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ABSTRACT: New approach to strength analysis of thin-walled structural elements of ani-
sotropic materials weakened by cracks under conditions of plane stress and bending is
stated. The fracture criterion is grounded on the notion of the material damage measurein
the process zone at the crack tip and on the assumption of the crack growth towards the
highest possible value of this measure and its reaching the critical value. The criterion is
employed in the investigation of the critical state of the highly anisotropic plate with a
crack. With the change of the loading angle in the plates with high anisotropy the instabili-
ty of initial crack motion angle is possible. The analysis of the examples demonstrates the
guantitative and qualitative impact of the proposed generalizations on theinitial cracking
angle and the strength of the structure.

INTRODUCTION

Plates of anisotropic na
terids, in paticular, of re-
inforced concrete or com-
posites, are popular €ele-
ments of building construc-
tions. They are widdy used
in mechine building, trans
port condruction etc. The
man cause of ther falure
is the growth of cracks, &
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Figure 1: Scheme of the problem. aisng in it and reaching

the criticdl sze on account
of fatigue. The drength and rdiability anadyss in dl cases envisages the use
of materids brittle fracture methods. These methods are well known and
approved by scientific and engineering practice with respect to isotropic na
terids [1]. There is a deficiency of experimentd data concerning the pa
rameters of satic crack growth resstance [2]. Far less atention has been



paid to working out fracture criteria of anisotropic materids with cracks [2,
3]. The practice of formulating the fracture criteria of anisotropic materids
with cracks amounted to nothing more than the use of isotropic materids
criteria, in which the account of the influence of anisotropy was reduced to
the formal orientation dependence K. =K . (b+g).

One or severd methods of andyss bdonging to one of the three man
criteria classes (energy, force and strain ones) are used depending on the
character of loading, type of materid, availability of experimenta data con+
cerning mechanica and drength characteristics of the used materid, peculi-

aities of the dructure and its function. Force sqq-criterion or criterion of

maxima intendty of sngular pat of tendle dresses (F.E. Erdogan, G.S
Sh, G.P. Cherepanov, V.V. Panasyuk, L.T. Brezhnytskiy), being generali-
zdion of lrwin's criterion, is one of the smplest but universal enough, ef-
fective and experimentadly approved criteria.

This paper presents fracture criteria of anisotropic plates with cracks,
which are grounded on a new conception for notion of materid damage in
the process zone. Normadization of the dress levels, drans or energy by
means of resstance &bility provides more a reasonable evauation on the
materia resstance as far as it does not depend on the stress-drained State
but on its reationship with crack growth resstance. Such measures may be
consdered as monotonely increasng.

1. FRACTURE CRITERIA OF ANISOTROPIC PLATES WITH
CRACKS

In the vicinity of the investigated crack tip A (Fig. 1) we condder the
damage function in the process zone at the crack tip P (p, [, b, g) accepting
the crack to be growing in the direction b =h of its maximum, a such

vaue of generdized parameter of loading p = p., when the damage reaches
the critical vaue

max ¢ (p.,1, b,g)g=¢ (Pl bg)y_ . P(p.l.b.g)=P.. @

Here b is an angular coordinate of local polar coordinate system Arb with
origin A; g is tangent orientation to the axis of the crack at its tip with re-
spect of the man direction of anisotropy Ox with the highest dadticity
modulus (Ox,Oh ae the principd anisotropy axes). The firs equation
helps to cdculate the initid motion angle b, while the second calculates the
limit loading p. .



Force measures of damage. Let as introduce the force measures of dam:
age
Py = Kb/KIc Prp = Krb/KIIc ; @
K, =lim(~2prs,, ), K, =lim(v2prs,, ); )
o K, aefracture toughnesses for mode-1 and mode-11 fracture,
By adogy with Mdr's aitaion whdh ddines fradure iniion on the plane
b =const by the cordiion f (s,,,s,, ) =0, we gl prest the damege furdtion

P with the aooout of the possble effed of eddtiond parameias hy, which darec-
taize the dfed o noangular fadors upon the fredure resdance in the fam o the

fdon P =P (p,, R,.h). Nejedng the peamesr h  ad presting
P=P(p,.p,,) intefom P =p,“+p,“ a b =0 ad P. =1 we sdl &
teinthePanesyuk —Ardrekiv fradureaitaio K2 /K2 + K24 /K =1.

Negeding tangat dreses (the model fradue - by nomd sgoaaion) in
P:P(pb,pb,h) we dd ddaan P:P(pb,h). Now, oconddaing
P=p, +h’, h=s,,/s,,, P.=1 we sdl & aote digion o the dove
mertioned siertiss K'/K, +s2, /s2,=1. If now we neglect parameters h
for the faroe demege fundion, the furdion of model fradure P =P (p,, . hy) in the
smplest linear case of dependence on p, may be identified with the first

K

force damage measure: P °© p, .
Criterion (2) with thefarce damegefundion
P(p.I,b,g)° K, (p.,l, b,g)K;;(b+g), P.=1. @
generdize in this case s, -criterion, in which the notion of the intendty fac-
tor of circumferentia hoop stress K, is aso used. Here K, (b+g) is citi-

cd vdue of the intensty factor K, where the nonfetigue crack growth is

initiated and which depends on the motion direction of the mode-I crack
with respect to principal axes X,h. Asfas K, £K, ., ten0EP £P, =1.

