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A B ST R A C T

In  a  p rev io u s p ap e r [3 ]  a  n ew  m o d e l to  p red ic t th e  cu m u la tiv e  d is tr ib u tio n  fu n c tio n  o f  fa tigu e  l i fe  d u rin g  th e  c rack  p ro p aga tion
stage  w as d esc rib ed . T h is  p ro b lem  w as th e re  co n s id e red  as a  cu m u la tiv e  d am age  p ro cess fo l lo w in g  th e  p ro b ab il is t ic  ap p ro ach  o f
B o gd an o f f  &  K o z in  [7 ] , assu m in g a  l in ea r ap p ro x im a tio n  fo r th e  ran d o m  v a riab le  “ fa tigu e  l i fe ”  an d  a  tru n ca ted  u n ifo rm
d is tr ib u tio n  fo r th e  c rack  len g th . In  a  seco n d  w o rk  [4 ] , tw o  co rrec tio n s to  th is  init ia l m o d e l w e re  d iscu ssed : a  seco n d  o rd e r
ap p ro x im a tio n  o f  th e  fa tigu e  l i fe  an d  an  an a ly tica l ex p ress io n  fo r th e  p ro b ab il i ty  d en s ity  d is tr ib u tio n  o f  th e  c rack  len g th  d e riv ed
fro m  th e  o n es o f  th e  in it ia l an d  f in a l c rack  len g th s. T h e  o b ta in ed  resu lts  sh o w ed  a  m u ch  b e tte r p e rfo rm an ce , esp ec ia l ly  fo r h igh
stan d a rd  d ev ia tio n s. F in a lly , a  d if fe ren t p o ss ib i l i ty  is  s tu d ied  in  th is  p ap e r: th e  co rrec tio n  o f  th e  in it ia l l in ea r m o d e l b y  a co rrec tio n
o f  th e  W u ’ s  typ e  [1 8 ] . T h is  is  b ased  o n  th e  co rrec tio n  o f  th e  ab sc ise  o f  th e  p ro b ab il i ty  d is tr ib u tio n  fu n c tio n  o f  th e  fa tigu e  li fe , b y
co m p u tin g  its  "ex ac t"  v a lu e  fo r th e  estim a ted  v a lu es o f  th e  s ta te  ran d o m  v a riab les a t th e  m o st p ro b ab le  p o in t o f  th e  init ia l l in ea r
ap p ro x im a tio n . T h is  ap p ro ach  im p lies a  m u ch  lo w er co m p u ta tio n a l co st th an  th e  seco n d  o rd e r ap p ro ach  c ited  ab o v e , b u t
d em o n stra tes u n fo rtu n a te ly  n o t to  b e  ad eq u a te  w h en  ap p lied  to  o u r case . T h is  is  d u e  to  th e  s tro n g n o n -l in ea rity  in d u ced  b y  th e
ex p o n en tia l fu n c tio n  th a t ap p ears in  th e  P a ris  law , th a t d e f in es th e  fa tigu e  l i fe  o f  m e ta ls . T h is  e f fec t is  c lea rly  sh o w n  in  the
d if fe ren t ex am p les, esp ec ia l ly  in  th o se  w ith  n o t v e ry  sm a ll v a rian ces.

IN T R O D U C T IO N

F a tigu e  is  k n o w n  to  b e  sen sit iv e  to  m an y  d if fe ren t p a ram ete rs  th a t ra re ly  m ay  b e  co n s id e red  as d e te rm in is t ic . S to ch astic  v a ria t io n s
o f  th e  geo m etry  an d  d im en sio n s, c rack  len g th  an d  d irec tio n , m a te ria l p ro p e rties  an d  lo ad  h is to ry  h av e  a  d ec is iv e  in f lu en ce  o n  th e
fa tigu e  p h en o m en o n , in d u c in g  im p o rtan t d ev ia tio n s f ro m  th e  m ean  o r ch a rac te ris t ic  v a lu es o f  th e  fa tigu e  l i fe  w h en  co n s id e red  as
d e te rm in is tic . F a tigu e  is  th e re fo re  reco gn ised  as a  ran d o m  p ro cess, w h ich  o n ly  recen tly  h as s ta rted  to  b e  an a lysed  w ith  th e  to o ls  o f
th e  p ro b ab il i ty  th eo ry .

T w o  d if fe ren t s tages a re  u su a lly  co n s id e red  d u rin g  th e  fa tigu e  p ro cess: c rack  n u c lea tio n  an d  c rack  p ro p aga tio n . T h ey  a re  b ased  o n
d if fe ren t m ic ro  s tru c tu ra l d am age  m ech an ism s an d  u su a lly  trea ted  sep a ra te ly  an d  co m b in ed  a f te rw ard s to  ge t th e  to ta l fa t igu e  l ife .
C rack  n u c lea tio n  m o d e ls  a re  b ased  o n  lo ca l s tra in  ap p ro ach es [1 1 ] , w h ile  c rack  p ro p aga tio n  is  b ased  o n  th e  co n cep ts  o f  F rac tu re
M ech an ics [6 ] .

In  th is  p ap e r as in  o th e r p rev io u s w o rk s [2 ] [3 ] [5 ] [7 ] -[9 ] [1 6 ]-[1 8 ]  w e  s tu d y  th e  fa tigu e  c rack  p ro p aga tio n  p ro b lem  f ro m  a
p ro b ab il is t ic  p o in t o f  v iew . T h is  s tu d y  is  th e  co n tin u a tio n  o f  th e  w o rk  p rev io u s ly  p resen ted  in  [3 ] , in  w h ich  fa tigu e  c rack
p ro p aga tio n  w as co n s id e red  as a  cu m u la tiv e  d am age  p ro b lem , d isc re te  in  t im e , u s in g  th e  p ro b ab il is t ic  m o d e ls  ea rly  d ev e lo p ed  b y
B o gd an o f f  an d  K o z in [7 ]  (B -m o d e ls). H o w ev er, an d  o n  th e  co n tra ry  to  th e  resu lts  p resen ted  in  [7 ] , th a t w e re  o b ta in ed  f ro m
d if fe ren t se ries o f  ex p e rim en ta l tests , in  [3 ] , th e  b as ic  s to ch astic  p ro p e rties  o f  th e  s ta te  v a riab les (d isp lacem en ts, s tresses, s tress
in ten s ity  fac to r, e tc .) w e re  co m p u ted  b y  m ean s o f  th e  so -ca lled  P ro b ab il is t ic  F in ite  E lem en t M e th o d  (P F E M ) an d  th e  ran d o m
p ro p e rties  o f  th e  in p u t d a ta  ( lo ad  h is to ry , m a te ria l p ro p e rties , init ia l an d  f in a l c rack  len g th , e tc .).

