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Abstract:  Rectangular bars loaded by opposite concentrated forces via rollers are appro-
priate test specimens for the determination of strength under contact loading which com-
prises multiaxial stresses with very strong stress gradients. In the paper, the stress solution
in the whole specimen is given for the case of a Hertzian contact stress under the loading
cylinders. The contact strengths measured on several ceramics revealed significantly re-
duced Weibull exponents compared with those obtained from 4-point bending tests.

1   INTRODUCTION

Conventional strength tests describe the failure behaviour of materials under
simple stress conditions which, in most cases, comprise uniaxial stresses
with relatively low stress gradients. In practical applications, mechanical
loading often leads to strongly non-homogeneous and multiaxial stresses.
For instance, this applies to contact loading by line or point loads. Predic-
tions of strength under contact loading are possible, in principle, on the basis
of the Weibull theory plus a multiaxial failure criterion. If this criterion is
known for a specific ceramic, the failure probability in multiaxial and inho-
mogeneous stress fields can be computed by introducing into the Weibull
formalism so-called effective volumes (or surfaces). This approach is appli-
cable, at least, in cases where the stress variations are small and sufficiently
constant stresses can be assumed to exist over the size of natural flaws.

In order to obtain a direct measure of failure under contact loading, a
“contact strength” test was proposed in [1], as illustrated in Fig. 1. Two cyl-
inders made of hardened steel are pressed onto the rectangular specimen
with a force P. The cylinders are about 0.1 mm smaller than the guiding
groove in the support structure in order to avoid any clamping during load
application (cylinders become oval under load).

2    STRESSES
For the Hertzian contact between the cylinders and the plane bar, the pres-
sure distribution acting over the region −s ≤ x ≤ s is
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with the maximum pressure, p0, and the contact range, 2s, as shown in Fig.
1.
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Fig. 1 A two-roller test device for contact strength tests and Hertzian pressure dis-
tribution.

Under this load, the stress components, σx and τxy, are
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with the first-order Bessel function J1.
Maximum tensile stress in the bar is reached at the upper and lower sur-

faces, y = ±H, directly near the rollers, (x ≈ 0). At these locations,

Ht
P

=σσ=σ *,*490.0max  (5)



In the contact strength tests, this maximum stress value was identified as the
strength.

The stresses are plotted in Fig. 2, normalized to σ*. The stress compo-
nent, σx, is represented in Fig. 2a. Tensile stresses occur close to the surface,
which change to compression and back to tension in the specimen centre.
The shear stresses, τxy, plotted in Fig. 2b are antisymmetric with respect to
the centre line, (y = 0). The shorter the distance from the contact area, the
steeper the stress gradients.
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Fig. 2 Stresses for a bar loaded by a pair of opposed forces. Pure line load, s = 0: (a)
normal stress component, σx, (b) shear stress, τxy,

3     EXPERIMENTAL RESULTS
Contact strength tests were performed on two types of commercial aluminum
oxides, coarse-grained Al2O3 (Frialit F99.7) and fine-grained Al2O3 (Frialit
F99.9) both from Friatec, Friedrichsfeld.

For comparison, 4-point bending tests were carried out in addition. The
strength data measured for the two aluminas are represented in Fig. 3. Ac-
cording to the relation for the failure probability, F,

F c
m= − −1 0exp[ ( / ) ]σ σ (6)

the Weibull parameters, m and σ0, were determined by the "Maximum Like-
lihood Procedure" according to [2]. The 90% confidence intervals were
computed as suggested in [3].

In Fig. 4a, the 90% confidence intervals of the bending strengths are
plotted versus the 90% confidence intervals of the contact strengths, includ-
ing results obtained earlier [1]. The dash-dotted line suggests a linear inter-
dependency of the two strengths. Figure 4b shows the 90% confidence inter-
vals of the Weibull exponents for roller loading and for the bending test. The
dashed line is described by
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Fig. 3 Contact strengths of the alumina ceramics compared to 4-point bending
strengths, from [4].
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Fig. 4 Interrelation between Weibull parameters of contact strength and 4-point
bending strength tests; (a) characteristic strength, σ0, (b) Weibull exponent m
(widths and heights of rectangles given by the 90% confidence intervals).

4 DISCUSSION
In the experiments, we found
• a linear relation between the Weibull parameters, σ0, for the bending

strength and the contact strength with roughly contact0,bend,0 σ≈σ ,
• and lower Weibull exponents in the roller tests compared to the 4-point

bending tests.



A possible explanation of the very different Weibull exponents may be
based on the pronounced stress gradients near the contact region. This calls
for an evaluation of single cracks. In contrast to this query, the bending tests
exhibit uniaxial stress states and negligible stress gradients.

