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INTRODUCTION

Constitutive modelsfor concreteare too numerousfor an exhaustive list to
be possiblehere. Among these,many rely on the phenomenologicalthe-
ory of damageinitiated by Kachanov [1]. This approachseemsespecially
well suitedfor the descriptionof the mechanicalbehaviour of concretefor
2 reasons.The first oneis that the complexity of microscopicmechanisms,
including the formationandpropagationof multiple microcracks,their pos-
sibleclosurein compression,thepresenceof friction, etc.,seemsto preclude
any otherapproachthana heuristicone. The secondreasonis that in many
instances,the behaviour of concretemay safely be regardedas essentially
elastic-brittle,which is thepreferreddomainof applicationof damagetheory.
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If oneconsidersdamagemodelsaccountingfor anisotropy (arisingfrom
the preferredformationof cracksperpendicularlyto the directionof major
tension),candidatesaremuchlessnumerous.Notablecontributionsaredue,
amongothers,to Murakami[2], Fichantet al. [3], Chaboche[4], Dragonet
al. [5], Ladevèze[6], YazdaniandKarnawat [7], FrantziskonisandDesai[8].
Amongthese,themodelsof Fichantetal.,Chaboche,Dragonetal. andLade-
vèzeattemptto accountfor theasymmetrybetweentensionandcompression,
arisingfrom crackclosurein compression.

The aim of this work is to proposea first, simpleversion(leaving room
for laterimprovements)of a modelwith thefollowing features:

(i) Account for anisotropicdamage,throughconsiderationof a second-
ranksymmetricdamagetensor.

(ii) Accountfor asymmetrybetweentensionandcompression,throughcon-
siderationof the“positiveandnegativeparts”of thestraintensor(com-
binedwith thedamagetensor).

(iii) Satisfytherequirementof continuityof thestresseswith respectto both
strainanddamage.

(iv) Allow for total damage(completevanishingof stress).

(v) Fit within theframeworkof “standardgeneralizedmaterials”,asdefined
by Halphenand Nguyen[9], and involve a free energy convex with
respectto boththestrainanddamagetensors.

Points (i) and (ii) do not requireany further comment. Requirement(iii)
seemsobviousbut, asnotedby Chaboche[4], is not soeasilyfulfilled when
combinedwith point (ii); severalmodelsin factviolate it. Requirement(iv)
precludesfor instancetheuseof themodelsof Dragonet al. [5] (who make
theassumptionof weakdamage)andLadevèze[6] (whoallowsfor totaldam-
ageonly asymptotically).But themainnovelty hereis thefulfilment of point
(v). Thoughnot compulsoryfrom a physicalviewpoint, this featureis math-
ematicallydesirablebecauseit leadsto aneasynumericalimplementationof
themodel.Indeedit canbeshown thattheproblemof finding,atagivenpoint
andfor a fixed incrementof strain,the final valueof the damageparameter
with a classicalimplicit algorithm,thenreducesto finding theminimumof a
convex functionandis thusliable to efficientalgorithms.
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THE FREE ENERGY���w�\�>�����>�!�z���z�U�>�>�-�c�z���z�,�\���g���C�����j�U�.���8�j�U�����>���$���3�>�!�y���z�����8�z����\���.���>�!�y�
For clarity reasons,we first forgetabouttheasymmetrybetweentensionand
compression.The (second-rank,symmetric)damagetensoris denoted���
Thespecificfreeenergy �� /¡
¢$�¤£ is takenin theform

�� e¡
¢$�¤£"¥ ¦ §�¨ tr  ª©«�f¡�£U¬ �\¯® °
tr ±ª ª©«�f¡  ¡w�x©Z£ �!² ¢³©µ´·¶Q¸��  (¹H£

