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ABSTRACT. In this paper the rather complex 3D fatigue crack growth behavior in 
3PB-specimens or in cantilever beam specimens undergoing respectively bending or 
torsion loading, with inclined planes for the initial crack, is investigated by the aid of the 
BEM program BEASY. Mixed mode conditions along the crack edge are characterized. 
The stress intensity factors (SIFs) are determined using the crack opening displacement 
method (COD) and the crack growth direction is computed by the minimum strain energy 
density criterion. It will be shown that the computationally simulated results of fatigue 
crack growth in the Boundary Element (BE) model of the specimen are in good 
agreement with experimental findings for the development of the spatially twisted or 
twisted and warped crack faces in the real laboratory test-specimens. In particular, the 
comparisons with experimental findings are related to the evolving crack shape. The 
BEM results are also compared with FEM results, for which the SIFs are computed by 
the virtual crack closure integral (VCCI)-method and strain energy release rates 
(SERRs) and for the evolving 3D crack shape the σ´1 criterion is adopted as fracture 
criterion. Consequently, also for these cases with a rather complex 3D crack growth 
behaviour, the functionality of the BEASY programme and the validity of the proposed 
3D fracture criterion can be stated. 
 

 
INTRODUCTION 
  
A number of fracture criteria for predicting the initiation and the direction of fatigue crack 
growth under mixed-mode I and II crack tip loading conditions are well established. But 
for the corresponding 3D case this can not be stated, because only a few 3D fracture 
criteria have been proposed so far and besides some theoretical  and computational 
investigations there is only very limited experimental work available on which they could 
be based and proved. In this paper detailed results of two computational 3D fatigue crack 
growth simulations will be presented with reference to [1, 2]. The simulations are based 
on a Minimum Strain Energy Density criterion (in the following we will use the acronym  
MSED) [3] and on the Dual Boundary Element Method (DBEM) as implemented in the 
commercial BE-programme BEASY. The specimens under investigation are single edge 
notched (SEN) specimens with an inclined crack or notch plane and subject to three point 



bending or torsion loading, respectively. In both cases the cracks initiate under general 
and variable mixed-mode loading conditions along the initial crack or notch front. In the 
case of  three point bending the crack faces twist spatially until they finally intersect the 
free surface of the specimen opposite of the initial notch in a straight line perpendicular to 
the free side surfaces of the specimen. In the case of torsion loading the crack faces twist 
and warp spatially and finally intersect the free surface of the specimen opposite of the 
initial notch in a kind of S-shaped curve. The following investigation is focussed only on 
the complex 3D shape or geometry of the developing crack faces, because experimental 
values for crack growth rates comparisons are not available.  

 
BE-MODEL OF THE SEN-SPECIMEN UNDER THREE POINT BENDING 
 
The geometrical and material parameters of the 3PB-specimen (Fig. 1) are as follows: 
length L=260mm, 2Le=240mm, thickness t=20mm, width w=60mm, normalised initial 
crack length a/w=0.236 (for the experimental test the initial ratio a/w=1/3 is adopted but 
this is not detrimental to the numerical-experimental comparison), angle of the inclined 
plane of the initial crack or notch γ = 45°; Young’s modulus E=70.656 N/mm2, Poisson’s 
ratio ν=0.34, threshold-value ∆Kth=174 N/mm3/2 and fracture toughness KIC=862 
N/mm3/2. The specimen is subject to a cyclic lateral force of initially Fmax=2kN and the 
stress ratio of the cyclic loading is R=0.1. 
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Figure 1.  SEN-specimens with an inclined plane (γ =45°) of the initial crack or notch 
subject to three point bending (left) or to torsion loading (right). 