In  th ese  B -P F E M  m o d e ls , th e  in it ia l an d  f in a l c rack  len g th s, th e  c rack  p ro p aga tio n  an g le , th e  in it ia l lo ca tio n  o f  th e  c rack , the
m ate ria l p a ram ete rs  an d  th e  ap p lied  lo ad s a re  co n s id e red  as p o ss ib le  ran d o m  v a riab les. T h e  m o m en ts o f  th e  fa tigu e  l i fe  a re
co m p u ted  f ro m  th e  o n es o f  th e  d if fe ren t v a riab les ap p earin g  in  th e  P a ris-E rd o gan  law  [1 4 ]  (m a te ria l p a ram ete rs , c rack  len g th  and
stress in ten s ity  fac to r (S IF )), fo r each  c rack  len gth  co n sid e red  a lo n g th e  c rack  p a th  u nti l  fa i lu re . F ro m  th ese  m o m en ts, th e
p ro b ab il i ty  tran s it io n  m a trix  o f  th e  B -m o d e l is  co m p u ted , an d  u s in g  th e  M ark o v  law s, th e  C u m u la tiv e  D is tr ib u tio n  F u n c tio n  (C D F )
o f  th e  fa tigu e  l i fe  is  f in a lly  o b ta in ed .

In  [3 ] , d if fe ren t p u re  m o d e  I ex am p les w ere  d esc rib ed , th a t a l lo w ed  u s to  co n c lu d e  th a t th e  m ax im u m  e rro r o f  th e  estim a ted  fa tigu e
li fe  w as lo w er th an  1 0 %  in  th e  d es ign  reg io n  (th e  lo w er fa i lu re  p ro b ab il i ty  reg io n  o f  th e  C D F ). H o w ev er, in  a l l  th e  d if fe ren t
ex am p les th e re  ap p eared  d if fe ren ces o f  th is  o rd e r. T ry in g  to  im p ro v e  th e  accu racy  o f  th is  ap p ro ach , d if fe ren t co rrec tio n s w ere
stu d ied . T h e  f irs t an a lysed  in  [4 ]  w as th e  ex ten s io n  o f  th e  tru n ca tio n  o rd e r o f  th e  T ay lo r ex p an sio n  o f  th e  fa tigu e  l i fe  f ro m  lin ea r to
q u ad ra tic  to  co m p u te  th e  v a rian ce . A  seco n d  co rrec tio n , a lso  s tu d ied  in  [4 ] , co n s is ted  o f  th e  m o d if ica tio n  o f  th e  p ro b abil i ty



d is tr ib u tio n  fu n c tio n  (P D F ) o f  th e  “ c rack  len g th ” . In stead  o f  th e  tru n ca ted  u n ifo rm  d is tr ib u tio n , co n s id e red  in  [3 ] , th e  an a ly tica l
ex p ress io n  fo r th e  P D F  o f  th e  c rack  len g th  in c rem en t w as o b ta in ed  f ro m  th e  assu m ed  tru n ca ted  u n ifo rm  d is tr ib u tio n s fo r th e  in itia l
an d  f in a l c rack  len g th s an d  th e  n u m b er o f  d am age  lev e ls  estab lish ed  to  co n stru c t th e  B -m o d e l. T h an k  to  th ese  tw o  co rrec tio n s,
m u ch  b e tte r resu lts  b o th  fo r th e  m ean  an d  s tan d a rd  d ev ia tio n  an d  fo r th e  w h o le  C D F  sp ec ia l ly  a ro u n d  th e  d es ign  reg io n  w ere
o b ta in ed , as w as c lea rly  sh o w n  in  th e  ex am p les in c lu d ed  in  [4 ] .

A  seco n d  a lte rn a tiv e  o f  co rrec tio n  is  in tro d u ced  an d  an a lysed  in  th is  p ap e r. I t  is  b ased  o n  th e  m o st p ro b ab le  p o in t co rrec tio n  ea rl ie r
in tro d u ced  b y  W u  [1 7 ] [1 8 ] , b u t h e re  ex ten d ed  to  in c lu d e  ex p o n en tia l fu n c tio n s as th e  o n e  ap p earin g  in  m o st o f  th e  fa tigu e  l i fe
p red ic tio n  m o d e ls  d u rin g  th e  c rack  p ro p aga tio n  s tage  ( i.e . P a ris  m o d e l).  T h e  id ea  is  to  ch eck  if  th is  m e th o d  in c reases th e  accu racy
o f  th e  l in ea r m o d e l ( l in ea r ap p ro x im a tio n  o f  th e  v a rian ce ) k eep in g  lo w  th e  co m p u ta tio n a l co st o f  th e  p ro b lem  in  co m p ariso n  w ith
th e  p rev io u s ly  co m m en ted  tw o  o th e r co rrec tio n s. T h e  o b ta in ed  resu lts  sh o w , h o w ev er, th a t th is  typ e  o f  co rrec tio n  is  n o t go o d  for
rap id ly  v a ry in g  fu n c tio n s as th e  ex p o n en tia l. In  fac t, as it  wi l l  b e  ex p la in ed , th is  co rrec tio n  o n ly  en su res im p ro v ed  resu lts  o v e r o n e
o f  th e  tw o  s id es ( le f t o r r igh t) o f  th e  m ean , ev en  in  s im p le  ran d o m  fu n c tio n s. F ro m  th a t w e  co n c lu d e  th a t th e  b est ap p ro ach , a t least
fo r th e  m o m en t, is  th e  u se  o f  th e  ap p ro p ria te  P D F  o f  th e  v a riab les an d  a  seco n d  o rd e r ap p ro ach  fo r th e  co m p u ta tio n  o f  th e
m o m en ts.