º » ¥½¼ �¼ ¡ ¥
¦

tr  ª©«�f¡�£h© ¾® § ¨ ©«�E e©«�B¡  ¡j�B©Z£   e©«�B¡  ¡w�x©Z£-�x©}¬;�¿  § £
Requirement(i) of the Introductionis satisfiedandpoint (ii) is left out here.
Thesatisfactionof requirement(iii) is a trivial consequenceof eqn(2). This
equationalsoimmediatelyimplies that for total damage e� ¥À¶z¢©¿¥ÂÁC£-¢» ¥ÃÁ7� Thusrequirement(iv) is satisfied. This is obtainedby considering
thefreeenergy, which is a functionof strain, ratherthanthemorecustomary
(in thecontext of damagetheory)freeenthalpy, which is a functionof stress.
Considerationof thefreeenthalpy would leadto anexpressioncontainingthe
tensor  (¶Ä¸��¤£$Å � so that the limiting value � ¥ ¶ could not be reached.
Also, it is easily shown that if one eigenvalue of �Æ¢ say Ç � ¢ is unity, the
correspondingstresscomponentÈ �,� is zero,asdesired(vanishingstressin
the directionof total damage).(However, the componentsÈ �ª� and È �ªÉ are
zeroonly if the strainanddamagetensorsarediagonalin the samebasis).
Finally, the convexity of � with respectto both ¡ and � (requirement(v))
resultsfrom thatof thefunctionsÊ�ËÌ Ê � and ÍÎËÌ tr  eÍ � £-¢ plusthelinearity
of tr  ª©«�f¡�£ and ©«�B¡  ¡j�B© with respectto ¡ and ©«�Ï �����y�_�h�z�>�g�(�!�z�Ð�HÑÄ�g�>�g�����.�(�.���8�j�U�Z�8���Ò�$���3�>�!�y���z�����8�z�³�J�>�.�����!�z�
The positive andnegative partsof a real Ê aredefinedby ÊCÓµ¥ Sup aÊK¢$Ô�£
and Ê Å ¥ Inf  1ÊK¢$Ô.£-¢ and thoseof a symmetricmatrix Í ¥ Õ×Ö�Ø1Ù.ØhÚÛÙ.Ø
(the ÖØ and ÙjØ beingthe eigenvaluesandnormalizedeigenvectorsof ÍÄ£ byÍ�Ó�¥ Õ ÖØ5ÓcÙ.ØyÚÜÙjØ and Í Å ¥ Õ ÖØ Å ÙjØ:ÚÝÙ.Ø,�

In orderto accountfor theasymmetrybetweentensionandcompression,
we must distinguishbetweenthe positive andnegative partsof ¡ (possibly
combinedwith ©Z£'Þ damageshouldappearonly in the positive part, since
cracksareineffective in compression.More specifically, we considera free
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energy of themodifiedform

�� e¡
¢$�¤£"¥ ¦ § ¨ tr  ª©«�f¡�£U¬EÓ �- ¦ §   tr ¡>£ Å �- ® ° tr ±  e©«�B¡  ¡
�x©Z£�Ó � ²  ® tr  e¡ Å � £ß eà.£
º » ¥ ¼ �¼ ¡ ¥

¦ ¨ tr  e©«�B¡>£,¬NÓá©  ¦   tr ¡>£ Å ¶Û® §Ä¨ ©«�E e©«�B¡  ¡
�B©Z£(Ó   e©«�B¡  ¡j�B©Z£(Ó��x©}¬  § ® ¡ Å �   ° £
Requirements(i) and(ii) arenow satisfied.Themodelhoweversuffers from
the following defects. The term

¦ ¨ tr  ª©«�f¡�£U¬EÓÜ© of the stresses(pertaining
to tension)shouldvanishpreciselywhen the term

¦   tr ¡�£ Å ¶ (pertaining
to compression)becomesnon-zero,and vice versa. This is unfortunately
not true becausetr  e©«�B¡>£ and tr ¡ do not vanishsimultaneously, except if© is a multiple of the unit tensor. Also, “changesof regime” in the termsâ � ¨ ©«�E e©«�B¡  ¡w�x©Z£�Ó   e©«�B¡  ¡w�x©Z£�Ó��B©}¬ and

