ZLWK�DQ�RULJLQ�ORFDWHG�DW�WKH�QRWFK�WLS��

)UDFWXUH�ZLOO� LQLWLDWH� RQFH� WKH� HQHUJ\� UHOHDVH� UDWH�*� LQ� GLUHFWLRQ�-� -  �
UHDFKHV�D�FULWLFDO�YDOXH�* ! � WKDW� LV�D�PDWHULDO� FRQVWDQW� UHODWHG� WR� WKH�FULWLFDO�
PRGH�,�VWUHVV�LQWHQVLW\�IDFWRU�. " ! ��
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7KH� FUDFN� OHQJWK� O� FDQ� EH� FRPSXWHG� E\� DVVXPLQJ� HTXLYDOHQFH� WKH�

PD[LPXP� QRUPDO� VWUHVV� FULWHULRQ� V &('*) �  � V ! � DQG� WKH� HQHUJ\� UHOHDVH� UDWH�
FULWHULRQ��*ULIILWK�,UZLQ�FRQGLWLRQ��. " � �. " ! �IRU�D�FDVH�RI�D�VPDOO�FUDFN�DW�WKH�
VHPLFLUFXODU�QRWFK�URRW�XQGHU�WHQVLOH�ORDGLQJ��
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6WUDLQ�HQHUJ\�GHQVLW\�IUDFWXUH�FULWHULRQ�SURSRVHG�E\�6LK�>�@�DVVXPHV��WKDW�

WKH�FUDFN�SURSDJDWLRQ�GLUHFWLRQ�-  � LV�GHWHUPLQHG�E\�WKH�PLQLPXP�YDOXH�RI�
VWUDLQ�HQHUJ\�GHQVLW\� IDFWRU�6��7KH�IDFWRU�6� LV�GHILQHG�DV� WKH�SURGXFW�RI�DQ�

HODVWLF�VWUDLQ�HQHUJ\�G8 . �VWRUHG�LQ�WKH�HOHPHQWDU\�YROXPH�G9�DQG�WKH�UDGLDO�
GLVWDQFH�U ! �PHDVXUHG�IURP�WKH�9��QRWFK�WLS��
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7KH�FUDFN�SURSDJDWLRQ�RFFXUV�RQFH�WKH�IDFWRU�6�UHDFKHV�D�FULWLFDO�YDOXH�6 ! ��
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7KH� FULWLFDO� UDGLXV� U ! � FDQ� EH� GHWHUPLQHG� E\� DSSO\LQJ� WKH� PD[LPXP�
QRUPDO� VWUHVV� FRQGLWLRQ� IRU� D� WHQVLOH� SODQH� HOHPHQW� ZLWK� V\PPHWULF�

VHPLFLUFXODU�QRWFKHV��,Q�VXFK�D�FDVH�IRU�SODQH�VWUHVV�ZH�REWDLQ��
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7KH� VWUDLQ� FULWHULRQ� SURSRVHG� E\� 0F&OLQWRFN� >�@� LV� EDVHG� RQ� WKH�

DVVXPSWLRQ� WKDW� FUDFN� SURSDJDWLRQ� RFFXUV� ZKHQ� WKH� QRUPDO� VWUDLQ� H 898 � DW�
VRPH�VPDOO�GLVWDQFH�U ! �PHDVXUHG�IURP�FUDFN�WLS�UHDFKHV�LWV�FULWLFDO�YDOXH�H ! ��
)RU� DQDO\VLV�RI�EULWWOH� IUDFWXUH� WKH� VWUHVV� IRUP�RI�0F&OLQWRFN¶V�FULWHULRQ� LV�

FRPPRQO\� XVHG�� 7KH� DSSURDFK� DVVXPHV� WKDW� WKH� FUDFN� SURSDJDWLRQ� RFFXUV�

RQFH� WKH� FLUFXPIHUHQWLDO� VWUHVV�V 898 � DW� D� GLVWDQFH� U� �U ! � UHDFKHV� D� FULWLFDO�
YDOXH�V ! ��
�

� � � �PD[ :: VUV ;<;;   U � ����

�

7KH�PD[LPXP�RI�WKLV�FRQGLWLRQ�GHWHUPLQH�GLUHFWLRQ�RI�FUDFN�SURSDJDWLRQ�

-  ��7KH�SDUDPHWHU�U ! �GHQRWHV�WKH�GLVWDQFH�IURP�QRWFK�RU�FUDFN�WLS�WR�D�SRLQW�
DW� ZKLFK� WKH� YDOXH� RI� WKH� QRUPDO� VWUHVV� V 898 � LV� PHDVXUHG�� ,Q� RUGHU� WR�
GHWHUPLQH� WKH� DERYH� SDUDPHWHU� WKH� DV\PSWRWLF� VROXWLRQ� IRU� D� FUDFN� XQGHU�

PRGH�,�ORDGLQJ�WRJHWKHU�ZLWK�WKH�*ULIILWK�±�,UZLQ�FULWHULRQ�FDQ�EH�XVHG��
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7KH�QRQ�ORFDO� VWUHVV� IUDFWXUH� FULWHULRQ�SURSRVHG�E\�6HZHU\Q� DQG�0Uy]� >�@�

