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ABSTRACT. The concept of the T-stress as a constraint factor has been extended to 
notch tip stress distribution. The effective T-stress (Tef) has been estimated as the 
average value of the T-stress in the fracture process zone. The notch fracture toughness 

cK ,ρ  has been determined using the Volumetric Method.  Transferability is then 
proposed as a cefc TK ,, −ρ curve and established from 4 specimen types (CT, SENT, DCB 
and RT) made from X52 pipe steel. Crack stabilisation and crack bifurcation for 
fracture emanating from notches according to the value of cefT , is discussed. 
 
 
INTRODUCTION  
 
The concept of brittle crack extension resistance is based on the assumption that stress 
intensity factor dominance exists at a crack-tip. Then, in a region surrounding the crack 
tip the stress fields can be characterized by the asymptotic mathematical solution [1] 
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where IK is the stress intensity factor, fij(θ) is the angular function, ijδ is the symbol of 
Kronecker’s determinant. A polar coordinate system (r,θ) with an origin at the crack tip 
is used.  The second term is called the T-stress. The value of Txx, or simply T, is constant 
stresses acting parallel to the crack line in the direction xx with a magnitude 
proportional to the gross stress in the vicinity of the crack.  The third term 3A is 
sometimes used as a transferability parameter like the T-stress. The non-singular term T 
represents a tension (or compression) stress. Positive T-stress strengthens the level of 
crack tip stress triaxiality and leads to high crack-tip constraint while negative T-stress 
leads to the lost of constraint.  
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The following facts characterise the T-stress and its effects: 
 a) The value of T is sensitive to loading mode, specimen geometry, specimen and crack 
sizes. For example, according to Eisele et al 2] and Matvienko [3], the T-stress increases 
from high negative value to low negative or positive values when specimen loading 
mode and geometry change from tension to bending. 
b) Sherry et al [4] indicates that the stress intensity factor over T ratio increases non 
linearly with non dimensional crack length. 
c) The T-stress can explain also why dynamic critical stress intensity factor is higher 
than the static one according to Jayadevan et al [5]. 
d) Rice [6], Larsson and Carlsson [7] have shown that sign and magnitude of the T-
stress substantially change the size and shape of the plane strain crack tip plastic zone.  
Positive or negative the T-stress increases the plastic zone size comparing with no T-
stress situation. In plane strain, plastic zone is oriented along crack extension for T > 0 
and in opposite sense when T <0.  
d) It has been noted that in the Paris law regime, fatigue crack growth rate decreases 
when T increase [8]. 
e) Analytical and experimental studies show that the T-stress can be used as a measure 
of constraint ahead of the crack tip. Sumpter [9], Chao et al [10] and Hancock et al [11] 
have shown that the fracture toughness increases when (–T) increases. 
f) It has been seen that the T-stress has an influence on crack propagation after initiation 
[12]. Negative T-stress values stabilise crack path. In opposite, positive T-stress value 
induces crack bifurcation. 

Crack stabilisation is sensitive to the so-called biaxiality ratio β  
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where a is the crack length. If the value of triaxiality increases, stabilisation of crack 
path increases. 

The concept of the T-stress as a constraint factor has been extended to notch tip 
stress distribution as the effective T-stress Tef. The fracture toughness measured from 
notched specimen as the critical notch stress intensity factor has been determined using 
the Volumetric Method [13].  Transferability is then proposed as a cefc TK ,, −ρ curve and 
established from 4 specimen types (CT, SENT, DCB and RT) made from X52 pipe 
steel. Discussion about crack stabilisation and crack bifurcation for fracture emanating 
from notches is carried out in the last section. 
 
 
THE T-STRESS FOR A CRACK AND THE Tef –STRESS FOR A NOTCH  
 
Several methods have been proposed in literature to determine the T-stress for cracked 
specimens.  The stress difference method (SDM) has been proposed by Yang et al [14]. 
In this method, the T-stress is evaluated from the difference between opening stress and 
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stress which is parallel to the crack line. To calculate the stresses, finite element method 
is successfully used. Other methods of T-stress calculations are presented in Refs. [15-
17].  

In this paper, the SDM has been employed to calculate the T-stress in a notched 
body because it is the most simple and widely used. The T-stress for the notch has been 
evaluated by experimental and numerical methods.  
 
Numerical determination 
The T-stress definition is based on the SDM as follows 
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The T-stress is evaluated using finite element method and computing the difference of 
principal stresses along ligament for direction θ =0. It should be noted that the T-stress 
can be evaluated in any direction (table 1).  
 