§ ® ¡ Å arenot simultaneousei-
ther becausethe eigenvaluesof ©«�B¡  ¡w�x© and ¡ do not vanishsimultane-
ously, exceptif © and ¡ arediagonalin thesamebasis.Numericalstudyof
themodelpredictionsin simplecaseshowever shows that thesedeficiencies
areof little practicalimportance.Requirement(iii) is satisfiedbecausethe
functions ÊãËÌ ÊCä and Í ËÌ Í�ä arecontinuous.Concerningrequirement
(iv), if �Â¥µ¶R ª©Û¥�ÁC£'¢ thetermsof thestressespertainingto tensionvanish,
asdesired.Also, if oneeigenvalueof �Æ¢ say Ç � ¢ is unity, thetermspertaining
to tensionin the componentÈ �,� vanish. Theconvexity of � with respectto¡ and � (requirement(v)) is a consequenceof theconvexity of thefunctionsÊ�ËÌ ÊCä � ¢zÍåËÌ tr  ªÍ�ä � £ andthe linearity of tr  e©«�B¡>£-¢ tr ¡
¢:©«�f¡  ¡
�x© with
respectto ¡ and ©«� Theonly non-trivial propertyhereis theconvexity of the
functions Í½ËÌ tr  eÍ�ä � £-¢ establishedin Badel’s thesis[10].

It may incidentally be remarked that simultaneouslysatisfyingrequire-
ments(ii) and (v) is a difficult task. The form (3) was arrived at only af-
ter several unsuccessfultrials. For instance,suchappealingexpressionsas

tr æ, ^ç ©á�B¡
�5ç ©Z£�Ó �bè ¢ tr ¨  e©«�B¡w�x©Z£�Ó � ¬.¢ tr  e©«�B¡�Ó � �x©Z£-¢ all turnoutto benon-convex

with respectto either � or ¡ .Ï �����y�_�h�z�>�g�(�!�z�·�HÑ����yéh���g�ê�z�µ�(ëJ���Y�y���y�c���'���3�w�z�����^�;���"ì;�zíNé+���
The eigenvalues Ç`Ø of � shouldvary between0 (no damage)and1 (total
damagein thedirectionof theeigenvalue).Theevolutionequationfor � (see
below) will ensuretheconditions îÇ`Ø\ïÐÔ (increasingdamage),andtherefore
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Ç`Ø3ï¯Ô since �ð¥µÁ initially. TheconditionsÇ�Ø3ñò¹ canbeenforced,in an
admittedlysomewhat formal andartificial, but mathematicallynaturalway,
by modifyingexpression(3) into

�� e¡
¢$�¤£"¥ ¦ § ¨ tr  ª©«�f¡�£U¬EÓ �\ ¦ §   tr ¡>£ Å � ® °
tr ±a e©«�B¡  ¡j�B©Z£(Ó � ²3 ® tr  /¡ Å � £ �óhô Å
õ�ö �1÷   max Ç`Øa£3¢  /ø�£ócù

denotingtheindicatrix functionof theconvex set ú�  ó;ù  aûA£]¥µÔ if ûÝüßú"¢Mý
if ûÿþü úA£'� This function in (5) actsas a “barrier” preventing the Ç`Ø

from exceedingunity. Its introductionpreserves convexity with respectto� becausethe domain   max Ç`Ø}ñ ¹H£ is convex in the spaceof symmetric
matrices(consequenceof Rayleigh-Ritz’s theorem).

THE DISSIPATION POTENTIAL AND THE REVERSIBILITY DO-
MAIN

Within the framework of generalizedstandardmaterials,the evolution of �
is governedby someconvex dissipationpotential

�   î�¤£ asfollows:

��� ü ¼ �  +î��£�� î� ü ¼ ��   ��� £+¢ ��� ¥µ¸ ¼ �¼ �  	�.£
wherethe symbols ¼ and

�
denotethe sub-gradientandLegendre-Fenchel

transformof aconvex function.Thisevolutionequationautomaticallyensures
thenon-negativenessof thedissipation

� ��
 î�Æ���ëh���z�U���>�1�A�C�(�!�z�ã�A�C�'�>�+�(�!�gí
The simplestpossibleexpressionof

