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ABSTRACT. A novel experimental method has been developed in order to promote 
mode III co-planar crack propagation. Multiaxial out of phase fatigue tests have been 
carried out on two different steels on micro-notched specimens adopting a stress history 
typical of subsurface RCF. Three defect sizes, expressed in terms of Murakami’s √area 
parameter, equal to 631 μm, 314 μm and 221 μm have been considered. In both 
materials the data clearly show that the threshold conditions for out of phase tests is 
lower than in simple torsional tests, moreover the shear growth is promoted. The main 
feature of the out of phase tests is that crack growth is accompanied plastic deformation 
and rubbing of cracks lips. 
 
INTRODUCTION   
 
Mode III fatigue crack behaviour have been investigated by some researchers in order to 
better understand the complex mechanism of crack path under this loading condition 
[1]. Both turbine-generator shafts under transient torsional loading  and components 
under rolling contact fatigue, (such as bearings, gears, rails and etc), exhibit mode III 
crack propagation [2].  

The experimental investigations have shown that the mode III crack growth in a 
circumferentially notched shaft [3] could be very tortuous, resulting in a crack front 
rotation and segmentation often called factory roof crack surface. Tschegg experiments 
[4] revealed that there is a critical applied stress intensity factor value under which 
mode III crack propagation is no more stable, resulting in a mode I branching. 
According to Tschegg, this nominal value of the applied  ΔKIII can be interpreted as a 
mode III fatigue threshold since the fracture mode changes  from a macroscopically flat 
(mode III) to a factory roof (mode I) type. Moreover Nayeb-Hashemi et al [5] observed 
that a superimposed static axial load on the fatigue in torsion can promote stable mode 
III crack growth, since it reduces the sliding mode crack growth effect. 
More recently different authors have obtained new experimental data for Mode II/Mode 
III [6, 7] propagation under the implicit assumption that the growth rate under RCF 
conditions can be obtained combining the experimental trend (threshold, growth rate) 
together with SIF calculations under the out-of-phase combination of Mode I + Mode II 
(see the discussion by Murakami [1] for application to ‘shelling’ railway failures). 
However, up to now there have not been attempts to verify the effective growth rate 
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under subsurface RCF conditions and to compare it with data under simple torsion, 
while only ‘experimentally derived’ shear growth data on small defects have been 
incorporated into RCF models for subsurface fatigue [8-9]. 
The aim of the present study is to present a new experimental method in order to 
promote mode III co-planar crack propagation under mixed-mode loading conditions 
representing subsurface RCF conditions. The novelty of the method consists in out-of-
phase multiaxial fatigue tests onto specimens containing micro-notches that were 
previously subjected to Mode I precracking at R=-2. The results for two different steels 
show that the presence of a superimposed compression enhances the shear coplanar 
growth resulting in ΔKth,III values much lower than the threshold condition for simple 
torsion. This enhanced damage mechanism, that cannot be described neither in terms of 
fatigue criteria nor in terms of crack driving force at the crack tip, is characterized by 
intense plastic deformation and rubbing of crack lips with an opening of the crack faces.  
 
 
EXPERIMENTAL DETAILS 
 
Materials 
The materials analyzed are a gear steel (SAE 5135) and a bearing steel. First of all, the 
basic properties as well as the fatigue behaviour of the two materials were determined. 
Table 1 summarizes the Vickers micro-hardness average value measurement (load 
0.98N) and the results of monotonic and cyclic tests. Both the two materials showed a 
strain hardening behaviour when subjected to cyclic loading.  
 