If K,c(b+g) =const (it is dways 0 for iorgpc metaids), the condtion (1)
with mesare (4) providesdassic rdationghip for isatropic metaid:
max gK, (.1, b,g)§=gK, (p.1.b.9)g .. K.(p.1,b,g)=K,.(5)
If we codder K. = K|, (b+g) in (5), the fird equetions in (2), (4) ad (5 will
dow dffget vdues o b, when the ansarapy is affidatly high Though the sc



ond equetions in (1), @) ad (5 ae idaicd, the cdouaed by them limit loedings p.
will vary dueto thedifferacesin cdladaios o b, .

Strain damage function. Gangdiang d.-model and the concentration of the
limit crack tip opening displacement and linking fracture with plagic dran
we shdl use the following determination of the measure of materid damage
at thetip crack:

P(p,I,b,g)° 2v, (p,I,L,b,g)d; (b+g), P.=1. (6)
Here 2v,(p,I,L,b,g) is a norma vector component of possble plastic
branch opening (plagtic zone) a angle b with crack plane; L is characteris-
tic linear 9ze of the plagtic branch which is determined under finity Stress
condition a its tip; d, (b +g) is experimentaly obtained criticadl COD d,.

After achieving this COD, according to the Leonov — Panasyuk criterion the
mode-1 crack length change begins. For anisotropic materids the critica
COD must depend on the mode-I crack orientation with respect to main an-
sotropic materia axes.

2. TENSION OF ANISOTROPIC PLATE WITH A RECTILINEAR
CRACK

When the thin-walled dement of the condruction is affected only by the
tenson loading s, =s,,S5, =S,, the intendty of the dircumferencid stress
factor K, in the vicinity of the crack tip is determined according to the e
sults of works [3] by the relationship:

Re{(si- s,)'& (cosb+ssinb)™(sK, +K, )+
+(cosb+s,dnb)”*(sK, +K, )E} =K, (b),

1Re{éK,C(b)(si- sz)g'lé (cosb+ssinb)”*(s,K, +K, )+
fib © @
+(cosb+s,sinb)”*(sK, +K, )t} =0,

where K, =+/2pl g5, sin"a +s, cos’ap, K, =Jpl /2(s,- s,)sinza ae
the dress intengty factors at the crack tip, corresponding to loca symmetric
and antisymmetric dress condition; a is the effect angle of the principd

stresses s, with respect to crack orientation axis Ox. The materid anisot-
ropy is characterized by the complex parameters s, s,, which are the roots



of the chaacteridic
equation of the corre-
sponding dadicity  the-
ory problem [4]. From
b =b, roots of the sec-
ond equation (7) the one,

which assgns the maxi-

| ALy Ly=3.89 mum vaue to the left
1 1 I I part of the firg equaion

w4 & V2 ischosn.
Figure 2: Theinitid crack motion angle b, vs. For specific cases of
crack orientation angle a (g =0). the plate materid equar

tions (7) were solved by

numerical methods. We consdered the cases of tenson of a boundless
orthotropic plate with | long crack, placed a the infinite points by an uniax-
id unifom dress fidd

p['i_ 3242:32D p’sl¥1:31:0
il a angle a with the crack
1.5 axis, which in its turn, is
- inclined with respect to the
1,06 principa  orthotropy ~ axis
3 a angle g. Figures 2, 3
ﬂ,SE- shows the b ~a ad
3 peo p.fi. /KM ~a de
S T S dences for the trans
i 77 pendences ol
ﬂF' 3 Thed j; ¢ the di a 72 versal isotropic band car-
_rgure s. The cependence of the dimerr bon plagic LU-1 with a
tionless critical stress p.” on crack orientation medium orthotropy mess-

angea (g=0). we  A°E /E =889.
Here s, is the criticd vaue of s,; K2 =2505 Nmm?®? is the average
vaueof K, (b); =28Nmm*?; K| _ . =473Nmm*?.
c Clg=0,b=p /2

Here lines 1 correspond to the numeric solution of equations (7) for iso-
tropic materid; lines 2 are obtained for anisotropic materid with assumption

tha K, (b)=const=K?; lines 3 refer to Inear approximation of experi-

lc ?
mentd data [2]; lines 4 refer to physcdly more red smooth gpproximation
of the some experimentd data
Conclusions. The fallowing main conclusons can be dravn out from the
performed cdculations:

K|C|g:0,b:O



1. An account of the materid anisotropy sufficiently affects the predicted
vadue of the angle b, and afects less the dimendonless limit loading. A

mation angle dgn is the same as in the isotropic materid — from the closer
direction of tenson.

2. An account of angular rdationship K. affects the predicted crack ini-
tid motion angle vdue For the ange vdues dose to
b+g=kp/2 (k=0 1% 2,...) the smooth gpproximetion (lines 4) pro-
vides more significant results.