�  +î��£ is 
��� î� ��� where  is a positive

materialconstantand
��� î� ��� ¥ò  î� 
 î�¤£ �	�^� thenormof î�Æ� However, to ensure

theconditions îÇ`ØhïãÔ
¢ wemodify thisexpressioninto

�  3î��£3¥�
��� î� ��� �ó�� � ö Ó õ��   min  "î�Ä£UØa£  ���£

wherethe   î�¤£UØ denotetheeigenvaluesof î�Æ� Theindicatrix functionprevents
the   î�¤£UØ from becomingnegative, which sufficesto warrantthat the Ç�Ø are
non-decreasing(seeBadel’s thesis[10]). The constant in (7) is the only
adjustablematerialparameterin themodel.
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��ëh���>��ìC���j�>�!�>�UíN�(�(���c�z���z�,�
The function

�   î�¤£ being positively homogeneousof degree1, its Legen-
dre-Fencheltransform

��   � � £ is theindicatrix functionof someconvex setin
thespaceof thermodynamicforces

� � ¢ which is thereversibility domain.It
is shown in Badel’s thesis[10] thatthis setis definedby

�   ��� £"¥ �� ��� Ó �� ¸�ÄñãÔ}¢ �� ��� Ó �� ¥Û  ��� Ó 
 ��� Ó7£ �	�^� �  	�.£
Condition  ��.£ � thentakesthefamiliar, plasticity-theory-likeform

�   ��� £VñãÔS¢�î�Â¥�� ¼ �¼ � � ¢��«ïãÔS¢ �   ��� £��Z¥�ÔQ�  	�.£
NUMERICAL EXAMPLES

Model predictionsare presentedin Figures1 for simple tensionand 2 for
simplecompression;the materialconstantsare  ¥Ãà�Ô GPa¢"! ¥ÃÔ
� § and
R¥�àM¹_Ô Å$# MPa� TheaxialstressÈ �,� is displayedasafunctionof axialstrain% �,� andlateralstrain % �,� ¢ andalsovolumetricstraintr ¡ for simplecompres-
sion. In simple tension,the resultsarequalitatively satisfactory. Note that
thesingleparameter governs(togetherwith  ) boththepeakstressandthe
subsequentstressdrop; also,althoughthis is not shown here,damagebeing
anisotropic,it remainsnil in direction2 (since % �,�'& Ô.£ so that onecould
applysomenon-zerostressÈ �,� after È �,� . Predictionsin simplecompression
arelesssatisfactory:1) damage(arisingfrom thepositive % �,� £ occursfor too
small valuesof ( È �,� ($Þ 2) the stressdrop quickly ceasesand the behaviour
againbecomeselasticwith an only slightly degradedstiffness(becauseal-
thoughdamagebecomestotal in direction2, it remainsnil in direction1).

DIRECTIONS FOR POSSIBLE IMPROVEMENTS

Although the modelproposeddoespossessnew, nice features,it obviously
suffers from its excessive simplicity, ascould be anticipatedfrom its single
adjustableparameter. Drawback1) just evidencedcanbe remediedby con-
sideringanon-constant of theform  � ¸) �   tr ¡�£ Å Þ thenit becomeslargerin
simplecompressionthanin simpletension.Anotherpossibility is to replace¡ by ¡�¸ß¡ Ø in (5) where¡ Ø is someirreversiblestrain,for instanceof theform* �Æ�N (¶á¸Ò�¤£ Å � Þ this modifiesthe expressionof

� �
so that damageoccurs
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Figure1: Modelpredictionsin simpletension.

later in simplecompression.Drawback2) is connectedto thefact thatdam-
ageis consideredto arisefrom the solepositive componentsof ¡w� It canbe
remediedby introducingdamagealsoin the “compressionterms” of ��Þ but
this requiresintroducingdistinctdamagetensorsin the“tension” and“com-
pression”terms,otherwisethe desiredasymmetrywould be lost. All these
developmentsarecurrentlyunderprogress.
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