Table 1. Materials mechanical properties 

 HV UTS [MPa] σy [MPa] σy,cyclic  0.2% [MPa] 
SAE 5135 gear steel 550 2150 1395 1735 

Bearing steel 600 2364 1982 2072 
 
Specimens and preparation 
Multiaxial fatigue tests were carried out on pre-cracked micro-notched hourglass 
specimens. Three defect sizes, expressed in terms of Murakami’s √area parameter, equal 
to 631 μm, 314 μm and 221 μm have been considered. The geometry of the specimens 
and micro-notches adopted are presented in Figure 1. 
Before starting multiaxial fatigue tests, all specimens were electro polished to avoid the 
effect of the surface residual stresses. Then, artificial micro notches were introduced by 
means of electro-discharging machining (EDM). In order to promote co-planar crack 
propagation, a preliminary Mode I fatigue test pre-cracking procedure was adopted. For 
the gear steel all specimens were subjected to bending fatigue for 1.2×107 cycles at R=-
2 at a stress levels very close to ΔKth,I. For the bearing steel all specimens were subject 
to push-pull axial fatigue for 1.0×107 cycles at R=-2 at a stress level close to ΔKI,th till 
Nf=107.  
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a) 

 
b) 

c) 

Figure 1. Out-of phase fatigue tests: a) gear steel specimen geometry, b) bearing steel 
specimen geometry, c) micro-notches used 

 
Pre-cracking procedure induced small non-propagating cracks at the bottom of the notch 
with a depth of approximately 20 µm. All specimens were observed under SEM for 
verifying the success of pre-cracking procedure (if not successful the Mode I loading 
was repeated). 
 
Multiaxial Fatigue Tests 
Multiaxial fatigue tests were conducted in force/torque control by means of a MTS 809 
Axial Torsional System. In order to simulate the most detrimental subsurface stress in 
rolling contact fatigue problems, the adopted loading path is characterized  by an axial 
force always in compression and shifted on 90◦ degrees relatively to the torsional cycle, 
moreover the ratio between the normal mean stress and shear stress amplitude is 
approximately equal to 1.5 (typical for subsurface position where τmax is present) [10] 
(Figure 2). 
 

a) b) 

Figure 2. Load pattern scheme adopted for fatigue testing: a) in terms of stress intensity 
factor, b) normalized by KImax,th  

 
The main idea of the experimental onset is to run fatigue tests decreasing the load  from 
one specimen to another till no fatigue crack growth will occur.  During the fatigue tests 
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an optical microscope Leica system permitted to control surface mixed-mode crack 
advance continuously during the test. After the fatigue test, cryogenic static rupture with 
further examination by SEM permitted to estimate in side propagation type and its 
order. After the tests all the specimens were examined under SEM in order to observe 
the specimen surface and, after static criogenic rupture, the fracture surface. 
 
MULTIAXIAL FATIGUE TEST RESULTS 
 
Gear steel 
Out of phase fatigue test results carried out on the gear steel are shown in the Figure 3.  
 

 
Figure 3. Coplanar Mode III average propagation rates: multiaxial fatigue test v.s. 

pure torsional fatigue tests results, in terms of ΔKIII (gear steel) 
 

Previous results obtained by the authors [11-12] on the same steel showed that in pure 
torsion ΔKth,III is approximately equal to the Mode I threshold for defects with √area< 
1000 μm. Having a look at the results of the multiaxial fatigue tests is it clear that the 
out-of-phase scheme of loading promotes Mode III co-planar crack growth ,since it was 
possible to obtain continuous Mode III propagation at ΔKIII levels much lower than 
Mode I threshold, and inhibits the development of Mode I kinked cracks. In particular, 
it is possible to observe that in the tests where ΔKIII<ΔKI,th no appreciable surface 
growth could be observed (Figure 4), while in all tests at ΔKIII>ΔKI,th there is the 
development of mode I tilted cracks along the crack front (Figure 5). 
This ‘enhanced propagation’ respect to simple shear stress is also confirmed by the 
stability of the growth rate that can be observed in Figure 6. In order to estimate Mode 
III co-planar crack growth speed under out-of-phase loading, three out-of-phase fatigue 
test at the same stress levels,  ΔKIII/ ΔKth,I =1.08, were carried out , interrupting the test 
at different number of test cycles, and breaking them in liquid nitrogen to measure the 
depth of the crack (see Figure 6). The growth rate remains stable with a 400 μm crack 
advance (see Figure 6d), while in Mode II/Mode III experiments the crack tend stop 

178



after a short propagation (some tenths of microns) because of the development of a 
significant friction along the crack faces [12-15]. 
 

 
a) 

 
b) 

Figure 4. OOP fatigue test fractography; specimen tested at ΔKIII=0.85ΔKth,I test 
interrupted at Nf= 1.2·105 cycles: a) specimen surface; b) 90°tilted view, coplanar Mode 

III crack, 400μm deep. 