 
 

In Figs. 2a-b the deformed 3D BE-models of the specimen are shown for the initial and 
incremented crack respectively, together with Von Mises stress highlight. Such models 
are assembled in the initial configuration from 243 reduced quadratic elements (the 
central node is missing) with 4110 degrees of freedoms. The crack and model remeshing 
during the propagation is automatically generated by the BEASY-programme. The 
number of elements has a moderate increase during the crack propagation due to the 
additional elements to form the new crack front. Adjacent to the initial crack plane a 
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moderate mesh refinement can be noticed. In order to calculate the Stress Intensity 
Factors (SIFs), which are required as input for the computational crack growth 
simulation, the Crack Opening Displacement (COD) technique is utilised by the 
BEASY-programme [4-5]. Discontinuous elements are used for the meshing of the crack 
surface and of the interface area separating the rough mesh from the fine mesh: this allow 
to easily refine the mesh where needed. The calculation of the strain energy density along 
the crack front is performed in order to define the direction of crack propagation, as 
provided by the MSED (with such criterion only the two basic fracture modes I, II are 
taken into account for the crack direction assessement).  

 
  

Figure 2a.  Deformed BE-model of the 3PB-specimen (initial crack lenght ai=14.1 mm).
 

  
Figure 2b.  External (left) and internal (right) view of the twisted crack after 4 steps of 

incremental crack growth (∆ amax=2 mm, displacement magnification factor DMF=250).

 
RESULTS FOR THE SEN-SPECIMEN UNDER THREE POINT BENDING 
 
In Fig. 2b an opened crack and the spatially twisted crack faces can be seen. Furthermore 
a distinct anti-symmetric crack kinking can be noticed along the straight crack front of 
the inclined initial crack, with kink angles ϕ0>0 for z/t>0.5 and ϕ0<0 for z/t<0.5 (Fig. 3).  



This is caused by the combination of the mode I and the anti-symmetric mode II loading 
conditions along the initial crack front (crack front 0) and which are given quantitatively, 
for the different crack propagation steps, in form of the KI(z/t) and KII(z/t)-curves in Figs. 
4-5 (SIFs along crack front are plotted). Due to the inclined plane of the initial crack also 
considerable mode III loading conditions are generated along the initial crack front and 
analysed in form of KIII(z/t). The KIII(z/t)-curve (Fig. 6) is about constant except in the 
area close to the free surface.  

 

 

 

Figure 3. Crack kinking after 4 steps. Figure. 4. KI (MPa*mm1/2) vs. z/t. 
 

 

  
Figure.5. KII (MPa*mm1/2) vs. z/t. Figure.6. KIII (MPa*mm1/2) vs. z/t. 

 
After few crack increments the mode II loading conditions along the new crack front 
almost have disappeared (but for the zone close to the free surface). This obviously is due 
to the variable crack kinking with ϕ0(z/t) along the crack front, as a result of its 
considerable variable mixed mode I and II loading conditions and the correlated input to 
the MSED implemented in BEASY. The Figures 4-6 show about vanishing values for 
KII(z/t) and with some delay also for KIII(z/t), but permanently rising values for KI(z/t). 
Their more and more curved and spatially twisted properties are illustrated by a view 
against the z-axis of the specimen (Fig. 2b) and against the y-axis (Fig. 3), respectively. 
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From Fig. 2b (view against x axis) a practically self-similar propagation of the mainly 
convex curved crack fronts can be noticed. The initial crack plane is inclined with an 
angle γ =45° and will end with an angle γ →90° (Fig. 3) and only mode I loading 
conditions along the final crack fronts. In Fig. 7 an internal view of the BE-mesh of the 
final crack (crack front 4) and the corresponding experimentally obtained crack in a 
specimen from PMMA are shown. 

 

  
Fig. 7. Deformed plot of simulated final crack with highlight of Von Mises stress (left) 

and photo of a corresponding experimental crack in a 3PB-specimen from PMMA (right).
 

 
BE-MODEL OF THE SEN-SPECIMEN UNDER TORSION LOADING 
 
The geometrical and material parameters of the SEN-specimen under torsion loading 
(Fig. 1b) are as follows: length L=2Le=160mm, thickness t=15mm, width w=20mm, 
normalised crack length a/w=0.25, angle of the inclined plane of the initial crack γ = 
45deg.; Young’s modulus E=2.1*105 N/mm2 , Poisson’s ratio ν=0.3, threshold-value 
∆Kth=685 N/mm3/2and fracture toughness KIC=5091 N/mm3/2. The specimen is subject to 
a cyclic torsion moment of initially Mtmax=200Nm which is acting around the x-axis of 
the specimen and the stress ratio of the cyclic loading is R=0.1. In Fig. 8a the deformed 
3D BE-model of the specimen is shown for the initial crack (crack front 0). It is generated 
automatically by the BEASY-programme and is initially assembled from 343 reduced 
quadratic elements and 5295 degrees of freedoms. All further steps of computational 
fracture analysis and simulation are the same  as described and discussed in conjunction 
with the preceding 3PB-problem. 