In  th e  fo rth co m in g sec tio n s, w e  sh a ll  b r ie f ly  rev iew  th e  w ay  in  w h ich  th e  B -m o d e l an d  th e  tw o  f irs t m en tio n ed  co rrec tio n s a re
co n stru c ted , assu m in g k n o w n  th e  m o m en ts o f  th e  d if fe ren t ran d o m  v a riab les. A lso , th e  ran d o m  v a riab les o f  th e  p ro b lem  re lev an t
to  th e  fa tigu e  l i fe  co m p u ta tio n  a re  id en tif ied , th e ir re la tio n sh ip  w ith  th e  f in ite  e lem en t v a riab les ch a rac te rised  an d  th e ir
co rresp o n d in g  m o m en ts o b ta in ed . S ec tio n  3  in tro d u ces th e  ap p ro ach  b ased  o n  th e  W u ’ s  w o rk  an d  its  ex ten s io n  to  o u r fa tigu e
p ro b lem . In  sec tio n  4  sev e ra l resu lts  fo r d if fe ren t ex am p les in  m o d e  I a re  sh o w n  an d  co m p ared  w ith  th e  o n es o b ta in ed  in  th e
p rev io u s p ap e rs.

R E V IE W  O F  B -P F E M  C U M U L A T IV E  D A M A G E  M O D E L S

T h e  m o d e l h e re  p resen ted  is  b ased  o n  th e  s to ch astic  ap p ro ach  in tro d u ced  b y  B o gd an o f f  an d  K o z in  [7 ]  an d  K o z in  an d  B o gd an o f f
[8 ]  to  s ta tis t ica l ly  ch a rac te rise  th e  resu lts  o b ta in ed  f ro m  ex p e rim en ta l tests  fo r d if fe ren t p ro b ab il is t ic  d am age  p h en o m en a ,
in c lu d in g  fa tigu e . T h ese , f ro m  n o w  o n  B -m o d e ls , a re  b ased  o n  th e  th eo ry  o f  M ark o v  ch a in s. U s in g  s tan d a rd  resu lts  in  M ark o v
ch a in s, i t  is  p o ss ib le  to  w rite

( ) ( ){ }bp,,1p ttt Κ=p                                                                                             (1 )

w ith  th e  v ec to r d e f in in g  th e  p ro b ab il i ty  o f  reach in g  a  ce rta in  d am age  lev e l 1 ,2,..,b  a t a  ce rta in  t im e  t, p 0 th e  in it ia l d is tr ib u tio n  o f  th e
d am age  lev e ls  a t t= 0  an d  P  th e  so -ca lled  p ro b a bil ity  tra n sitio n  m a tr ix w h ich , b y  th e  f irs t h yp o th es is , is  assu m ed  to  b e  co n stan t
a lo n g th e  p ro cess. F o r a  o n e -step  B -m o d e l P  is  o f  th e  fo rm
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w ith  pj th e  p ro b ab il i ty  o f  rem a in in g  in  th e  sam e sta te  d u rin g  o n e  D C , an d  qj th e  p ro b ab il i ty  o f  ad v an c in g  to  th e  n ex t lev e l, th a t is
f ro m  th e  d am age  sta te  j to  j+ 1 , fu lf i l l in g  1qp,0p1 jjj =+≥≥  .

T h e re fo re , fo r th e  co n stru c tio n  o f  th e  p ro b ab il i ty  tran s it io n  m a trix  th e  p rev io u s co m p u ta tio n  o f  th e  m ean  an d  v a rian ce  o f  th e
fa tigu e  l i fe  fo r a  ce rta in  n u m b er o f  d am age  lev e ls  (c rack  len g th s) is  n eed ed . T h ese  v a lu es a re  co m p u ted  in  th is  w o rk  b y  m ean s of
th e  P ro b ab il is t ic  F in ite  E lem en t M e th o d  an d  th e  so -ca lled  p e rtu rb a tio n  ap p ro ach  [1 0 ] . T h is  m e th o d  estab lish es an  ap p ro x im a tio n
o f  th e  m o m en ts o f  a  ran d o m  fu n c tio n  d ep en d in g  o n  o th e r ran d o m  v a riab les, b y  th e  co m p u ta tio n  o f  th e  sam e m o m en ts o f  th e
T ay lo r ex p an sio n  o f  th a t fu n c tio n  ab o u t th e  m ean s o f  th e  d if fe ren t v a riab les to  w h ich  it  d ep en d s.

In  o u r case , th e  fa tigu e  l i fe  h as b een  d e f in ed  acco rd in g  to  th e  P a ris-E rd o gan  m o d e l [1 3 ] , th a t is ,
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w h ere  a1 an d  af a re   th e  in it ia l an d  f in a l c rack  len g th s resp ec tiv e ly ; d a is  th e  d if fe ren tia l c rack  len g th  a lo n g th e  c rack  p a th ; D  an d  n
are  th e  P a ris  m a te ria l an d ( )akeq∆  is  th e  m o d e  I-eq u iv a len t s tress in ten s ity  fac to r am p litu d e  a lo n g th e  lo ad  t im e  h is to ry . In  o rd e r to

p ro v id e  a  h igh e r gen e ra li ty , a l l  o f  th ese  p a ram ete rs  h av e  b een  in it ia l ly  co n s id e red  as p o ss ib le  ran d o m  v a riab les