 

a) b) 

Figure 5. OOP fatigue test fractography; specimen tested at ΔKIII=1.2ΔKth,I test 
interrupted at Nf= 1.2·105 cycles: a) surface mix-mode cracks top view; b) specimen 
after static cryogenic rupture 90◦ tilted view, coplanar Mode III crack 1250μm deep. 

 

This ‘promotion of shear growth’ under OOP conditions is a challenge to our common 
understanding based on LEFM since the application of a compressive Mode I should 
enhance the effect of friction [12, 1, 13, 16]. A possible reason of coplanar growth 
stability is the evidence of huge plastic deformation and rubbing of fracture lips. As it 
can bee seen from Figure 7, the crack after out-of-phase fatigue test remains widely 
open in comparison with the state after pre-cracking. This crack rubbing/deformation 
could promote shear propagation since it prevents the friction of the crack faces. 
However, a simple LEFM model is not able to describe this kind of material damage. 

 
 

200 μm 
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Figure 6. Mode III co-planar continuous growth for micronotch √area = 221.2μm at 

ΔKIII=1.08ΔKth,I with tests interrupted at different number of cycles: a) specimen crack 
depth 265 μm, b) specimen crack depth 390 μm; c) specimen crack depth 480 μm; d) 

co-planar crack depth vs. cycles. 

 

a) b) 

Figure 7. Evidence of crack lips opening for specimen tested at ΔKIII=ΔKth,I: a) pre-
crack; b) after OOP test. 

 
Bearing steel 
Out of phase fatigue test results carried out on a bearing steel are shown in Figure 8 
(due to confidentiality issues, experimental results are presented in normalised form, 
with ΔKIII normalised respect to the ΔKIth,LC for long cracks). As well as for the gear 
steel, all OOP tests results showed a stable shear co-planar Mode III propagation. 
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Figure 8. Coplanar Mode III average propagation rates: multiaxial fatigue test v.s. pure 

torsional fatigue tests results, in terms of ΔKIII (bearing steel) 
 

During multiaxial fatigue testing an evidence of continuous debris emission from a pre-
cracks has been observed (also for non-propagating cracks). Micro pre-cracks surface 
observations after the fatigue test showed that the cracks lips remain open (Figure 9). 
 

 
a)                                             b) 

 
c) 

Figure 9. Evidence of crack lips opening : a) specimen tested at ΔKIII=1.3 ΔKth,I; b) 
specimen tested at ΔKIII=1.1 ΔKth,I; c) specimen tested at ΔKIII=0.7 ΔKth,I 
 
Sectioning on a specimen tested at ΔKIII=0.8 ΔKth,I (test interrupted at Nf= 2·105 cycles) 
showed that the crack opening is constant within the whole coplanar crack depth 
(Figure10). The crack fracture surface opening is almost 18 μm. 
Surface fracture  fractographies on the sectioned specimen also highlighted the typical 
appearance of a crack under RCF loading condition (Figure 10b), several sub-surface 
multiple sites of crack branching have also been observed at the main co-planar crack 
propagation pattern. The RCF crack appearance shows evidence of material intense 
deformation under the local rubbing and sliding phenomenon.  
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a) b) 

  
c) d) 

Figure 10. OOP fatigue specimen tested at ΔKIII=0.8ΔKth,I test interrupted at Nf=2·105 
cycles: a) specimen surface; b) typical appearance of a RCF crack;  c) central area 
section; d) magnification  
 
