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ABSTRACT
High-cycle fatigue of metals involves microplasticity: under low cycling remote stresses, plastic slip
occurs in a few grains at the surface of the specimen. It may localize to form persistent slip b m d s
(PSBs) in the well-oriented grains, and cracks eventually nucleate. Our goal is to compare plasticity
and crack nucleation for PSBs at the free surface and in the bulk. Cyclic plastic slips in volume PSBs
can be evaluated analytically using Eshelby's localization solution for a PSB embedded in an infinite
elastic matrix. Plastic slips in surface PSBs have to be estimated using finite element computations. In
practical applications, the surface plastic slips are obtained by first computing analytically the result
in a bulk PSB, and then multiplying by the corresponding factor, which is independent on the aspect
ratio of the PSB. The surface plastic slips are about twice the bulk ones in our model. An application
to crack nucleation along PSBs is described, using an energy criteria. The influence of different surface
effects like enhanced mesoplasticity or environmental effects can be dicussed in comparison with classical
experiments of fatigue using repeated surface removal.
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INTRODUCTION
High-cycle fatigue of metals involves microplasticity: under low cycling remote stresses, plastic slip
occurs, and may localize, in a few grains at the surface of the specimen, and cracks eventually nucleate.
This takes place in well-oriented grains (while the others remain almost elastic), such that the largest
resolved shear stress applied on their slip systems equals both the maximum applied shear stress (for
elastically isotropic grains) and a critical value for the onset of slip. Strain localization mostly occurs
within the well-oriented grains where persistent slip bands (PSBs) develop. This is common i n facecentered cubic (FCC) metals and in body-centered cubic (BCC) metals in the high temperature mode
[l,2]. For a given applied stress level and crystallographic orientation, plastic slip may be larger PSBs
at the free surface than in the bulk, and this is likely to induce surface transgranular (Figure 1 PSBs
at the free surface of a 316L stainless steel polycrystal [3] and Figure 2 PSBs and microcracks at the
free surface of a steel polycrystal [4]) [l,21 or intergranular micro-cracks [ 1,2].
The present paper proposes continuum mechanics analyses t o evaluate to which extent the mesoplastic slips in PSBs are enhanced by the free surface, in order t o help understanding crack nucleation.
The mesoscopic scale is defined by a length of the order of the PSB width ( l p m ) . Stabilization of the
plastic behavior is supposed at the mesoscopic scale, following classical observations. Uniaxial remote
loading and type B PSBs are considered (Figures 3a and 3b) because they seem to be more damageable
than type A PSBs. The uniform mesoplastic slips in well-oriented grains (without PSBs in BCC metals

in the low temperature mode) have already been computed analytically or numerically in the bulk and
at the free surface and are given in [5].
In the present study, following a model of Mura and co-workers [6], an energy criterion is applied
to crack nucleation at the free surface and in the bulk considering the microplastic slip irreversihilities.
Free surface and environmental effects are partially taken into account. Comparisons with esperimental
observations taken from the literature are discussed.

Figure 1: PSBs (SEM and AFM) [3]

Figure 2: PSBs and induced microcracks (SEM) [4].

Figure 3 (a): Type A and B facets [ll]. (b): Finite element mesh of a surface PSB of type B
(enlarged view of 12% of the total mesh).

MODELISATION
The thickness h of a PSB, parallel to the slip normal n,is about 1 p m and the two other dimensions
(its length L , parallel to the slip direction m, and its width) are about the grain size [7]. For the sake of
simplicity, a single PSB in a surface or volume grain is considered and will be the only plastic region in
the polycristal, and the elastic anisotropy of the grains will be neglected. The latter assumption implies
that the PSB is surrounded by an isotropic elastic medium, and consequently the PSB orientation is
governed by the largest remote applied shear stress. Moreover, it will be assumed that the width of
the PSB (i.e. its largest dimension seen on the free surface, for surface PSBs) is large enough to be
considered infinite in the analyses below in order to use an hypothesis of Plane Deformation (2D FE
computations).
In high-cycle fatigue, a small remote uniaxial stress C is applied and single slip is of special concern.
Therefore, in a PSB, E” can be written as $yP(n 8 m m 8 n ) ,where y P denotes the slip magnitutl(~
in the PSB. The Schmid criterion is used:

+

where T = m . U . n is the resolved shear stress on the slip system in the PSB. Like for PSBs in a single
crystal, isotropic hardening takes place with a saturating shear stress :,7

where ro denotes the initial critical resolved shear stress, b is a material parameter and
IjiPldt is the
cumulated plastic slip. The r, value obtained in single crystals will be used for grains in polycrystals.
For instance, an experimental value of r, = 49MPa was measured in ferrite single crystals with 30 wt.
ppm carbon [2]. After hardening stabilization, Eqn. 2 can be written more simply as:

TYPE B PSBs
Bulk P S B s
The bulk PSB has an elliptic cross section of thickness h and length L and is embedded in an infinite
elastic matrix. The aspect ratio of the band section L / h is the only geometrical parameter because of
the infinite extension of the matrix. The localization problem has been solved by Eshelby and leads to
the following resolved shear stress in the PSB [8,9]:

for a C/2 remote shear stress parallel to the band and a uniform plastic slip yp in the PSB. Note that
the shear stress T is uniform. Defining the applied stress cycles by their mean C, and amplitude C,,
the remote stress C oscillates between C, - C, and C,
Ca. Consequently, using Eqn. 3 and Eqn. 4,
yp cycles between
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which is uniform in the bulk PSB.
Surface

PSBs

Type B surface PSBs require finite element analyses and the solutions are no more uniform. The closedform expression (5) will be used below for comparisons with the values obtained numerically in surface
PSBs, since it is a good approximation of the average given by the finite element method for a volume
PSB in an infinite matrix with a mesh similar to Figure 3a (extended, of course, but with a band cross
section still poorly close to an ellipse). If generalized plane strain along the PSB width is assumed in
the finite element analysis, because of the PSB shape, the problem is two-dimensional and very fine
meshes are permitted, which allows varying the PSB geometry quite easily. Figure 3a shows a mesh
used in the present study (with L / h = 15), which was designed automatically using a procedure that
minimizes the finite element error for elastic problems [lo]; this leads to very small elements at the top
and bottom of the PSB.
Several type B PSB aspect ratios between 3 and 100 have been considered, with a different mesh
for each value. In each case, an alternating uniaxial remote stress was applied until stabilization was

reached (which required about 10 cycles); the largest plastic slip was always obtained at the free surface
(Figure 4a) for L / h = 15, for instance), and the average and largest surface effect ratios were computed.
They were defined by considering PSBs with the same aspect ratios in both the volume and the surface
problems, because this is the most harmful situation for a fixed grain size: for a grain in the hulk, the
length of the largest PSB is about the grain diameter, and this may apply to an almost equiaxed surface
are quite constant, with rave M 1.9 and r,,,
2.5, for
grain. As shown in Figure 4b, rave and r,,
aspect ratios in the 10-100 range. Comparing bands of the same length and thickness gives a surface
effect ratio rave about 1.9 in the 10-100 range of aspect ratios. It should finally be noted that these
weak variations of the surface effect ratios imply that the surface plastic slips are roughly proportional
to L / h , like in the volume cases.
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Figure 4 (a): Contours of the yp amplitude in a surface PSB of type B, for an alternating uniaxial
remote stress. E = 200 GPa, v = 0.3, b = 1000, 70 = 30 MPa, T~ = 49 MPa, C, = 0, C, = 125 MPa.
(b): Variations of the surface effect ratios r,,, and ravewith the aspect ratio L / h of a type B PSB.
Same parameters.

APPLICATION TO CRACK NUCLEATION
The nucleation of cracks has been explained by different mechanisms. One of them appears to be
important in polycrystals [ l ] . After saturation, the behavior in the PSB is accommodated at the
mesoscale (scale of the order of l p ) with the cyclic plastic slips computed above. For the sake of
simplicity, the mesoscopic slip Ayp is supposed to be homogeneous with the average value computed
above. It is well-known nevertheless that there are plastic irreversibilities at a smaller (microscopic)
scale (Figure 5) [l]. At each cycle, residual microscopic positive or negative slips h-+'( P , N ) appear at
the microscopic scale. These increments depend on the point P in the PSB and on the cycle N . They
are cumulated along time, enhancing the stored elastic energy because of incompatibilities between the
PSB and the matrix around. They induce an increasingly pronounced relief at the free surface too
(Figures 1 and 5). The irreversibility factor f;,.,.is classically defined by:

free surface

polycristal

X

Figure 5 : Mesoscopic and microscopic plastic slips in a surface PSB. The microscopic slips are partially
irreversible.
Following a bulk model of Mura and co-workers, we model this mechanism in the framework of continuous mechanics, using a statistical approach [6]. The increments SyP(P, N ) are supposed to be of the
same random nature and independent in terms of probability. For the sake of simplicity, Syp can take
any value in between -Sy&,, and +by&,, with the same probability. The statistical distribution is defined by: f(SyP) =
if -SyL,,
Syp Syk,, and f(Syp) = 0 otherwise. Then the statistical mean
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and the variance are equal to
= 0 and (SYP)~
= (6y&,,)2/3 where (.) denotes the sta.tistica1 n1ea.n.
In addition: lbypl = *.
Because of assumed ergodicity, the space averages and the sta.tistica1 Incans
-

are equal, then

firr

=

g and the only statistical parameter Sy&,,

can be defined by the irreversibility

factor fir,. and by our computed value of AyP: by&,, = 2f;,,Ayp. It follows:
= $(fi,.r)2(AyP)2.
N
The increments are cumulated along the cycles, inducing a slip s & ( P ) =
Syp(P, i). The central
limit theorem states that the distribution of the microscopic cumulated slip s & ( P ) approaches a Gaussian distribution with a mean equal to 0 and a variance equal to N ( & ~ P=) i(f;rr)2(AyP)2.
~
In this model, cracks are supposed to appear suddenly along the bulk or surface PSBs leading to an
energy criterion:

AW(Nn)= 4LW,

(7)

with A W ( N )the variation of the stored energy in the solid at the N,ih cycle due to the crack nucleation
(number of cycles after saturation). The stored energy is the sum of the elastic stored energy and of the
potential energy due to the remote macroscopic stress C applied on the boundaries. W , is the surface
energy of the material.
For small remote stresses and L >> h , lengthy computations lead to [13,14]:

with C = 1 for a bulk PSB and C = 1
rave for a surface PSB. These equations extend the formula
proposed by Mura and co-workers [6,13] to the surface case. Finally, the nucleation number ratio can
be approximately computed using the

AVP
+,
A7,urf

h
and
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v 01

ratios:

DISCUSSION
Since the stress level is low in high-cycle fatigue, single slip has been assumed throughout this study,
and this allows extending the proposed analyses to any material deforming by crystallographic slip,
whatever its structure: only the largest affordable remote stress level is modified, which is limited by
the activation of a second system. Moreover, the assumption that a stabilized behavior is reached implies that the computed surface effect ratios T,, and T,
depend essentially on ~
~ and/ Z ap/ p for an
alterning load, a priori. Indeed, the saturation critical resolved shear stress, the remote stress and the
elastic shear modulus are the only reference stresses left in the computations, and the Poisson's ratio
is without significant influence on the ratios. Varying the T~ and C, values, with a constant p value,
estimation have been obtained. This allows a further extension of the results to
the same T,, and T,
usual polycrystals.
Our evaluations of plastic slip in surface PSBs agree qualitatively with experimental results of
Mughrabi and Wang [7] on surface cyclic microplasticity of Cu polycrystals. These authors observed
that surface PSBs are deformed more than in the bulk, and they deduced from indirect measures
that this concerns particularly type B surface PSBs, which agrees with our conclusions. Moreover,
in PSBs in ferrite single crystals
Mughrabi [a] reports experimental slip magnitudes of at least 12
with 30 wt. ppm carbon. Since smaller slips are expected for more constrained PSBs, this figure is
and 4.2
values we compute for surface and volume PSBs, respectively
consistent with the 8.6
(choosing = 15).

4

As it is difficult t o measure or t o compute the irreversibility factors, the ratio

is considered

to be equal to 1, but is probably smaller than 1 (because of free surface and environmental effects).
Figure 6 shows computed Woehler's curves for a copper polycristal. The first curve takes into a.ccount
the enhanced mesoscopic plasticity and the lowering of the surface energy W , because of environmental
effects. The second considers only the mesoscopic plasticity effect and the third represents the bulk
case. Taking into account the two effects gives a number of cycles to nucleation (after saturation)
about six times smaller than in the bulk, which agrees with the experimental results of Thomson et
al. [l51 and Basinski et al. [16]. These authors have shown that elimination of the surface roughness
by electropolishing the specimen surface enhances greatly the fatigue life. If the ratio

could be

evaluated, our predicted nucleation life ratio would have been smaller.
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Figure 6: Woehler's curves at nucleation for a copper polycristal using (S). E = 112 GPa, v = 0.35,
= 28 MPa [a], L = 50p, f;",",'
= f,"p"f"= 0.1 [l],W:'' = 1.65 N/m, W:urf = 0.55 N / m [l31 a.nd

c,

= 0.

Some physical characteristics have been neglected in this work. Taking into account the elastic
crystalline anisotropy, several PSBs appearing in the same grain, or the extrusions/intrusions forming
at the beginning of the fatigue life inducing stress concentrations at the free surface (Figure l ) [l,171
would improve this first approach of the surface effects in polycyclic fatigue of metals.

CONCLUSION
Using analytical and finite element computations, the cyclic range of mesoplastic slip in type B PSBs
during uniaxial fatigue has been evaluated. In practical applications, the surface plastic slips are
obtained by first computing analytically the result for a PSB in an infinite matrix, and multiplying by
value given in this work. The factors ares raveM 1.9 and rmaX 2.5 for
the corresponding raveor r,,,
a type B orientation. An energy criterion has been applied to the nucleation of microcracks along a
surface PSB. This model considers the plastic slips irreversibilities at the microscopic scale and takes
into account partially the free surface and the environmental effects. The nucleation in the bulk seems
to be significantly delayed because of the two effects. The predicted increase of plastic slip and decreme
of number of cycles to nucleation agree with several experimental results concerning cyclic surface
plasticity and damage. Our computations may thus help to predict crack nucleation.
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