 

Table 1. T-stress values according to measurement direction. 
 

θ = 0 πθ ±=  3/πθ ±=  2/πθ ±=  3/2πθ ±=  
( )yyT σσ -xx=  xxσ=T  3yyxx σσ −=T 3yyxx σσ −=T ( )yyT σσ -xx=

 
It can be seen that T is not really constant as in theory (Fig. 1).  
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Figure  1. T-stress distribution along ligament for a roman tile specimen with large 
range of the notch aspect ratio [a/t = 0.1-0.7]. 

 
For short crack, distribution of the T-stress is stabilised after some distance. For long 
crack, T increases linearly with ligament except a region which is close to the crack tip. 
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Therefore, it is necessary to use a conventional definition of the T-stress to overcome 
this difficulty. Maleski et al [18] suggest representing the T-stress by the following 
relationship   
 
                                                      ( ) ( ))/0 axTxT λ+=                                                    (4) 
                                                       
By extrapolation 0→r , they obtain T0 value and consider this value as the acting T-
stress. 

Using the volumetric method [13], we have suggested defining an effective T-stress 
calculated as the average value of the T-stress distribution in the region corresponding 
to the effective distance determined (Fig. 2). The acting T stress is named Tef.  
 

 
 

 Figure 2. Definition of the Tef- stress from the T-stress distribution at a distance equal 
the effective distance Xef determined by Volumetric Method. 

 
Experimental determination of the T-stress  
This method is based on William’s solution [1].The T-stress can be measured using 
strain gauges glued in particular directions (Fig. 3). The T-stress is measured using a 
rectangular rosette with the difference between the normal strains in polar coordinates 
afterα rotation 

                  

( ) ( )

( )

( )

( )[ ].2sinsin22coscos12                         

2cos
2

cos2cos
2

sinsin1                         

2cos12                         

 2cos
2

3sin2sin
2

3cossin1

1
4

2/1
3

0
2

2/1
1

αθαθν

αθαθθν

αν

αθαθθνεε θθ

−+++

⎥⎦
⎤

⎢⎣
⎡ −++

++

⎥⎦
⎤

⎢⎣
⎡ −+=− −

rA

rA

rA

rAE rr

,                (5) 

 

206



where E and ν are Young’s modulus and Poisson’ ratio, respectively. In this equation,   
coefficient 1A is proportional to mode I stress intensity factor KI and A2 is proportional 
to the T-stress.  For three θ angles (θ = 0, π± , 3/2π± ) A1 factor is eliminated from the 
difference ( )εε θθ−rr . The angles πθ ±= ,0  cannot be chosen for practical reason as 
gauge directions. Taking the values °±= 120θ , Eq. 5 leads to  
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If r is small, an approximation of Eq. 6 gives  
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Figure 3. Positions and directions used to determine the T-stress and the notch stress 
intensity factor using strain gauges. 

 
The T-stress is measured by this experimental method at a point located at 3 

millimetres from the notch tip and is called *
3, mmTρ . When the T-stress is measured for 

fracture load, a subscript c is added. Computed values are generally higher than 
experimental values (average increase is 15%). In the following, the computed T value 
is called Tef and keeps as results.  
 
Material properties and specimen geometries   
The material used in this study is an X52 steel meeting requirements of API 5L 
standard. In table 2, the mechanical properties of API X52 have been presented. 
E, yσ , uσ , A%, n, k and KIc are the Young’s modulus, yield stress, ultimate stress, 
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elongation at fracture, strain hardening exponent and hardening coefficient in the 
Ramberg-Osgood law, the fracture toughness, respectively.  

 
 

Table 2. Mechanical properties of API X52. 
 

E, GPA yσ , MPa uσ , MPa A, %
 

n 
 

k 
 

KIc mMPa  
 

210 410 528 32 0.164 876 116.6 
                                                                                                                                                                         
Several specimens of 4 types, namely, CT, DCB, SENT and RT (roman tile) were 
extracted from a steel pipe of diameter 610 mm. Geometries of these specimens are 
given in Fig. 4 a, b, c and d. The specimens have a notch with a notch angle ϕ = 0 and a 
notch radius ρ = 0.25 mm. For each geometry, three notch aspect ratio were used  
(a/W= 0.2 ; 0.3 ;  0;5). 
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Figure 4a. SENT specimen: thickness 5.8 
mm, width 58.40 mm. 
 

 
Figure 4b. CT specimen: thickness 5.8 
mm, width 63.80 mm, height 61 mm. 

