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ABSTRACT. The paper contains the results of investigations of the crack path growth 
in rectangular specimens made of the AlCuMg1 aluminium alloy under proportional 
bending with torsion loading. Specimens with rectangular cross-sections and stress 
concentrator in the form of external one-sided sharp notch were used. The tests were 
performed  under the different ratios of torsion to bending moments and different stress 
ratio, R.    
 
 
INTRODUCTION 
 

Under multiaxial loading, initiation of cracks and their development are usually 
evaluated according to classical strength hypotheses and stress crack growth criteria. 
They assume linear dependence between stresses and strains, and continuous medium. 
The well-known stress criteria using the stress intensity factor K for description of three 
crack modes have been formulated by Pook [1, 2] and Richard [3]. In practice, most 
machine elements are made of elastic-plastic materials, where plastic deformation can 
be observed. Thus, application of the criteria including such plastic changes (for 
example, the J-integral) seems to be the best solution. Sih [4] was one of the first 
researchers who had chosen energy approach (strain energy density) for description of 
the phenomena occurring while fatigue crack formation. He proposed a relationship 
describing the crack modes I and II. His analysis presented in [4] was based on tests of a 
plane disk subjected to simultaneous tension and shearing loading.  

The aim of the paper is to describe fatigue crack growth rate in the aluminium alloy 
AlCuMg1 for different ratios of bending and torsional moments and different stress 
ratios, R.  
 
 
EXPERIMENTS 
  

The specimens were cut from the drawn aged bar, 16 mm in diameter.  Dimensions 
of the specimens were the following: length l = 90 mm, height b = 10 mm and thickness 
g = 8 mm. The specimens had an external unilateral notch, 2 mm deep and with the 
rounding radius ρ = 0.5 mm [5]. The notches were cut with a cutter and their surfaces 



were polished after grinding. Tests were performed under the constant moment 
amplitude Ma = 7.92 N⋅m and different stress ratios, R. Some mechanical properties of 
the tested aluminium alloy are given in Table 1. 

 
Table 1. Mechanical properties of AlCuMg1 aluminium alloy 

 
Yield stress  
σYS (MPa) 

Ultimate stress 
σU (MPa) 

Elastic modulus 
E (GPa) 

Poisson`s ratio 
ν 

382 480 72 0.32 
 

The tests were realized on a fatigue test stand MZGS-100 where the ratio of torsion 
moment to bending moment was MT(t) / MB(t) = tanα = 3and1,3/3  and loading 
frequency was 29 Hz. Crack development was observed on the specimen surface with 
the optical method. The fatigue crack increments were measured with a digital 
micrometer located in the portable microscope with magnification of 25 times and 
accuracy 0.01 mm. At the same time, a number of loading cycles N was written down. 
Fig. 1 shows a scheme of specimen loading [6].  
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Figure 1. Loading of the specimen 
 
 
THE TEST RESULTS AND THEIR ANALYSIS 
 

Under proportional bending with torsion, fatigue tests were performed under 
controlled loading from the crack occurrence to specimen failure. The experimental 
results were shown as graphs of crack lengths a versus number of cycles N and crack 
growth rate da/dN versus ∆J integral range. For calculations of stresses, strains, crack 
tip opening displacement and the J-integral, the computer programs FRANC2D and 

 Side A 

Side B 



FRANC3D were applied. Fig. 2 shows a typical crack path for AlCuMg1 aluminium 
alloy, occurring under mixed mode (I + III)  loading. 
 

 
 
Figure 2. Crack development path under bending with torsion in AlCuMg1 alloy for 

R = - 1 and α = 60° (view of the side A), Nf = 3.1⋅105 cycles 
 

Cracks were initiated by the sharp notch. Macroscopic analysis of fractures (magnified 
ten times) based on visual inspection and photographs of the tested specimens was 
confronted with the dominating stresses in complex loading state (normal or shear). Fig. 
2 shows the crack development path (side A) tested under the moment amplitude Ma = 
7,92 N⋅m, the ratio of torsional moment to bending moment MT(t) / MB(t) = tanα = 3 , 
the stress ratio R = - 1 and a number of cycles to failure Nf = 3,1⋅105.  In this case, the 
crack growth in the plane of maximum shear stresses. Similar behaviour of the same 
material was observed under the moment ratio MT(t) / MB(t) = tanα = 1. In the case of  
MT(t) / MB(t) = tanα = 3/3 , the fracture plane inclination approached the plane of 
maximum normal stresses. During tests, non-uniform increment of crack length was 
observed at both sides of specimens, i.e. in front - side A and at the back – side B 
(similar behaviour was also observed in the case of application of the finite element 
method).  In the side A crack lengths were a little greater than in the side B.  Some 
typical results of calculations according to the boundary element method with the 
program FRANC3D are shown in Fig. 3 as the maps of normal stresses along axis y. 
Crack lengths for the side A are assumed for calculations, because they strongly 
influence failure of specimens. The stress fields in the side A are also greater than those 
in the side B of the specimen surface. From Fig. 4 it appears that the fatigue fracture 
surface is initiated from the side A of the specimen section and develops as sectors of 
the arcs bowed in direction of the developing crack and displaces to the specimen 
centre. 
 



 
Figure 3. Distribution of normal stresses along axis y under bending with torsion Ma = 

7.92 N⋅m (R = - 1) and  crack length  a = 2.15 mm, a) side A, b) side B 
 
In Fig. 4 you can see a big fatigue zone and a small residual zone as well as beach 
marks.  Fig. 5 shows fatigue crack growth versus number of cycles for different ratios of 
the torsional moment to the bending moment  and the stress ratios R = - 1, 0. 
 