DISCUSSION 
 
Application of multiaxial fatigue criteria  
 
In order to predict the “peculiar” experimentally observed near-threshold fatigue crack 
behaviour, different multiaxial fatigue criteria have been applied. The axial and torsion 
fatigue limits, σw and τw respectively, of micro-notched specimens have been 
experimentally obtained ( for both the bearing and the gear material the ratio σw/τw is 
less than one). 
Different integral and critical plane stress type multiaxial fatigue criteria have been 
applied. The multiaxial fatigue criteria are reported in Table 1.  
Due to the experimental obtained ratio σw/τw<1 the Findley and the Liu-Zenner criterion 
cannot be applied since the criteria material constants are not defined. 
In order to predict the near-threshold fatigue crack behaviour, the criteria have been 
applied to experimental data where coplanar crack growth has been observed as well as 
to specimens which had no evidence of mode III propagation. 
The prediction error can be defined in the following way: 
 

lim

lim

error 100%eqσ σ
σ
−

= ⋅   
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As it can be observed from Figure 11 for micro-notched specimens with two different 
√area (221 and 631 μm), the criteria predictions of the fatigue near threshold behaviour 
are not fairly good.  
 

Table 1. Summary of mutiaxial fatigue criteria applied 

Findley [17] ( ) ( )
( ) ( )* *

a F n,max,
, :   max , ,

ϕ θ
⎡ ⎤ϕ θ τ ϕ θ + κ σ ϕ θ⎣ ⎦  ( ) ( )* * * *

eq a F n,max lim, ,σ = τ ϕ θ + κ σ ϕ θ ≤ σ  

Matake [18] 
( ) ( )

( )* *
a,

, :   max ,
ϕ θ

ϕ θ τ ϕ θ  

( ) ( )* * * *
eq a M n,max lim, ,σ = τ ϕ θ + κ σ ϕ θ ≤ σ  

Susmel-
Lazzarin 

[19] 

( ) ( )
( )* *

a,
, :   max ,

ϕ θ
ϕ θ τ ϕ θ  

( ) ( )
( )

* *
n,max* *

eq a SL lim* *
a

,
,

,

σ ϕ θ
σ = τ ϕ θ + κ ≤ σ

τ ϕ θ
 

Dang Van 
[20] 

( ) ( )( )eq DV DV H lim
t

max t tσ = τ + κ σ ≤ σ  

Liu-
Mahadaven 

[21] 

( ) ( )
( )* *

n,a,
, :   max ,

ϕ θ
ϕ θ σ ϕ θ

( ) ( ) ( )2 22
n,a h,aa

eq LM lim
w w w

*, * *, **, *⎛ ⎞ ⎛ ⎞⎛ ⎞σ φ θ σ φ θτ φ θ
σ = + + κ ≤ σ⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟σ τ σ⎝ ⎠⎝ ⎠ ⎝ ⎠

 

Liu-Zenner 
[22] ( ) ( )

1
2 2

2 2 2 2
lim

0 0

15 1 1 sin
8eq a m a ma m b n d d

π π

σ τ τ σ σ θ θ ϕ σ
π

⎧ ⎫⎪ ⎪⎡ ⎤= + + + ≤⎨ ⎬⎣ ⎦⎪ ⎪⎩ ⎭
∫ ∫  

Papadopoul
os [23] ( )

2 2
2

eq a P H,max lim2
0 0 0

5 T , , d sin d d
8

π π π

ϕ= θ= χ=

σ = ϕ θ χ χ θ θ ϕ + κ σ ≤ σ
π ∫ ∫ ∫  

 
From data of figure 11, it can be assessed that the critical plane type criteria (Matake, 
Susmel and Dang Van criteria)  strongly underestimate the fatigue threshold since their 
predictions lie under the experimental material fatigue strength (i.e. negative percentage 
errors); in particular in the case of the gear steel, prediction errors are always greater 
than 40% and sometimes they can be greater than 60%. The Papadopoulos criterion 
gives fairly good predictions of the near threshold behaviour of the bearing steel. 
Finally, the Liu-Mahadaven criterion is not consistent, it only gives a correct prediction 
in the case of  gear steel micro-notched specimen with defect √area of 221 μm. 
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a) 

 
b) 