If  w e  n o w  d isc re tise  eq u a tio n  (3 ) in  n s c rack  g ro w th  s tep s, w e  can  ap p ro x im a te  it  b y
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w h ere  iA  is  th e  in c rem en t o f  c rack  len g th  d u rin g  s tep  i , D  an d  N  a re  th e  P a ris  p a ram ete rs1, 
ieqK  th e  m o d e  I-eq u iv a len t s tress

in ten s ity  fac to r am p litu d e  an d  n s th e  n u m b er o f  s tep s in  w h ich  th e  c rack  p ro p aga tio n  p ro cess is  d iv id ed .  I f  w e  n o w  estab lish  th e
T ay lo r ex p an sio n  o f  iT  u p  to  seco n d  o rd e r a ro u n d  th e  m ean s o f  th e  d if fe ren t ran d o m  v a riab lesiA , D , N  an d  

ieqK , w e  o b ta in
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w h ere  
iXµ  is  th e  m ean  o f  th e  co rresp o n d in g  ran d o m  v a riab leiX  ( iA , D , N  o r 

ieqK ), in d ex  i  v a ries f ro m  1  to  n s m ean in g  th e

n u m b er o f  s tep s (d am age  lev e ls) an d  th e  in d ices j  an d  k v a ry  f ro m  1  to  4  m ean in g  th e  fo u r ran d o m  v a riab les co n s id e red . T h e
ap p ro x im a te  m ean  o f  iT  is  o b ta in ed  b y  ap p ly in g  th e  ex p ec ta tio n  o p e ra to r to  (5 ). A f te r so m e a lgeb ra  an d  u s in g  th e  ex p ress io n s
in c lu d ed  in  B ea  [2 ] , w e  ge t
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F o r th e  co m p u ta tio n  o f  th e  v a rian ce  o f  iT  w e  w il l  u se  aga in  (3 ) b u t o n ly  u p  to  o rd e r o n e , th a t is
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C o n sid e rin g  th e  in d ep en d en ce  o f  th e  d if fe ren t ran d o m  v a riab les, th e  v a rian ce  o f  (7 ) m ay  b e  w ritten  as
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In  (6 ), (8 ), th e  m o m en ts o f  th e  m a te ria l p a ram ete rs  a re  assu m ed  to  b e  k n o w n , th e  c rack  len g th  fo r each  d am age  sta te  is  assu m ed  to
b e  a  tru n ca ted  u n ifo rm  d is tr ib u tio n  w ith  k n o w n  m ean  d e f in ed  b y  th e  m ean s o f  th e  init ia l an d  f in a l c rack  len g th s an d  th e  n u m b er o f
d am age  s ta tes. F in a lly , th e  m o m en ts o f  th e  s tress in ten s ity  fac to r fo r each  d am age  sta te  (c rack  len g th  v a lu es n eed ed  to  accu ra te ly
in tegra te  th e  P a ris  law ) h av e  to  b e  ev a lu a ted .

F o llo w in g  th is  ap p ro ach , sev e ra l ex am p les w ere  ch eck ed  [3 ] , co n c lu d in g  th a t th e  m ax im u m  e rro r o f  th e  estim a ted  fa tigu e  l i fe  w as
lo w er th an  1 0 %  in  th e  lo w er fa i lu re  p ro b ab il i ty  reg io n  o f  th e  C D F  (d es ign  reg io n ). H o w ev er, in  a l l  th e  d if fe ren t ex am p les th e re
ap p eared  d if fe ren ces o f  th is  o rd e r an d  th e re fo re  d if fe ren t co rrec tio n s w ere  s tu d ied  to  im p ro v e  th o se  resu lts . T h e  f irs t co rrec tio n
co n sid e red  in  [4 ]  w as th e  ex ten s io n  o f  th e  tru n ca tio n  o rd e r o f  th e  T ay lo r ex p an sio n  o f  th e  fa tigu e  l i fe  f ro m  l in ea r to  q u ad ra tic  to
co m p u te  th e  v a rian ce . A ga in , th e  ap p ro x im a ted  v a rian ce  o f  th e  fa tigu e  l i fe  is  co m p u ted  b y  ap p ly in g  th e  ap p ro p ria te  o p e ra to r to  (5 ).
T h is  v a rian ce  m ay  b e  ex p ressed  as
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 A  seco n d  co rrec tio n , a lso  s tu d ied  in  [4 ] , co n s is ts  o f  th e  m o d if ica tio n  o f  th e  p ro b abil i ty  d is tr ib u tio n  fu n c tio n  (P D F ) o f  th e  “ c rack
len gth ” . T h is  v a riab le  is  n o t in d ep en d en t as assu m ed  in  th e  in it ia l m o d e l. O n  th e  co n tra ry , th is  v a riab le  d ep en d s o n  th e  p ro b abil i ty
d is tr ib u tio n s o f  th e  in it ia l an d  f in a l c rack  len g th s an d  th e  n u m b er o f  s tep s co n s id e red  if  w e  assu m e co n stan t c rack  len g th
in c rem en ts.

                                                
1 In this section, the different parameters are written in caps to make explicit their character of random variables.



I f  w e  s ti l l  co n s id e r tru n ca ted  u n ifo rm  d is tr ib u tio n s fo r th e  in it ia l an d  f in a l c rack  len g th s, th a t is
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w h ere  su p an d  in f d en o te  th e  u p p e r an d  lo w er b o u n d s o f  each  ran d o m  v a riab le  resp ec tiv e ly . T h e  f irs t m o m en ts fo r th ese  tw o
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W ith  th is , an d  tak in g  in to  acco u n t th e  ex p ress io n  o f  th e  ran d o m  v a riab le  “ c rack  len g th  in c rem en t”  in  te rm s o f  th e  init ia l an d  f in a l
c rack  len g th  an d  th e  n u m b er o f  s tep s
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w e  can  ge t im m ed ia te ly  th e  p ro b ab il i ty  d is tr ib u tio n  fu n c tio n  fo r th e  c rack  len g th  in c rem en t, (see  [4 ] ).