DVVXPHV� WKDW� LQLWLDWLRQ� RU� SURSDJDWLRQ� RI� FUDFNLQJ� RFFXUV� ZKHQ� WKH� PHDQ�



YDOXH� RI� WKH� IXQFWLRQ�5 @ � �V A �� W A �� RI� GHFRKHVLYH� QRUPDO� DQG� VKHDU� VWUHVVHV�
RYHU�D�VHJPHQW�G  �UHDFKHV�LWV�FULWLFDO�YDOXH��WKXV�
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ZKHUH�� 5N � �� VWUHVV� IUDFWXUH� IDFWRU�� � �OO5 WVP � � �� QRQ�ORFDO� VWUHVV� IUDFWXUH�

IXQFWLRQ��5 Q � �V A �� W A �� �� ORFDO� VWUHVV� IUDFWXUH� IXQFWLRQ��V A �� W A � �� QRUPDO� DQG�
VKHDU�VWUHVVHV�RQ�D�SK\VLFDO�SODQH��[ R �±�RULJLQ�RI�D�ORFDO�SRODU�V\VWHP��U��-��
DW�DQ�H[SHFWHG�FUDFN�LQLWLDWLRQ�SRLQW��G S ���OHQJWK�RI�IUDFWXUH�]RQH��

)RU�DQDO\VLV�RI�EULWWOH� IUDFWXUH� LQ�SODQH�300$�VDPSOHV�ZLWK�9�QRWFKHV�

VXEMHFWHG�WR�WHQVLRQ�DQG�VKHDU�ORDGLQJ�LW�LV�VXIILFLHQW�WR�IRUPXODWH�WKH�ORFDO�

IUDFWXUH�IXQFWLRQ�DV�FRUUHVSRQGLQJ�WR�D�VLPSOH�WHQVLOH�VWUHQJWK�FRQGLWLRQ��

�

� TUU5 VVVV ���  �� �����

�

&RPELQLQJ�(T�����DQG�(T�����WKH�OHQJWK�RI� WKH�]RQH�G S �FDQ�EH�GHWHUPLQHG�
E\�FRQVLGHULQJ�D�PRGH�,�FUDFN�FDVH�DQG�XVLQJ�WKH�*ULIILWK�±�,UZLQ�FULWHULRQ���
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5HFHQW� H[SHULPHQWDO� LQYHVWLJDWLRQV� >�@� ZHUH� XVHG� WR� YHULILFDWLRQ� RI�

SUHVHQWHG� IUDFWXUH� FULWHULRQ�� 6SHFLPHQV� ZHUH� ORDGHG� LQ� FRPELQHG� WHQVLRQ�

DQG�VKHDU�LQ�WKH�VSHFLDO�GHYLFH�SODFHG�LQ�D�WHQVLOH�PDFKLQH���

7KH�WHQVLOH�DQG�VKHDULQJ�ORDG�FRPSRQHQWV�3�DQG�7�DUH�FDOFXODWHG�DV�IROORZV��

�

3� �)FRV\� � 7� �)VLQ\��� � � �����

�

ZKHUH�)�LV�WKH�ORDG�DSSOLHG�E\�D�WHQVLRQ�PDFKLQH�DQG�\�LV�WKH�ORDGLQJ�DQJOH��

7KH�JHQHUDOL]HG�PRGH�,�DQG�PRGH�,,�VWUHVV�LQWHQVLW\�IDFWRUV�. [
\
�DQG�. [ [

\
�

FDQ� EH� XVHG� WR� FKDUDFWHUL]H� VLQJXODU� VWUHVV� DQG� GLVSODFHPHQW� ILHOGV� LQ� WKH�

QRWFK� WLS� YLFLQLW\�� ,Q� RUGHU� WR� LOOXVWUDWH� WKH� SUHVHQWHG�PHWKRG�. [
\
� DQG�. [ [

\
�

KDYH� EHHQ� HYDOXDWHG� XVLQJ� WKH� SDWK� LQGHSHQGHQW� LQWHJUDO� +� >��@�� 7KH�



SUREOHP� JHRPHWU\�� PDWHULDO� SDUDPHWHUV� �( ����03D�� Q ������� ERXQGDU\�
FRQGLWLRQV�DQG�ORDGV�DUH�WKH�VDPH�DV�LQ�WKH�H[SHULPHQWDO�LQYHVWLJDWLRQ��2QO\�

LQ�FDVH�RI�WKH�VWUDLQ�HQHUJ\�UHOHDVH�UDWH�FULWHULRQ�WKH�YDOXHV�RI�WKH�VWDQGDUG�

VWUHVV� LQWHQVLW\� IDFWRUV� IRU� D� FUDFN� DVVXPHG� DW� D� QRWFK� WLS� KDYH� EHHQ�

FRPSXWHG�XVLQJ�WKH�-�LQWHJUDO�VHSDUDWHO\�IRU�PRGH�,�DQG�PRGH�,,�>�@��

7KH�YDOXH�RI� WKH�FULWLFDO�UXSWXUH�VWUHVV�V ] �KDV�EHHQ�GHWHUPLQHG�E\�XVLQJ�
WHQVLOH� VSHFLPHQV� ZLWK� VHPLFLUFXODU� QRWFKHV� DQG� E\� FRPSXWLQJ� WKH� VWUHVV�

GLVWULEXWLRQ�DW�WKH�LQVWDQW�RI�IUDFWXUH��+DYH�EHHQ�REWDLQ�V ] � �������03D��

7KH�FULWLFDO�YDOXH�RI�WKH�VWUHVV�LQWHQVLW\�IDFWRU�. [ ] �FDQ�EH�H[SUHVVHG�DV�WKH�
PHDQ�YDOXH�RI�WKH�JHQHUDOL]HG�VWUHVV�LQWHQVLW\�IDFWRU�

^_ `. �REWDLQHG�IRU�WKUHH�

QRWFK� DQJOHV� �E � ��q�� ��q� DQG� ��q� �IRU� WKHVH� DQJOHV� WKH� DV\PSWRWLF�
FRHIILFLHQW�O [ �YDULHV�LQVLJQLILFDQWO\���,W�KDV�EHHQ�. [a] � �������03D�P

Scb d
��

7KH� QRQ�ORFDO� SDUDPHWHUV� RFFXUULQJ� LQ� WKH� SUHVHQWHG� FULWHULD� KDYH� EHHQ�

FDOFXODWHG� IRU� 300$� XVLQJ� WKH� DERYH�PHQWLRQHG� YDOXHV� RI� V ] � DQG�. [ ] � ��
O� �����������P��G S � ����������P�� eU  �����������P�� fU  �����������P��

)LJXUH���SUHVHQWV�WKH�GLUHFWLRQV�RI�FUDFN�SURSDJDWLRQ�- S �DQG�WKH�UDWLRV�RI�
WKH� FULWLFDO�PL[HG�PRGH� ORDGV�) ] � WR� WKH� FULWLFDO� WHQVLOH� ORDG�3 ] � GHWHUPLQHG�
IURP�GLIIHUHQW�FULWHULD�LQ�WHUPV�RI�VSHFLPHQ�RULHQWDWLRQ�DQJOH�\�IRU�YDOXH�RI�

WKH�QRWFK�DQJOH��E� ���q����q�DQG���q��)RU�\� ���WKH�VSHFLPHQ�LV�VXEMHFWHG�
WR�D�SXUH�WHQVLRQ��ZKLOH�IRU�\� ���q�WKHUH�LV�D�SXUH�VKHDU�LQ�WKH�PLGGOH�FURVV�
VHFWLRQ�� )RU� DQJOHV� \� EHWZHHQ� �q� DQG� ��q� WKHUH� DUH� PL[HG� ORDGLQJ�
FRQGLWLRQV��

�

�
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)RXU� SUHVHQWHG� FULWHULD� DGDSWHG� IRU� EULWWOH� IUDFWXUH� DQDO\VLV� RI� HOHPHQWV�

ZLWK�9�VKDSHG�QRWFKHV�FDQ�EH�XVHG�IRU�GHWHUPLQDWLRQ�ERWK�WKH�FULWLFDO�ORDG�

YDOXH� DQG� GLUHFWLRQ� RI� FUDFN� LQLWLDWLRQ�� 7KH� EHVW� FRUUHODWLRQ� ZLWK�

H[SHULPHQWDO�GDWD�DV�FRQFHUQV�WKH�FUDFN�GLUHFWLRQV�DQG�WKH�YDOXHV�RI�FULWLFDO�

ORDGV� KDV� EHHQ� REWDLQHG� ZLWK� WKH� QRQ�ORFDO� VWUHVV� IUDFWXUH� FULWHULRQ� DQG�

PRGLILHG�0F&OLQWRFN¶V�VWUHVV�FULWHULRQ�� ,Q�RUGHU� WR�DSSO\�WKH�DERYH�FULWHULD�

RQH� KDV� WR� GHWHUPLQH� WKH� VWUHVV� ILHOG� IRU� WKH� DFWXDO� SUREOHP�JHRPHWU\� DQG�

WKHQ� WKH� FDOFXODWLRQV� DUH� TXLWH� VLPSOH�� )DLUO\� JRRG� DJUHHPHQW� FDQ� EH�

REWDLQHG� XVLQJ� WKH� VWUDLQ� HQHUJ\� UHOHDVH� UDWH� FULWHULRQ� EXW� WKLV� DSSURDFK� LV�

PRUH� ODERXU� FRQVXPLQJ�� 7KH� FULWLFDO� ORDGV� GHWHUPLQHG� E\� EDVLQJ� RQ� WKH�

VWUDLQ�HQHUJ\�GHQVLW\� IUDFWXUH�FULWHULRQ�DJUHH�ZLWK� WKH�H[SHULPHQWDO�YDOXHV��

8QIRUWXQDWHO\�WKH�SUHGLFWLRQV�RI�WKH�GLUHFWLRQ�RI�FUDFN�LQLWLDWLRQ�IURP�WKH�9�
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