Figure 11. Prediction percentage errors of the fatigue near threshold behaviour of micro-
notched specimens: a) √area=631 μm; b) √area=221 μm 
 
 
Surface rubbing : estimation of cyclic plastic zone 
The enhanced propagation under out of phase tests does not appear to be justified within 
a “LEFM description”. In fact the superposition of compression onto an alternating 
shear leads to an increase of dissipation with a reduction of crack driving force [1,16, 
24] respect to simple shear. On the other hand if we considered friction on the crack 
faces together with the opening of the crack flanks due to rubbing, the “enhanced” shear 
propagation respect to simple torsion can be explained. FE analysis of crack driving 
force are currently confirming this intuitive explanation. 
 
Surface rubbing : estimation of cyclic plastic zone 
As previously mentioned the out-of-phase loading promotes Mode III co-planar crack 
growth in comparison with pure torsion. The crack rubbing/deformation could promote 
shear propagation since it prevents the friction of the crack faces.  
In order to explain this behaviour, the plastic zones radius has been calculated. An 
estimation of the size and the shape of the plastic zone at the bottom of the micro 
notches can be made by substituting the singular stress field [25] at the crack tip in the 
Von Mises yield criterion, and solved for the maximum plastic zone radius rP. 
This procedure has been applied, for both the out-of-phase loading path and the pure 
torsional loading path, considering a small 20 μm crack at the bottom of the micro 
notches (the Mode I pre-crack), where KII is approximately equal to zero. In the case of 
the OOP loading scheme the plastic zone has been estimated by computing the 
maximum plastic radius during the loading cycle for every direction around the crack 
front under the hypothesis that the permanent deformation of crack lips allows 
compression at the crack tip.  
Sketches of the plastic zone shapes are shown in Figure 12 for gear steel material micro-
notched specimens with defect area √221 μm tested at two different stress ratios ΔKIII / 
ΔKI,th =1.08 and ΔKIII / ΔKI,th =0.45. The plastic zone sizes under both mixed mode I+III 
and under pure torsion have been compared.  
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a) b) 

Figure 12. Plastic zone shapes for gear steel material micro-notched specimens with 
defect area √221 μm at two ratios ΔKIII / ΔKI,th: a) mixed-mode I+III; b) pure mode III 
 
 
It can be observed from Figure 12 that the superimposed compression results in a plastic 
zone extent which is almost three time the one obtained under pure torsion. Moreover, 
the plastic extent is strongly reduced in correspondence of the near threshold value of 
the applied ΔKIII / ΔKI,th . 
 
CONCLUSIONS 
 
A new experimental method has been developed in order to promote mode III co-planar 
crack propagation. At this purpose a preliminary Mode I fatigue test pre-cracking 
procedure has been adopted.  
Multiaxial fatigue tests have been carried out both on a gear and a bearing steel material 
micro-notched specimens. Three defect sizes, expressed in terms of Murakami’s √area 
parameter, equal to 631 μm, 314 μm and 221 μm have been considered. In order to 
simulate the real state of stress in rolling contact fatigue problems, the adopted loading 
path was characterized  by an axial force always in compression and shifted on 90° 
degrees relatively to the torsional cycle. 
All OOP fatigue tests showed predominant shear coplanar Mode III propagation in 
comparison with a relatively small or absent surface propagation.  
The results for two different steels showed that the presence of a superimposed 
compression enhanced the shear coplanar growth resulting in ΔKth,III values much lower 
than the threshold condition for simple torsion. This enhanced damage mechanism, that 
cannot be described neither in terms of fatigue criteria nor in terms of crack driving 
force at the crack tip, was characterized by intense plastic deformation and rubbing of 
crack lips with an opening of the crack faces.  
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