T H E  W U  C O R R E C T IO N

Y .T . W u  [1 8 ]  p ro p o sed  a  m e th o d  init ia l ly  e f f ic ien t to  co m p u te  C D F s o f  co m p lex  ran d o m  fu n c tio n s, b e in g  esp ec ia l ly  in d ica ted  fo r
th o se  cases w h ere  th e  co m p u ta tio n  o f  su ch  fu n c tio n  im p lies a  h igh  co m p u ta tio n a l co st, b eco m in g, th e re fo re , th e  M o n te  C arlo
m e th o d  c lea rly  in e f f ic ien t. T h e  W u ’ s  sch em e su ggests  a  co rrec tio n  o f  th e  C D F s o b ta in ed  w ith  a  l in ea r ap p ro x im a tio n  p e rtu rb a tio n
m eth o d . T h is  is  o u r case , a t least fo r th e  init ia l m o d e l, fo r th e  ev a lu a tio n  o f  th e  v a rian ce  o f  th e  fa tigu e  l i fe , an d  th e  reaso n  o f  th e
stu d y  h e re  p e rfo rm ed .

W e n o w  ex ten d  th e  id ea  o f  th e  W u 's  co rrec tio n  to  th e  fu n c tio n  “ fa tigu e  l i fe ”  in  o rd e r to  co rrec t th e  resu lts  o b ta in ed  b y  th e  u se  o f
o n ly  a  l in ea r ap p ro x im a tio n  o f  th is  fu n c tio n  to  co m p u te  its  v a rian ce . W e  fo l lo w  th e re fo re  th e  sam e step s th an  ab o v e ,
p a rticu la ris in g  fo r o u r p ro b lem . T h e  fu n c tio n  w e  sh a ll co n s id e r is  th e  P a ris  ex p ress io n  o f  th e  fa tigu e  l i fe  (3 ) an d  its  asso c iated
lin ea r ex p an sio n  (7 ) th a t w e  rew rite  in  th e  fo l lo w in g  w ay
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an d , w e  fo l lo w  th e  n ex t s tep s

1 . F o r each  v a lu e  T  o f  th e  fa tigu e  l i fe  u sed  to  co m p u te  th e  co rresp o n d in g  C D F  w e  o b ta in  th e  v a lu es o f  th e  ran d o m  v a riab les A , D ,
N , P  asso c ia ted  to  th e  m o st p ro b ab le  p o in t o f  th e  sp ace  o f  ran d o m  v a riab les co n stra in ed  to  h e  assu m ed  fa tigu e  l i fe  v a lu e .
T h ese  v a lu es w il l  b e  d en o ted  as A c, D c, N c, P c..

2 . W e ev a lu a te  th e  ex p ress io n  (4 ) fo r th ese  v a lu es, ge tt in g  a  n ew  v a lu e  o f  th e  fa tigu e  l i fe  d en o ted  b y  Tc .
3 .  F in a lly , w e  co rrec t th e  C D F  o f  th e  fa tigu e  l i fe  id en tify in g  th e  v a lu e  co rresp o n d in g  to  T  w ith  th e  o n e  o f  th e  co rrec ted  fu n c tio n

asso c ia ted  to  Tc .

T h e re fo re , th e  o n ly  s tep  w e  h av e  to  so lv e  is  th e  f irs t o n e , th a t is , th e  co m p u ta tio n  o f  th e  m o st p ro b ab le  p o in t fo r each  v a lu e  o f  th e
lin ea r ex p an sio n  (1 3 ). T h e  v a lu es o f  th e  ran d o m  v a riab les A , D , N , P a re  th o se  w h ich  m ax im ise  th e  jo in t p ro b ab il i ty  d en s ity
fu n c tio n  ADNPf w h ich , assu m in g in d ep en d en t ran d o m  v a riab les is  o n ly  th e  p ro d u c t o f  th e  fo u r in d ep en d en t P D F s o f  each  o f  th e
v a riab les, co n stra in ed  to  th e  v a lu e  T  o f  th e  fa tigu e  l i fe . T h e  p ro b lem  to  so lv e  is  th e re fo re  fo rm u la ted  as:

m ax im ise  PNDA ffff ⋅⋅⋅
co n stra in ed  to PNDA0 TTTTTT ++++=                                                                                            (1 5 )
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assu m in g estab lish ed  th e  v a lu e  o f  A  fo r each  d am age  lev e l. In  th e  fo l lo w in g , w e  co n s id e r, as u su a l, D , N , P as  n o rm a lly  d is tr ib u ted ,
an d  th e  P D F  o f  th e  c rack  len g th .

In  so m e cases (th is  is  fo r in s tan ce  th e  s itu a tio n  th a t o ccu rs in  th e  ex am p les p resen ted  in  sec tio n  4 ) th e  o b ta in ed  v a lu es fo r A c a re
o u ts id e  th e  a l lo w ed  d o m a in . In  th o se  cases w e  f ix  AcA µ=  an d  co m p u te  th e  rest o f  v a riab les D c, N c an d  P c m ax im is in g  DNPf

co n stra in ed  to  PNDA0 TTTTTT ++++= . W ith  th is , th e  o b ta in ed  resu lts  a re  th e  fo l lo w in g
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w ith                                            2
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O n ce  th e  v a riab les co rresp o n d in g  to  th e  m o st p ro b ab le  p o in t a re  co m p u ted  th e  rest o f  th e  p ro cess is  s tra igh tfo rw ard . T h e  n ex t
sec tio n  sh o w s so m e o f  th e  o b ta in ed  resu lts .

R E SU L T S

In  th is  sec tio n , th e  sam e ex am p les o f  M o d e  I c rack  p ro p aga tio n  in  m e ta ls  fa tigu e  in c lu d ed  in  [3 ] [4 ]  a re  d iscu ssed . A ll  o f  th em
co rresp o n d  to  th e  n o rm a lised  co m p ac t ten s io n  sp ec im en  o f  th e  A S T M  E 6 4 7  s tan d a rd , w ith  w id th  W= 5 0  an d  th ick n ess h= 6 .

