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W!c6X�Z\d3m3[^euW!t
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ψ(e, ζ, Dt, Dc) = ψe(e, Dt, Dc) + ψh(ζ,p)
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ε = e + p
z � {

r�[^W!_�l
e

a%_�e
p

`!y�[�[^f!a%] `!W!g�a%_�e�X�f!a%] `!W!g�] y�a%Z\[^] � ζ aH] g%a%f!a%Zx] `!Z\a%W!_�q\f!W!��[vW!_�`![^Z\_�a%f�m3a%Z\W!a%r�f![���y�W!f![
Dt, Dc
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ψe(e, Dt, Dc)

a%_�e
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ψe(e, Dt, Dc) =
1

2
(1 −Ds)[2G

`!Z
(
e�[^m

(e))2 +K <
`!Z
(e) >2

+ +1/(1 −Dt)K <
`!Z
(e) >2

−
]

ψh(q, ζ) = 1

2
hiso ζ

2 + (k∞ − ko)[ζ + 1

γ
exp (−γζ)] + 1

2
hkin

`!Z
(p2)
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< · >+

a%_�e
< · >−

W!_�e�W!g%a%`![D`!y�[DX�d3] W!`!W!m3[ua%_�e�_�[^l3a%`!W!m3[DX�a%Z\`Yd3t
< · >�

e�[^t\W!_�[^eua%]
< x >±= 1/2(x± |x|)� K a%_�e

G
a%Z\[R`!y�[G[^f!a%] `!W!gRr�b�f!�ia%_�eu] y�[^a%Z�c6d3e�b�f!W � hiso

a%_�e
hkin

e�[^_�d3`![R`!y�[xX�f!a%] `!W!gxy�a%Z\e�[^_�W!_�luc6d3e�b�f!W � k∞ a%_�e
ko

a%Z\[x`!y�[RX�f!a%] `!W!g��JW![^f!eD] `!Z\[^] ] [^]�a%_�e8W!`wy�a%]
r�[^[^_i] [^`

(1 −Ds) = (1 −Dt)(1 −Dc)
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� ] [~d3t
`!y�[~] `!a%_�e�a%Z\e(`!y�[^Z\c6d3e��J_�a%c6W!gGa%Zl3b�c6[^_�`�a%f!f!d3��]Yd3_�[6`!d�W!e�[^_�`!W!t\�R`!y�[~] `!a%`![Lf!a%��]�t\d3Z
`!y�[
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σ

a%_�ex`!y�[�`!y�[^Z\c6d3e��J_�a%c6W!gLt\d3Z\g%[^]
q

a%_�e
θ
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p
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ζ
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σ = (1 −Ds)2G(
e�[^m

e) + (1 −Ds)K <
`!Z
(e) >+ 1 + (1 −Dc)K <

`!Z
(e) >− 1

q = hkinp

θ = hiso ζ + (k∞ − ko)[1 − exp (−γζ)]
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W!]�`!y�[~Z\a%_���q\`!��d>W!e�[^_�`!W!`!�R`![^_�] d3Z1�
��W!_�g%[�f!d3g%a%f�] `!Z\[^] ] [^]@a%g%`�d3_�f!�Ld3_R`!y�[Yb�_�e�a%c6a%l3[^eRc6a%`![^Z\W!a%f � a���[^f!f!q\l3Z\d3b�_�e�[^eGg%d3_��9[^g%`!b�Z\[�W!]
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X�f!a%] `!W!g�] `!Z\a%W!_�]~] y�d3b�f!e8e�[^m3[^f!d3Xvd3_v`!y�[�W!_�`!a%g%`wc6a%`!Z\W!�Dc6a%`![^Z\W!a%f@a%_�ev_�d3`@`!dD`!y�[xm3d3W!e�]6W!_vr�[^`!��[^[^_ �
Wk� [���`!y�[^�x] y�d3b�f!eir�[6e�Z\W!m3[^_ir���`!y�[~[^tt\[^g%`!W!m3[6] `!Z\[^] ] [^] �"! � �

	�d3f!f!d3��W!_�l�`!y�W!]�a%] ] b�c6X�`!W!d3_ � `!y�[h[^m3d3f!b�`!W!d3_ d3tiX�f!a%] `!W!g�e�[^t\d3Z\c6a%`!W!d3_�]�g%a%_ r�[he�[^] g%Z\W!r�[^e r��
W!_�`!Z\d3e�b�g%W!_�l(aG�JW![^f!eit\b�_�g%`!W!d3_>d3t|`!y�[6t\d3Z\c#�

φ(σ̂,q, θ) = φ̂(σ̂ − q) − Y (θ)
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Y (θ)

e�[^_�d3`![^]@`!y�[YW!_�] `!a%_�`!a%_�[^d3b�]@�JW![^f!e6f!W!c6W!` a%_�e
σ̂

W!]
`!y�[Y[^tt\[^g%`!W!m3[Y] `!Z\[^] ]@`![^_�] d3Z � t\d3Z���y�W!g%y
`!y�[6t\d3f!f!d3��W!_�l([^�3X�Z\[^] ] W!d3_iW!]�`!a%��[^_��

σ̂ = 2G(
e�[^m

e) +K(<
`!Z
(e) >+ + <

`!Z
(e) >−)1
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{

ṗ = λ̇p

e
�̂φ

ζ̇ = −λ̇p

e
θφ
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��y�W!g%y(a%Z\[L_�d3_�q\a%] ] d3g%W!a%`![^e>W!_�g%y�a%Z\a%g%`![^Z@] W!_�g%[L`!y�[^�R[^�3X�Z\[^] ]Y_�d3Z\c6a%f!W!`!�Rd3_�f!�RW!_(`!y�[�[^tt\[^g%`!W!m3[L] `!Z\[^] ]
] X�a%g%[��(�_�`!y�[>X�Z\[^m3W!d3b�]x[ � b�a%`!W!d3_�] λ̇p

Z\[^X�Z\[^] [^_�`!]G`!y�[>g%d3_�`!W!_�b�b�c X�f!a%] `!W!gig%d3_�] W!] `![^_�g%�8X�a%Z\a%c6[^`![^Z
] a%`!W!] t\�JW!_�l�`!y�[6f!d3a%e�W!_�l��!b�_�f!d3a%e�W!_�l(g%d3_�e�W!`!W!d3_�]�W!_���b�y�_�q\��b�g%��[^Z
t\d3Z\c#�

φ(σ̂, θ) ≤ 0; λ̇p ≥ 0; λ̇pφ(σ̂, θ) = 0.
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�jy�[Rg%y�a%Z\a%g%`![^Z\W!p%a%`!W!d3_Dd3t4e�a%c6a%l3[Ra%e�d3X�`![^eDW!_u`!y�[GX�Z\[^] [^_�`j��d3Z\�Dd3Z\W!l3W!_�a%`![^]Lt\Z\d3c `!y�[Gd3_�[RX�Z\d3q
X�d3] [^e(r��x�
d3c6W�a%_�e	��[^Z\[^l3d(W!_ � ��� ���_(X�a%Z\`!W!g%b�f!a%Z � `!y�[Le�a%c6a%l3[~] b�Z\t\a%g%[6W!_(] `!Z\[^] ]Y] X�a%g%[LW!]Ye�[^t\W!_�[^e
`!y�Z\d3b�l3yi`!��d>f!W!c6W!`�t\b�g%`!W!d3_�]�a%g%g%d3b�_�`!W!_�l>t\d3Z|g%d3c6X�Z\[^] ] W!m3[6a%eu`![^_�] W!f![Le�a%c6a%l3[Ga%]��

ft = J2 (σ) − atI1 (σ) + btht (Dt) I1 (σ) (1 − αDc) − kth
2
t (Dt) (1 − αDc)

2 z�
�{

fc = J2 (σ) +
[

acI1 (σ) + bchc (Dc) I1 (σ) − kch
2
c (Dc)