W
W1
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Figure 4c. DCB specimen: thickness 5.8 
mm, height 45.70mm. 

 
Figure 4d. Roman tile specimen: 
thickness 5.8 mm, width 40 mm, 
length 280 mm.  

 
Fracture initiation is detected by acoustic emission and provides the load for crack 
initiation. A sudden drop in the registered signal of gauges corresponds to critical load.  

 
Determination of the critical notch stress intensity factor       
Numerical determination of the critical notch stress intensity factor was carried out 
through computing of the stress distribution at the notch tip for initiation and fracture 
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loads. Using the procedure of the Volumetric Method, the effective distance efX was 
extracted from the stress distribution at distance from the notch tip where the relative 
stress gradient is minimum value. Then, the effective stress efσ is determined through a 
line method: the effective stress is defined as the mean value of the stress distribution 

( )ryyσ over the effective distance 
 

                                                   ( )drr
X

effX

yy
ef

ef ∫=
0

1 σσ .                                                  (8) 

 
The critical notch stress intensity factor cK ,ρ is estimated as follows 
 

                                                   cefcefc XK ,,, 2πσρ = .                                                 (9) 

 
It should be noted that notch fracture mechanics uses traditionally the line method but 
generally the difference with the point method is small. 

The notch stress intensity factor ρK can be also obtained by experimental method 
using strain gauge (see Fig. 3) using approach proposed by Dally and Sanford [19]   
 
                                                  ( ) rEK rr περ 3/8= .                                                   (10) 
 
The critical value of the notch stress intensity factor is then given by the following 
equation 
 
                                         ( ) 3

,
**
, 1033/8 −⋅⋅= περ crrc EK .                                             (11)  

 
 The strain gauge is glued at 3 millimetres from notch tip. 
 
The cefc TK ,, −ρ material failure curve 
The cefc TK ,, −ρ curve is built in order to create a material characteristic taking into 
account specimen geometry, ligament size, loading mode. To get different assessment 
points ( cefc TK ,, ,ρ ), 4 different specimen geometries (CT, SENT, RT and DCB) with 
several notch aspect ratio were tested.  

An example of cefc TK ,, −ρ  diagram is given for the case of roman tile specimens 
with a/t=0.4; 0.5; 0.6 (Fig. 5). Here, t is the specimen thickness. It can be seen that the 
critical notch stress intensity factor is a decreasing function of the cefT , -stress. The value 
of cefT , decreases with the notch aspect ratio of 20 % when a/t increases from a/t =0.4 to 
a/t = 0.6.  
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Figure 5. cefc TK ,, −ρ diagram for the case of roman tile specimens and for notch aspect 
ratio =ta / 0.4; 0.5; 0.6. 

 
Computing the stress distribution ahead of the notch tip leads to the following 

results. The parameter A3 is practically equal to zero until a/t= 0.3. For larger value of 
a/t, negative values of A3 increase, and the approximation given by Eq. 7 is no longer 
valid. In this case, fracture toughness transferability needs two parameters (T and A3) 
for values of a/t >0.3.  

All experimental assessment points ( cefc TK ,, ,ρ ) for 4 specimen types are 
summarized in Fig. 6.   
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Figure 6. cefc TK ,, −ρ material master curve for X52 pipe steel. 
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These results allow drawing a material failure curve called also material master curve. A 
linear relationship was found 
 
                                                     baTK cefc += ,,ρ                                                      (12) 

 
with a and b material constants which are a = -0.069 and  b =77.28 for X52 steel.  The 
master curve is a way to take into account the constraint effect on the fracture toughness 
and is associated with the driving force diagram in order to establish fracture conditions. 

We have analyzed the measured fracture toughness for different precracked 
specimen geometries published in 4 references [11, 20-22].  Results are presented in 
table 3 which includes our results obtained for notched specimens. All results are 
coherent and indicate the following: tensile specimens have always higher fracture 
toughness than bending specimens. This is due to high negative T-stress values for 
tensile specimens and consequently lower constraint.  