M o d e  I im p lies a  d e te rm in is t ic  n u ll  c rack  p ro p aga tio n  an g le . T h e  f irs t ex am p le  co n s id e rs  th e  d a ta  sh o w n  in  T ab le  1 , w ith  th e
te rm in o lo gy  in c lu d ed  in  [3 ]  an d  u n its  o f  th e  In te rn a tio n a l S tan d a rd . In  th is  f irs t case , o n ly  th e  p a ram ete r N  an d  th e  in it ia l an d  f in a l
c rack  len g th s (an d  th e re fo re  th e  c rack  len g th  in c rem en t) h av e  b een  co n s id e red  ran d o m .

F igs. 1  an d  2  sh o w  th e  co m p le te  cu m u la tiv e  p ro b ab il i ty  d is tr ib u tio n  fu n c tio n  an d  so m e d e ta i ls , o b ta in ed  a f te r ap p ly in g  th e  in itia l
an d  th e  co rrec ted  B -m o d e ls  co n stru c ted  u s in g  1 0  d if fe ren t c rack  len g th s (n s= 1 0 ). T h ese  resu lts  a re  co m p ared  to  th e  eq u iv a len t
o n es o b ta in ed  b y  a  s tan d a rd  M o n te  C arlo  s im u la tio n , u s in g  th e  ex p lic it  ex p ress io n  fo r th e  m o d e  I s tress in ten s ity  fac to r d e f in ed  in
th e  E 6 4 7  A S T M  stan d a rd  w ith  4 0 0 .0 0 0  sam p les. A s can  b e  seen , an d  fo r b o th  m o d e ls , th e  agreem en t is  go o d  fo r en g in ee rin g
p u rp o ses w ith  a  m ax im u m  d if fe ren ce  b e tw een  th e  assu m ed  “ ex ac t”  resu lts  an d  th e  o n es co rresp o n d in g  to  th e  init ia l B -m o d e l o f
ab o u t 1 .0 0 0  cyc les. T h is  co rresp o n d s to  re la tiv e  e rro rs  lo w er th an  1 0 % , w h ile  th e  e rro r o f  th e  co rrec ted  B -F E M  m o d e l red u ces to a
m ax im u m  o f  ab o u t 5 % .

T A B L E  1
R A N D O M  IN P U T  V A R IA B L E S FO R  E X A M P L E  1

R A N D O M  VA R . M E A N VA R IA N C E

a1 (T ru n ca ted  U n ifo rm ) 3 .2  E -3 0 .3 3 3 3 3 3  E -6
af (T ru n ca ted  U n ifo rm ) 2 1 .2  E -3 0 .3 3 3 3 3 3  E -6

A  (R an d o m ) 2 .0 0  E -3 8 .2 3 0 4 5 2  E -9

D  (D e te rm in is tic )
1 . 5 4 2 3 6  E -

3 3
0 .0

N  (G au ss ian ) 3 .6 0 0 0 1 4 3 9 .9 8 5 7 5  E -5
P  (D e te rm in is tic ) 5 8 5 0 .0 0 .0

R esu lts  p red ic ted  b y  th e  in it ia l B -m o d e l a re  co n se rv a tiv e  w h ile  th e  o n es co rresp o n d in g  to  th e  co rrec ted  B -m o d e l a re  n o t. H o w ev er,
th is  is  n o t a  co m m o n  fea tu re  fo r a l l  th e  d if fe ren t ex am p les s tu d ied  an d  h as to  b e  co n s id e red  as a  sp ec ia l s itu a tio n  fo r th is  typ e  o f
ex am p le .

F in a lly , th e  sh ap es o f  th e  th ree  d is tr ib u tio n s a re  v e ry  s im ila r, ap p earin g  as tran s la ted  o n e  resp ec t to  each  o th e r. In  fac t, a  co n stan t
tran s la tio n  o f  th e  ab sc ise  seem s to  b e  ab le  o f  red u c in g  s tro n g ly  th e  co m p u ted  e rro r in  th e  lo w er an d  m ed iu m  p ro b ab il i ty  p a rts  of
th e  cu rv es an d  esp ec ia l ly  fo r th e  co rrec ted  m o d e l. T h is  aga in  seem s to  reco m m en d  a  so lu tio n  o f  th e  W u 's  typ e  as p rev io u s ly
co m m en ted .

In  th e  sam e f igu re , th e  cu rv e  o b ta in ed  a f te r ap p ly in g  th e  W u ’ s  co rrec tio n  to  th e  l in ea r co rrec ted  m o d e l (co rrec ted  P D F  o f  th e  crack
len gth  v a riab le  b u t l in ea r ap p ro x im a tio n  o f  th e  v a rian ce ) is  a lso  sh o w n . A s th e  o th e rs , th e  resu lt is  v e ry  accu ra te  b e in g  c lea rly
b e tte r th an  th e  in it ia l m o d e l an d  v e ry  c lo se  to  th e  co rrec ted  m o d e l w h ich  m ak es u s to  wo n d er i f  th e  o b ta in ed  im p ro v em en t is
essen tia l ly  d u e  to  th e  f irs t co rrec tio n , th a t is , th e  p ro p e r d e f in it io n  o f  th e  P D F  o f  th e  c rack  len g th . T h is  is  c la rif ied  in  the  n ex t
ex am p le .
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F igu re 2. S o m e d e ta ils  ( lo w er an d  u p p e r p a rts) o f  th e  F ig . 1

In  th is  f irs t ex am p le , i t  is  v e ry  d if f icu lt to  d is t in gu ish  b e tw een  th e  im p ro v em en t d u e  to  th e  m o d if ica tio n  o f  th e  P D F  o f  th e  c rack
len gth  an d  th e  o n e  asso c ia ted  to  th e  in c rem en t o f  th e  tru n ca tio n  o rd e r fo r th e  co m p u ta tio n  o f  th e  v a rian ce . In  fac t, i f  w e  u se  a  f irs t
o rd e r ap p ro x im a tio n  o f  th e  v a rian ce  b u t k eep in g  th e  co rrec ted  P D F  o f  th e  c rack  len g th , th e  o b ta in ed  cu rv e  is  in d is tin gu ish ab le
f ro m  th e  co rrec ted  o n e  in  F ig . 1 . T h is  is  n o t su rp ris in g  s in ce  a  l in ea r ap p ro x im a tio n  o f  th e  v a rian ce  is  en o u gh  to  ge t a  go o d
accu racy  w h en  th e  s tan d a rd  d ev ia tio n s o f  th e  ran d o m  v a riab les a re  sm a ll.