]

(1 − βDt)
2 z�����{

��W!`!y

hi (Di) =















1 −
[

1 − σei
σ0i

] (

1 − Di

D0i

)2 t\d3Z
Di < D0i

[

1 −
(

Di −D0i

1 −D0i

)ci
]0.75 t\d3Z

Di ≥ D0i

z�� �F{

��y�[^Z\[
at

� bt � kt
� ac

� bc � kc
� ci � α

a%_�e
β

a%Z\[Lc6a%`![^Z\W!a%f/X�a%Z\a%c6[^`![^Z\] � I1
W!]4`!y�[�t\W!Z\] `�] `!Z\[^] ]4W!_�m3a%Z\W!a%_�` �

J2

W!]4`!y�[�] [^g%d3_�e�e�[^m3W!a%`!d3Z\W!g~W!_�m3a%Z\W!a%_�` � σei

a%_�e
σ0i

a%Z\[L`!y�[�[^f!a%] `!W!gLf!W!c6W!` a%_�e�`!y�[�X�[^a%�(] `!Z\[^] ]�W!_�a%_
b�_�W!a%�3W!a%f�`![^] ` � ��y�W!f![~`!y�[6] b�r�] g%Z\W!X�`

i
] `!a%_�e�]�t\d3Z|`![^_�] W!d3_

i = t
d3Z
g%d3c6X�Z\[^] ] W!d3_

i = c
�

�Z\d3��`!yDd3t�e�a%c6a%l3[RW!]�a%] ] d3g%W!a%`![^eu��W!`!yi`!y�[Ga%`!`!a%W!_�c6[^_�`�d3t�`!y�[Gf!W!c6W!`j] b�Z\t\a%g%[^}�a%g%g%d3Z\e�W!_�l3f!� � `!y�[
��W!_�[^c6a%`!W!g%]�d3t|e�a%c6a%l3[GW!]�g%d3c6X�f![^`![^f!��g%y�a%Z\a%g%`![^Z\W!p%[^eur���`!y�[~Z\[^f!a%`!W!d3_�] y�W!X�]��

{

Ḋt ≥ 0; ft ≤ 0; Ḋtft = 0

Ḋc ≥ 0; fc ≤ 0; Ḋcfc = 0

z�� � {

�jy�[4d3b�`!f!W!_�[^eL[ � b�a%`!W!d3_�]wf![^a%e~`!dLa%_~W!_�W!`!W!a%f*m3a%f!b�[4X�Z\d3r�f![^c t\d3Z/`!y�[�[^tt\[^g%`!W!m3[4] `!Z\[^] ] q\f!W!��[|m3a%Z\W!a%r�f![^]
��y�W!g%y � g%a%_ir�[6Z\[^g%a%] `�W!_i`!y�[~t\d3Z\c#�

{

˙̂
σ(t) = 2G(

e�[^m
ε̇(t)) +K(<

`!Z
(ε̇(t)) >+ + <

`!Z
(ε̇(t)) >−)1 − λ̇p

e
�̂φ(σ̂(t), θ(t))

θ̇(t) = λ̇p [hiso + (k∞ − ko)γ exp (−γζ(t))]

z�� � {

	�Z\d3c�`!y�[�g%d3c6X�b�`!a%`!W!d3_�a%f�] `!a%_�e�X�d3W!_�` � t\d3Z�a%f!f
t ≥ t0

W!`�W!]@a%] ] b�c6[^e6`!y�a%`�`!y�[4] `!Z\a%W!_6y�W!] `!d3Z\�
t→ ε̇W!]�aGl3W!m3[^_it\b�_�g%`!W!d3_id3t|`!W!c6[^}�a%g%g%d3Z\e�W!_�l3f!� � `!y�[6] `!Z\[^] ]�b�X�e�a%`![6a%f!l3d3Z\W!`!y�c ��W!f!f�r�[ < �!� ���!$>'�� �!;%#%$ �

��]Yt\W!Z\] `/] y�d3��_(W!_ ��� �1� `!y�[Lb�X�e�a%`!W!_�lxX�Z\d3g%[^e�b�Z\[Lt\d3Z@`!y�[La%r�d3m3[~X�Z\d3r�f![^c g%a%_>r�[Le�[^t\W!_�[^e�r�a%] [^e
b�X�d3_Da%_ #%C!��< �!�!,����
C!��< �!�!,���'���"��FE�# ] X�f!W!`jW!_D��y�W!g%yD`!y�[Ge�a%c6a%l3[xg%d3Z\Z\[^g%`!d3ZYX�a%Z\`wd3t�`!y�[Ra%f!l3d3Z\W!`!y�c
W!]6W!c6X�f![^c6[^_�`![^e8] [^X�a%Z\a%`![^f!�ut\Z\d3c `!y�[�X�f!a%] `!W!g�g%d3Z\Z\[^g%`!d3Z�X�a%Z\`k�~�jy�W!]6W!]6c6a%e�[�X�d3] ] W!r�f![�r��u`!y�[�t\a%g%`
`!y�a%` � W!_S`!y�[�X�Z\[^] [^_�`�g%d3_�`![^�3` � `!y�[vX�f!a%] `!W!g�Z\[^] X�d3_�] [vg%a%_�r�[�g%d3c6X�b�`![^e W!_�e�[^X�[^_�e�[^_�`!f!�Ht\Z\d3c `!y�[
e�a%c6a%l3[�[^m3d3f!b�`!W!d3_GW!_G`![^Z\c6]
d3t�`!y�[Y[^tt\[^g%`!W!m3[Y] `!Z\[^] ]@m3a%Z\W!a%r�f![^] � ] d~`!y�a%`�`!y�[Y] `!a%_�e�a%Z\eGZ\[^`!b�Z\_Gc6a%X�X�W!_�l
a%f!l3d3Z\W!`!y�c6]�t\d3Z|X�f!a%] `!W!g%W!`!�x`!b�Z\_id3b�`�`!d(r�[6e�W!Z\[^g%`!f!�xa%X�X�f!W!g%a%r�f![��



��������Q �
U�V ��T�� T������
V ��T@�
V P���O

�_D`!y�W!]�] [^g%`!W!d3_D��[RZ\[^X�d3Z\`�] d3c6[xZ\[^X�Z\[^] [^_�`!a%`!W!m3[G_�b�c6[^Z\W!g%a%f�] W!c6b�f!a%`!W!d3_�]�t\d3Z4[^m3a%f!b�a%`!W!_�li`!y�[Rc6d3e�[^f
Z\[^] X�d3_�] [8b�_�e�[^Z6g%�Jg%f!W!g�f!d3a%e�W!_�l��h	�d3ZR`!y�[8a%_�a%f!�J] [^]>g%a%Z\Z\W![^e�d3b�`�W!_�`!y�[8] [ � b�[^fY��[vg%d3_�] W!e�[^Z6`!y�[
t\d3f!f!d3��W!_�l([^�3X�Z\[^] ] W!d3_it\d3Z|`!y�[6�JW![^f!e>t\b�_�g%`!W!d3_��

φ(σ̂,q, θ) = (σ̂ − q)n · n − (ko + θ) ≤ 0
z�� � {

��y�[^Z\[
n

W!]�aGb�_�W!`�m3[^g%`!d3Z � a%_�ei`!y�[6t\d3f!f!d3��W!_�l>g%y�d3W!g%[6t\d3Z|`!y�[6c6d3e�[^f�X�a%Z\a%c6[^`![^Z\]�� ��� �

E = 31000
� ��a

ν = 0.1
σet = 2.08

� ��a
σ0t = 2.66

� ��a
σec = 26.6

� ��a
σ0c = 38.0

� ��a
D0t = 0.1 D0c = 0.3 α = 0.8 β = 1.0
ct = 2.0 cc = 2.0
at = 0.3333

� ��a
bt = 3.5

� ��a
kt = 9.1� 2

�!c6c
4

ac = 0.00025
� ��a

bc = 3.0
� ��a

kc = 370.0� 2
�!c6c

4

hiso = 10000
� ��a

hkin = 10000
� ��a

k0 = 25
� ��a

k∞ = 25
� ��a

z���!�{

�jy�[�c6a%`![^Z\W!a%f�Z\[^] X�d3_�] [xb�_�e�[^Z4b�_�W!a%�3W!a%fw`![^_�] W!f![^q\g%d3c6X�Z\[^] ] W!m3[Rf!d3a%e�W!_�luW!]~e�[^X�W!g%`![^eDW!_Dt\W!l3b�Z\[�� �
��y�W!g%yig%d3Z\Z\[^] X�d3_�e�]�`!d(`!y�[6t\d3f!f!d3��W!_�l>f!d3a%e�W!_�l(X�Z\d3l3Z\a%c#�

`!W!c6[#�!] � � � � � � ! �

] `!Z\a%W!_
ε11

� ��� � � � � � q���� � � � q���� � � � � � q���� ��� q���� � ��!�! z�����{

	�W!l3b�Z\[#���w��a%`![^Z\W!a%f�Z\[^] X�d3_�] [6b�_�e�[^Z
`![^_�] W!f![^q\g%d3c6X�Z\[^] ] W!m3[~f!d3a%e�W!_�l��

	�W!l3b�Z\[ �D] y�d3��]>`!y�[8a%r�W!f!W!`!��d3tG`!y�[8c6d3e�[^f�`!dhe�[^] g%Z\W!r�[D`!y�[8b�_�W!f!a%`![^Z\a%f�X�y�[^_�d3c6[^_�d3_ � Wk� [8`!y�[
X�a%Z\`!W!a%f�g%Z\a%g%�ug%f!d3] b�Z\[6] b�r�] [ � b�[^_�`/`!d(b�_�f!d3a%e�W!_�l(W!_i`![^_�] W!d3_>a%_�eiZ\[^f!d3a%e�W!_�l>W!_>g%d3c6X�Z\[^] ] W!d3_��



�jy�[>c6a%`![^Z\W!a%f|Z\[^] X�d3_�] [>b�_�e�[^Z�X�b�Z\[>] y�[^a%Z�f!d3a%e�W!_�lvW!]RX�f!d3`!`![^e�W!_�t\W!l3b�Z\[ � �R�_�X�a%Z\`!W!g%b�f!a%Z � `!y�[
t\d3f!f!d3��W!_�l(f!d3a%e�W!_�l>X�Z\d3l3Z\a%c W!]�g%d3_�] W!e�[^Z\[^e��

`!W!c6[ �!] � � � � � �
] `!Z\a%W!_

ε12

� q���� � � � � � ��� � ��� �
z�����{

	�W!l3b�Z\[ � �w��a%`![^Z\W!a%f�Z\[^] X�d3_�] [6b�_�e�[^Z
X�b�Z\[6] y�[^a%Z
f!d3a%e�W!_�l��

�`4W!]���d3Z\`!y+_�d3`!W!_�l�`!y�a%` � a%]�a8g%d3_�] [ � b�[^_�g%[ud3tL`!y�[ut\d3Z\c d3t~`!y�[ia%e�d3X�`![^e+�JW![^f!e+t\b�_�g%`!W!d3_ � _�d
Z\[^] W!e�b�a%f�] `!Z\a%W!_iW!]�[^�3y�W!r�W!`![^e>e�b�Z\W!_�l(b�_�f!d3a%e�W!_�l � ] d(`!y�a%`�W!_>`!y�W!]�g%a%] [6`!y�[6c6a%`![^Z\W!a%f�r�[^y�a%m3W!d3b�Z
`!b�Z\_�]
d3b�`�`!d(r�[ � b�a%] W!q\r�Z\W!`!`!f![��
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