 
RESULTS FOR THE SEN-SPECIMEN UNDER TORSION LOADING 
 
In Figs. 8b-c the deformed BE-model of the twisted SEN-specimen is shown after few 
steps of simulated fatigue crack growth and clearly an opened crack and the spatially 
twisted and warped crack faces can be seen. A better impression of the global S-shape of 
the final crack one can get through Fig. 8d.  A distinct anti-symmetric crack kinking can 



be noticed along the straight crack front of the inclined initial crack, with kink angles 
ϕ0<0 for z/t>0.5 and ϕ0>0 for z/t<0.5. This obviously is caused by the combination of the 
mode I and the anti- symmetric mode II loading conditions along the initial crack front 
(crack front 0) and given quantitatively in form of the normalised KI(z/t) and 
KII(z/t)-curves (Fig. 9a). 
 

Figure 8a.  Von Mises stress (kN/mm2) on the deformed BE-model (DMF=50) of the 
twisted SEN-specimen with initial crack (ai=5mm, γ =45°). 

 

  
Figure 8b. Maximum principal stresses (kN/mm2) with twisted and warped crack after 3 
steps (left) and 6 steps (right) of crack growth (∆ amax=1.9 mm, DMF=10). 

 
Due to the torsion loading of the specimen also mode III loading conditions are generated 
along the initial crack front and analysed in form of  KIII(z/t). The course of the 
KIII(z/t)-curve is about constant initially and its values are rather small, in particular 
compared to the predominant KI(z/t)-values, which are responsible for the pronounced 



crack opening. The corresponding SIF-curves for the computationally simulated fatigue 
crack growth are given in Fig. 9b (crack fronts 0-3). The aforementioned graphs show 
about vanishing values for KII(z/t) and only small values for KIII(z/t), compared with the 
permanently rising values for KI(z/t). Their more and more spatially curved properties are 
illustrated by a view against the x-axis (Fig. 8c) and against the y-axis (Fig. 8d). In Fig.10 
the corresponding experimental findings for a test specimen from PMMA are presented 
(view against y axis).: by a digital photo a top view of the cracked specimen is shown 
which directly corresponds to the view against y axis of the simulated crack (Fig. 8d).  

 

 
Figure 8c. Internal view of crack fronts 
as projected on yz plane. 

Figure 8d. Undeformed plot with highlight of 
S-shaped crack after 6 steps of crack growth. 
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Figure 9a. KI (left) and KII (right) vs. z/t, along the crack front for each step (GPa*mm1/2).
 

-0,5

-0,4

-0,3

-0,2

-0,1

0,0

0,1

0,2

0,0 0,2 0,4 0,6 0,8 1,0

Raw SIF3 - INCREMENT 0
Raw SIF3 - INCREMENT 1
Raw SIF3 - INCREMENT 2
Raw SIF3 - INCREMENT 3

 

Figure 9b. KIII (GPa*mm1/2) vs. z/t.  Figure 10. Cracked experimental specimen 



CONCLUSIONS 
 
The computational results are found to be in good qualitative agreement with 
experimental findings, which in both cases show a rather complex 3D crack growth 
behaviour. A satisfactory agreement can be stated also in comparison with FEM 
corresponding results [6-8]. Consequently, also for these cases the functionality of the 
BEASY-programme and the validity of the proposed 3D fracture criterion can be stated. 
Moreover it can be emphasized the reduced preprocessing times and run times involved: 
few minutes calculus were needed for the whole crack propagation process using a 
powerful PC (Pentium 3 GHz with 2GB of RAM). 
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