T h is  go o d  accu racy  o f  th e  init ia l m o d e l is  b ro k en  w h en  h igh e r v a rian ces fo r th e  b as ic  ran d o m  v a riab les a re  co n s id e red . T h is  m ay
b e  seen  in  F ig . 3  w h ich  co rresp o n d s to  th e  cu m u la tiv e  d is tr ib u tio n  fu n c tio n s co m p u ted  b y  th e  sam e th ree  m o d e ls  ( init ia l B -m o d e l,
co rrec ted  B -m o d e l an d  M o n te  C arlo  s im u la tio n ) fo r th e  sam e p ro b lem  b u t w ith  th e  ran d o m  v a riab les d e f in ed  in  T ab le  2 . In  th a t
f igu re  th e  C D F  co rresp o n d in g  to  th e  m o d e l w ith  o n ly  th e  f irs t co rrec tio n  in c lu d ed , th a t is  l in ea r ap p ro x im a tio n  o f  th e  v a rian ce an d
co rrec ted  P D F  o f  th e  c rack  len g th  a re  a lso  sh o w n .

T A B L E  2
R A N D O M  IN P U T  V A R IA B L E S FO R  E X A M P L E  2

R A N D O M  V A R . M E A N V A R IA N C E
a1 (T ru n ca ted  U n ifo rm ) 3 .2  e -3 0 .3 3 3 3 3 3  e -6
af (T ru n ca ted  U n ifo rm ) 2 1 .2  e -3 0 .3 3 3 3 3 3  e -6

A  (R an d o m ) 2 .0 0 e -3 8 .2 3 0 4 5 2 e-9
D  (D e te rm in is tic ) 1 . 5 4 2 3 6  e -3 3 0 .0

N  (G au ss ian ) 3 .6 0 0 0 1 4 3 1 .9 9 2 0 3 e-3
P  (D e te rm in is tic ) 5 8 5 0 .0 0 .0

A s it can  b e  n o ticed , th e  v a rian ce  o f  th e  P a ris  p a ram ete r N  is  m u ch  h igh e r an d  th e  accu racy  o f  th e  init ia l B -m o d e l d ec reases
stro n g ly . T h is  is  d u e  n o t o n ly  to  th e  in ab il i ty  o f  th e  l in ea r ap p ro x im a tio n  o f  th e  v a rian ce  to  ap p ro x im a te  th e  b eh av io u r o f  th e cu rv e
fa r f ro m  th e  m ean  w e ll en o u gh , b u t a lso  to  th e  p o o r ap p ro x im a tio n  o f  th e  m ean  d u e  to  th e  b ad  c rack  len g th  P D F  em p lo yed . T h is
e f fec t a lso  ap p ears in  th e  co rrec ted  B -m o d e l b u t v e ry  m u ch  red u ced , sp ec ia l ly  in  th e  lo w er p a rt o f  th e  C D F  (th e  o n e  w ith  lo w er
fa i lu re  p ro b ab il i t ies) w h ich  u su a lly  co rresp o n d s to  th e  d es ign  reg io n  an d  th e re fo re  th e  m o st in te restin g  fo r th e  d es ign e r. T h e
seco n d  o rd e r ap p ro x im a tio n  o f  th e  v a rian ce  o n ly  g iv es, in  th is  p ro b lem , a  sm a ll ad dit io n a l im p ro v em en t. O f  co u rse , th is  asp ec t
b eco m es m o re  im p o rtan t fo r h igh e r v a rian ces.

W ith  resp ec t to  th e  W u  co rrec tio n , th e  co rresp o n d in g  C D F  is  a lso  co m p ared  in  F ig . 4  an d  th e  d e ta i ls  o f  th e  sam e cu rv es sh o w n  in
F ig . 5 , w ith  th e  in it ia l, th e  co rrec ted  B -m o d e l an d  th e  M o n te  C arlo  s im u la tio n . F ro m  th ese  resu lts  w e  can  d ed u ce  s im ila r
co n c lu s io n s th an  th e  o n es c ited  fo r ex am p le  1 , th a t is , th e  W u  co rrec tio n  im p lies an  im p o rtan t im p ro v em en t w ith  resp ec t to  th e



in it ia l m o d e l. H o w ev er, th is  is  d u e  to  th e  b e tte r sp ec if ica tio n  o f  th e  P D F  o f  th e  c rack  len g th , n o t h av in g  a  s ign if ican t im p ro vem en t
w h en  co m p are  n o t o n ly  to  th e  co m p le te  co rrec ted  m o d e l b u t a lso  to  th e  l in ea r m o d e l w ith  co rrec tio n  o n  th e  c rack  len g th  P D F . T h is
is  esp ec ia l ly  tru e  in  th e  lo w er p a rt o f  th e  cu rv e  as can  b e  seen  in  F ig . 5 a , w h ere  w e  a re  m o re  in te rested . T h is  b eh av io u r a lso  ap p ears
w h en  co rrec tin g  s im p le r ran d o m  fu n c tio n s, so  w e  can  co n c lu d e  th a t th e  W u ’ s  co rrec tio n  is  u se fu l o n ly  fo r th e  u p p e r reg io n  o f  the
ran d o m  v a riab le . S p ec if ica l ly  fo r o u r case , i t  is  n o t ap p ro p ria te  m a in ly  d u e  to  th e  s tro n g n o n -l in ea rity  o f  th e  fa tigu e  l i fe  fun c tio n  in
te rm s o f  th e  d if fe ren t p a ram ete rs  an d , in  p a rt icu la r, o f  th e  ex p o n en t N , w h ich  is  th e  m o st im p o rtan t v a riab le  in  th is  ex am p le .
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F igu re 3. C o m p ariso n  b e tw een  th e  M o n te  C arlo  s im u la tio n  an d  th e  B -m o d e l resu lts  in  ex am p le  2
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F igu re 4. C o m p ariso n  b e tw een  th e  M o n te  C arlo  s im u la tio n , th e  B -m o d e l an d  th e  W u  co rrec tio n  resu lts  in  ex am p le  2
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C O N C L U SIO N S