 
 
Table 3.  Comparison of the fracture toughness for different specimen geometries. 

 
references specimens Fracture toughness 

[11] ASTM 719 
Grade A steel 

CT(a/W=0.5), SENB (a/W=0.5) SENB>CT 

[19] ASI 1405-
180 

SENT(a/W=0.5) ; SENB(a/W=0.5) 
DENT (a/W=0.5), CCT (a/W=0.5), 

CT (a/W=0.6), 

DENT > CCT>SENT 
>SENB ~ CT 

[20] FYO HY 
100 Alloy steel 

SENT (a/W=0.65), 
SENB(a/W=0.61), DENT 

(a/W=0.61), 

SENT>SENB> DENT 

[21] PMMA SENT (a/W=0.3-0.6), CT (a/W=0.3-
0.7), DCB (a/W=0.1-0.7), 

CT~DCB>SENT 

Present results SENT (a/W=0.5), CT (a/W=0.1;0.3; 
0.5), DCB (a/W=0.5), TR (a/t=0.4 ; 

0.5 ; 0.6) 

SENT> CT>RT> DCB 

 
Crack stabilisation or bifurcation according to the Tef -stress  
The cefT ,  range for each specimen type is reported in table 4 ( yσ is the yield stress). 
 
 

Table 4. cefT , range for different specimen configuration. 
 

Specimen SENT CT RT DCB 
cefT , range -0,74 yσ ; 

-0.80 yσ  
- 0.53 yσ ; 
-0.67 yσ  

- 0.25 yσ ; 
-0.30 yσ  

0.19 yσ ;  
0.21 yσ  
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Tensile specimens have higher negative cefT ,  range in comparison with bending 
specimen. It means that constraint is less for tensile specimen. The DCB specimens 
exhibit particular positive cefT , -stress values. These positive cefT , -stress values have 
some influence on stability of crack propagation.  The SENT and CT specimens have a 
high negative value of the cefT , -stress. For these specimens, crack extension is observed 
along x direction, i.e. perpendicular to the principal tensile stress. This can be clearly 
seen in Fig. 7a and b. 
 

 
 

Figure 7a. Stable crack extension in SENT 
specimen. cefT , = -348 MPa 

 
Figure 7b.  Stable crack extension in 

CT specimen. cefT , = -328 MPa 
 

Figure 7c. Crack bifurcation in DCB 
specimen. cefT , = + 78 MPa. 

Figure 7 d. Stable crack extension in TR. 
cefT , = - 111 MPa. 

 
Crack bifurcation appears after initiation in DCB specimens, this well-known 
phenomenon is an attribute of positive T-stress [10]. In order to prevent crack 
bifurcation, it is recommended to use the tapered DCB specimen. In this case, we return 
to a specimen with a negative cefT , value, and for this reason the crack extension is 
stable in x direction. 

X20X20

X20 X1 
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Fracture occurs in X52 Pipe steel by ductile failure. The failure mechanism is 
governed by the following sequences:  voids nucleation, voids growth and coalescence. 
Voids growth is sensitive to stress triaxiality, and growth occurs mainly in direction 
according to principal tensile stress. Due to hard particles inside the voids (these 
particles promote voids nucleation by stress concentration), voids cannot be closed by 
compressive (negative) T-stress and crack extension is then stable in notch direction 
according to scheme in Fig. 7a. If the T-stress is positive and higher than opening stress 
at some distance ahead of the notch tip, void extension then occurs in x direction which 
is corresponding to the  maximum cefT , -stress  direction. In this case, crack extension is 
made by bifurcation according to Fig. 7c.         

 

   
Figure 7a Figure 7b Figure 7c 

 
Figure 7. Proposed mechanisms for ductile crack extension under negative or positive 

cefT , -stress. 
 
 
CONCLUSIONS 
 
The concept of the T-stress ahead of the crack tip has been adopted for notch fracture 
mechanics according to the idea that the crack is a special case of notches.  

Similar difficulties appear for determination of the T-stress for cracks and the cefT , -
stress for notches, namely, the T-stress distribution is not constant along ligament of the 
specimen. To overcome this difficulty, it has been proposed to use the effective T-stress 
which is the average value of the T-stress distribution at the effective distance provided 
by Volumetric Method. The obtained values are close to the extrapolated value of T0 
suggested by Malewski et al [18].  

A large range of cefT , -stress values is investigated for different specimen 
configurations.  For SENT, CT, RT and DCB specimens made from X52 pipe steel, 
positive and negative values are obtained: the cefT , -stress range is varied from -0.8 yσ to 
0.1 yσ . A gap of the cefT , -stress values exists between CT and RT specimens.  
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The obtained results allow constructing a material master curve ( )cefc TfK ,, =ρ , 
where the notch fracture toughness is a linear decreasing function of the cefT , -stress.  

It has been noted that negative cefT , -stress value promotes crack extension and 
positive one promotes crack bifurcation. A mechanism involving influence of the cefT , -
stress on void growth for ductile failure is proposed. 
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