The fracture mechanics background of the Weibull distribution under
moderate stress gradients is based on the stress intensity factor, K,

aYK *σ=  (8)

with Y as a constant. This assumption is always fulfilled for bending tests,
but violated in a contact strength test near the loading cylinders.

The relevant stress components, σx and τxy, are plotted over the cross-
section of the bar in Fig. 2. In order to allow the stress intensity factors to be
determined simply from the stresses, the natural cracks are modelled here as
edge cracks.

 From the stresses present in the uncracked body, the stress intensity fac-
tors, KI and KII, can be computed according to

 ∫ ηηση=
a
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with the weight functions hI for mode-I and hII for mode-II loading and the
distance, η, from the surface.

 The results are plotted in Fig. 4a and 4b. It is obvious from this represen-
tation that the mode-I stress intensity factors are first positive due to the ten-
sile stresses near the free surface, (y/H → 1 in Fig. 2a), and then become
negative at greater depths. In this case, at least partial crack closure must
occur. The remaining stress intensity factor, KII, is reduced by crack surface
friction.

The effective stress intensity factor, Keff, combining KI and KII, was com-
puted by [5]
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 The coefficient, µ, was chosen as µ = 0.5.
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Fig. 5 Stress intensity factors for edge cracks, (a) mode-I and (b) mode-II stress
intensity factor, (s/H = 0.1).

 In Fig. 6a, the effective stress intensity factor, Keff, is plotted versus the
distance, x, from the contact centre for several crack depths, a. Maximum
stress intensity factor values are visible near the location x/s=1, i.e. directly
at the end of the Hertzian contact. For very small natural cracks of the kind
present in high-strength ceramics, (a/W ≈ 0.01 or smaller), failure must also
be expected to occur at some distance from the Hertzian contact, i.e. near x/s
≈ 2-4.

 From this representation, it must be expected that specimens under con-
tact loading predominantly fail near x/s = 1. This is in agreement with the
experimental observation.
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Fig. 6 (a) Effective stress intensity factor, Keff, edge cracks of various depths as a
function of the distance, x, from the contact centre, (b) effective stress intensity

factors near the end of the Hertzian contact (x/s ≈ 1).



In Fig. 6b, the effective stress intensity factor is plotted versus the relative
crack depth, a/W, for locations near x/s = 1. It can be concluded from this
representation that the effective stress intensity factor does not obey the
usual proportionality of K ∝ √a near the Hertzian contact. In a rough de-
scription, the results may be expressed by a straight line,

W
aWKeff *6σ≅ (11)

as indicated by the dash-dotted line in Fig. 9b.
The distribution functions, F(a), of the crack size, a, of the most serious

crack and of the strength, F(σc), are related by (see, e.g., [6])

  ))](1(exp[1)( aFzSF c −−−=σ  , (12)

where z is the crack density (the number of cracks per surface unit) and S the
surface of the component. The asymptotic behaviour of the flaw size distri-
bution can be described by a power law,

  ra
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from which the crack distribution function results as
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Consequently, the strength distribution, F(σc), reads
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Any specific value of crack size, a, has a corresponding value of σc. In-
troducing the relation between crack size and strength results in
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This is a Weibull distribution with the parameters
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In the contact loading test, we find for the condition of the critical effec-
tive stress intensity factor equalling the mode-II fracture toughness, KIIc,

*6/ σ= WKa IIc (18)



or if we replace σ* by the maximum tensile stress according to (5), with σmax

= 0.49 σ* interpreted as the contact strength, σc ,

c

IIc WKHsa
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Introducing this into (15) yields the following Weibull exponent under
contact loading:

mrm 2
1

contact 1 =−=  . (20)

This is in complete agreement with the experimental data. For failure-
relevant cracks in the range of approx. 40-100 µm and a specimen width of
W = 3 mm, the result is σc,contact/σc,bend ≈ 0.9-1.4, as estimated in [5].

SUMMARY

Strength tests of ceramic bars were performed under opposed cylinder loads.
As examples of application, strength measurements were carried out of two
aluminum oxides. From these results and former tests of HPSN and AlN it
was found that the Weibull parameter, m, for the contact strength tests is
about half that for bending tests. This can be explained by the pronounced
stress gradients in the contact strength test. Application of the weight func-
tion method allowed the relation between the mixed-mode stress intensity
factor and the crack length to be calculated. The effective stress intensity
factor was found to be approximately proportional to the crack length. This
leads to the reduced Weibull parameter, compared to the bending test.
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