In  th e  p resen t w o rk  th e  p ro b ab il is t ic  ap p ro ach  ea rl ie r in tro d u ced  in  B ea  e t a l [2 ] [3 ] [4 ] , b ased  o n  th e  ap p lica tio n  o f  th e  B o gd an o f f
&  K o z in  B -m o d e ls  fo r cu m u la tiv e  d am age  to  th e  fa tigu e  c rack  p ro p aga tio n  p ro b lem  in  m e ta ls  h as b een  b rie f ly  rev iew ed . T h is
m e th o d  a llo w s u s to  co m p u te  th e  cu m u la tiv e  d is tr ib u tio n  fu n c tio n  o f  th e  fa tigu e  l i fe  d u rin g  th e  c rack  p ro p aga tio n  s tage . T h e
tran s it io n  p ro b ab il i ty  m a trix  o f  th e  B -m o d e l is  co n stru c ted  f ro m  th e  ap p lica tio n  o f  th e  ex p ec ta tio n  an d  v a rian ce  o p e ra to rs  to  th e
T ay lo r ex p an sio n  o f  th e  P a ris-E rd o gan  fa tigu e  l i fe  ex p ress io n , w h ile  th e  m o m en ts o f  th e  d if fe ren t ran d o m  v a riab les a re  co m p u ted
fro m  th e  co rresp o n d in g  in p u t d a ta , f ro m  th e  assu m ed  p ro b abil i ty  d is tr ib u tio n s o f  th e  in it ia l an d  f in a l c rack  len g th s an d  f ro m  th e
resu lts  o f  a  se t o f  p ro b ab il is t ic  f in ite  e lem en t p ro b lem s fo r each  o f  th e  init ia l ly  estab lish ed  d am age  (c rack  len g th s ) lev e ls . T h e
in it ia l c rack  len g th  is  u su a lly  id en tif ied  w ith  th e  th resh o ld  o f  th e  accu racy  o f  th e  av a ilab le  c rack  d e tec tio n  eq u ip m en t, w h ile  th e
f in a l c rack  len g th  is  co n s id e red  as th e  estab lish ed  fa i lu re .

B esid es th e  ex te rn a l lo ad , th e  P a ris-E rd o gan  m a te ria l p a ram ete rs  D  an d  n , th e  in it ia l an d  f in a l c rack  len g th s, th e  in it ia l c rack
p ro p aga tio n  an g le , an d  th e  in it ia l lo ca tio n  o f  th e  c rack  h av e  b een  co n s id e red  as p o ss ib le  ran d o m  v a riab les. F in a lly , th e  e lastic



m ate ria l p a ram ete rs  m ay  a lso  b e  s to ch astic  as so m e o f  th e  geo m etric  p ro p e rties  (th ick n ess o f  th e  sp ec im en ) th a t a re  trea ted  in sid e
th e  P F E  m o d u lu s. A ll  o f  th ese  v a riab les h av e  b een  co n s id e red  as G au ss ian , a lth o u gh  th e  ex ten s io n  to  o th e r s itu a tio n s is
s tra igh tfo rw ard  w ith  n o  m o re  th a t u s in g  a  ch an ge  o f  v a riab les f ro m  th e  assu m ed  p ro b ab il i ty  d is tr ib u tio n  to  th e  eq u iv a len t G au ssian
(see  P ap o u lis  [1 2 ] , fo r in s tan ce ).

T h e  accu racy  o f  th e  o b ta in ed  fa i lu re  p ro b abil i ty  d is tr ib u tio n s p ro v es a  go o d  p e rfo rm an ce , w h en  co m p are  to  an  eq u iv a len t an a lys is
p e rfo rm ed  w ith  a  M o n te  C arlo  s im u la tio n  ap p ro ach  o r w ith  th e  resu lts  o b ta in ed  f ro m  ex p e rim en ta l tests  (see  B ea  e t a l [3 ] ). T h is  is
esp ec ia l ly  tru e  fo r p ro b lem s w ith  sm a ll v a rian ces (re la tiv e  e rro rs  o f  ab o u t 5 -1 0 %  fo r th e  fa tigu e  l i fe ). H o w ev er, fo r h igh e r
v a rian ces so m e co rrec tio n s h av e  to  b e  in c lu d ed . S o m e o f  th em  h av e  b een  a lread y  d iscu ssed  in  [4 ] .

O th e r p o ss ib i l i ty  h as b een  in tro d u ced  h e re , th e  ap p lica tio n  o f  a  co rrec tio n  to  th e  ab sc ise  in  a  s im ila r fash io n  to  th e  o n e  p ro p o sed  b y
W u  [1 8 ] , red u c in g  im p o rtan tly  th e  asso c ia ted  co m p u ta tio n a l co st w h en  co m p ared  to  o th e r p o ss ib le  im p ro v em en ts. T h is  co rrec tio n ,
a lth o u gh  lead s to  a  go o d  b eh av io u r fo r th e  f in a l reg io n  o f  th e  C D F  (ab o v e  th e  m ean ), p ro v id es n o t v e ry  go o d  resu lts  in  th e  d es ign
reg io n  (lo w  fa i lu re  p ro b ab il i t ies), im p ly in g  th a t i t  sh o u ld  b e  d isca rd ed  fo r d es ign  p u rp o ses in  o u r p ro b lem . T h is  is  p ro b ab ly  d u e  to
th e  s tro n g n o n -l in ea rity  asso c ia ted  to  th e  fa tigu e  l i fe  P a ris  ex p ress io n , esp ec ia l ly  in  re la tio n  to  th e  ex p o n en tia l p a rt o f  th e fu n c tio n .
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