 
 

Figure 4. Surface of fatigue fracture of the specimen under bending with torsion in 
AlCuMg1 alloy for  R = - 0.5, α = 45° and Nf = 3.5⋅104 cycles 

 
From the graphs in Fig. 5 it appears that changes of the angle α from 30o to 60o are 
accompanied by decrease of fatigue life of the specimens. 
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Figure 5. Fatigue crack growth versus number of cycles under mixed mode (I + III)  

loading for α = 30°, 45°, 60° and stress ratio a) R = - 1, b) R = 0 
 
Figs. 6, 7 and 8 show crack growth rate da/dN versus ∆J integral range for three angle α 
equal 30o, 45o, 60o and the three stress ratios R = - 1, -0.5, 0. In these Figs. mixed modes 
I+III loading was separated into pure mode I and mode III. From Figs. 6-8 it appears 
that the cracking growth rate increases when we increase α from 30° to 60° in the 
aluminium alloy. 
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Figure 6. Comparison of experimental results for different stress ratios and α = 30° a) 

mode I, b) mode III 
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Figure 7. Comparison of experimental results for different stress ratios and α = 45° a) 

mode I, b) mode III 
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Figure 8. Comparison of experimental results for different stress ratios and α = 60° a) 

mode I, b) mode III 
 

Moreover, we can state that for the stress ratio R = -1 and angle α = 30° the crack 
growth rate is higher for mode III than for mode I under the same value ∆J; for angle α 
= 60° a higher rate is observed for mode I. For α = 45°, we observe a higher crack 
growth rate for mode I to da/dN = 8⋅10-8 m/cycle (Fig. 7), above which mode III is 
dominating together with increase of the material plasticity. For R = - 0.5 and 0, for all 



the considered angles α we can observe a higher crack growth rate for mode III. The 
experimental results shown in Figs. 6 to 8 for II and III range of crack growth rate were 
described with the following model [6] 
 

( ) JJR-1

J
JB

dN
da

Ic
2

n

0

∆−





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

 ∆

= ,    (1) 

 
where JIc – critical value of the J-integral,   ∆J = Jmax - Jmin,   J0 = 1 MPa⋅m  -  unit value 
of the J-integral, B and n – coefficients determined experimentally. 
The ∆J integral range for mode I and mode III is calculated from 
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2
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2
I

2
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( ) ( )n/aME/K1J p

2
3k

2
IIIIII ′γ∆τ∆π+∆ν+=∆ ,   (3) 

 
where a – crack length, E – Young’s modulus,  ν - Poisson’s ratio, n’ - cyclic strain 
hardening exponent, ∆KI, ∆KIII - stress intensity factors ranges for mode I and mode III, 
Mk1, Mk3 - correction coefficients for mode I and mode III [6], ∆σ, ∆τ - ranges of stress 
under bending and torsion in the notch root, respectively,  ∆εp, ∆γp – ranges of plastic 
strains under bending and torsion in the notch root, respectively. 
The empirical coefficients B and n occurring in Eq. (1) were calculated with the least 
square method and they were shown in Table 2.   

 
Table 2. Coefficients B, n Eq. (1) and correlation coefficient r for the curves in Figs. 6 - 8 

 
Figs., 

Graphs 
B 

cycle
mMPa 2⋅  

n r Figs., 
Graphs 

B 

cycle
mMPa 2⋅

n r 

Fig. 6a-3 0.31⋅10-7 0.35 0.99 Fig. 6b-3 0.80⋅10-7 0.49 0.99 
Fig. 6a-2 0.70⋅10-7 0.40 0.99 Fig. 6b-2 1.31⋅10-7 0.43 0.99 
Fig. 6a-1 0.91⋅10-7 0.77 0.99 Fig. 6b-1 2.30⋅10-7 0.81 0.99 
Fig. 7a-3 0.57⋅10-7 0.28 0.98 Fig. 7b-3 0.50⋅10-7 0.21 0.97 
Fig. 7a-2 1.42⋅10-7 0.38 0.99 Fig. 7b-2 1.22⋅10-7 0.28 0.99 
Fig. 7a-1 3.23⋅10-7 0.85 0.99 Fig. 7b-1 1.35⋅10-6 1.17 0.99 
Fig. 8a-3 0.51⋅10-7 0.24 0.98 Fig. 8b-3 1.08⋅10-6 0.71 0.99 
Fig. 8a-2 1.88⋅10-7 0.31 0.99 Fig. 8b-2 6.22⋅10-7 0.46 0.99 
Fig. 8a-1 1.61⋅10-6 0.97 0.99 Fig. 8b-1 2.16⋅10-6 1.16 0.99 
 



It can be seen that for pure bending and pure torsion they take different values. It means 
that B and n are not dependent on a kind of the material only. The test results for cyclic 
bending with torsion include the error not exceeding 20% at the significance level α = 
0.05 for the correlation coefficients r given in Table 2. The multiple correlation 
coefficients in all the cases take high values and it means that the parameters of Eq. (1) 
are well fit to description of experimental results. 
 
 
CONCLUSIONS 
 

From the performed tests under proportional cyclic bending with torsion of 
specimens made of AlCuMg1 aluminium alloy we can draw the following conclusions: 

 
1. The applied empirical formula (1) including ∆J integral range is good for 

description of fatigue crack growth rate tests in modes I and III. 
2. It has been found that mode III has a higher crack growth rate than mode I in the 

tested material and stress ratio R = - 0.5, 0. 
3. For stress ratio R = - 1 and α = 30° the fatigue crack growth rate is higher for mode 

III compared with mode I under the same value ∆J. For α = 60°, a higher rate is 
observed for mode I. 

4. It has been found that a change of the stress ratio from R = -1 to R = 0 and angle α 
from 30o to 60o  causes increase of the fatigue crack growth rate. 
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