3. Approximation K, by its average vdue K ° (such sStuaion corre-

Ic
sponds to the use ofs - criterion) gives vaues close enough or even identi-
cd to the results of the calculations for isotropic meterid.

4. An account of K. dependence on angular coordinate affects essen
tidly the predicted vadues of the crack initid motion angle. In case the crack
is oriented dong the principad axis of minimad K, (maxima eadicty
modulus), these vaues are lower than the ones calculated for isotropy cases
or K39 (s,,-Criterion). In case of crack orientation aong the principa axis
of maximum K, (minima edadicity modulus), these vaues are higher than
the ones cdculated in isotropy cases or K29. The exceptions are angles a

Ic

closeto p/2 a whichin case g=p/2 the b, vaue reaches consderably
high pogitive values.

5.1n generd, the usage of linear gpproximation is not only physicaly in
correct and inconvenient in the anayticd transformations but in al cases it
gives improbable results for close to mode-l1 (all p/2) cracks. On the other
hand, linear approximation gives stepwise results for b, angle at the crack
orientetion adong the maxima dadicity modulus axis The reason is that

citerid function F, (b,g) dueto K, (b) function peculiarities has severa

locd maxima and during the continuous change of b. angle the location

changes continuoudy as wdl as their vaues Therefore, locd maxima, lo-
cated in other places may play the role of globa maxima in case of diffe-
rent b. Such effect manifested itsdf only in the case of linear gpproxima-

tion, however, a the higher measure of naterid anisotropy. The same effect
may be expected in the case of smooth gpproximation when the ac-
tua K, digtribution tends to the linear one with high gredient. The cacula-
tions performed for the low anisotropy materids EF 32-301 (A=1.56) and
ETF (A=2.37) did not reved the continuous change of b, even when lin-
ear goproximation had been applied. So, in the case of high materid anisot-
ropy the unstable change of angle b, may be expected.



6. Limit stresses change continuoudy and are of minor difference a any
way (linear or smooth) approximation of angular dependency K, (b).

7. At a® 0 the cdculations give the predicted result p° ® ¥ .
8. At a® p/2 the cdculaions by anisotropy modds and K7° give

quiet equa vaues of p?. An account of angular relaionship for the materia
of high anisotropy measure provides the decreased strength.

3. BENDING OF ANISOTROPIC PLATE WITH A RECTILINEAR
CRACK

The second case applies to the cracked plate bending by bending no-
ments m,m, in mutuly
perpendicular  planes  The
crack is oriented dong axis
Ox, which forms agle g

with  principad  orthotropy

b axis Ox and angle a with
n LU-1 S .
-“,5\‘\] A=t /E, 559 the plane of moment action

N m, (see Fg. 1). On the sr

-
T

—
\_.
J_j; (Y] ]
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0 n/ y /2 perpodtion principle the
Figure 4: The dependence of initid crack problem may be sdlit into
angle motion on orientation of principd an- two ones. the problem of

sotropy axes. the dress-drained date of

the same plae without
crack under gpplied to it loading and the problem of the state disturbed by a
crack, when the bending intensty moments - m, opposte in Sgn to those,
obtained on the crack line in the firs problem, are applied to the crack
edges Then the system of equetions (1), (4) will have the following form:
€lee T, T, ou z_ 6ss ® T, T, A

- K, ZRe - K, =Rea = K.(b
h e_gpqul p152.].2;ﬂu ”h gWEZTl Q1T2$ Ic( )

Kz‘ﬂ 1 aepslT-pSZE-’+
h{b éch (b) N g Tl : T2 &]U (8)
z9_€ ss & T Td
K. 2" Rea s =0.
"hib ee‘?K,c(b)Ngq T O“ng



Here z is a coordinate dong the plate thickness (-h£z£h); s, p;,
q;, N are known complex parameters [3, 4]; T, =T,(b) are known func-
tions [3] of angle b; K, =1.5mh%J/pl/2, K, =-CK,; C is known red
condant [3], which is defined by the complex parameters s, p;, q;,N;
m=mf,(a), f,(a)=sin*a+hcos’a, h=m,/m,.

, For the concrete data

1L
it 4 of mechanicd properties
1,5 of the cracked plate na-
e terid and its loading by
m_l\ moments m;, m, equa
U,S. tions (8) was solved by

numerical methods.

T/4

Thus, if m, =0, the limit

Flgure5. The dependence of dlmensonless velues m =m, of exter-
limit moment m” onangle g. nd moment m,, after

reeching which the initid

crack motion begins, were found as wel as the vdues of its initid motion
direction angle b =b.. Figures 4, 5 show the dependence of angle b. and
of the dimensonless badc function of the limt moment

meom/m*™ =m(b,g)/m™ on age g. Hee m.°

o m/1(2h) ? /K™ =m (b.,g) f,*(a). Lines 1 refers to the isotropic case;
lines 2-4 refer to the anisotropic case if K, =K® (corresponds to calcula-
tion by s, - criterion) of linear and smooth approximation of experimentd
datafor K, (b) in glass-reinforced plastic LU-1.
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