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ABSTRACT A viscoplastic constitutive model for single crystal superalloys is developed from
crystallographic slip theory. The model is applied to the tension and torsion deformation
behaviour of the single crystal superalloy PWA 1480 at 871°C (1600°F). Both octahedral and
cube slip behaviour are needed to model the deformation behaviour of single crystal superalloys
at elevated temperature.

Introduction

The trend towards improved engine efficiency and durability places increasing
demands on materials that operate in the hot sections of gas turbine engines.
These demands are being met by new coatings and materials such as single
crystal and directionally solidified nickel-base superalloys which have greater
creep/fatigue resistance at elevated temperatures and reduced susceptibility to
grain boundary creep, corrosion, and oxidation than conventionally cast alloys
(1).

In order to fully utilize the advantages of these new materials, new constitu-
tive models, life prediction methods, and 3-dimensional structural analysis
tools must be developed to provide efficient and effective designs. The new
constitutive models and life prediction methods must account both for the
strong directional behaviour of these new anisotropic alloys and for the
time-dependence or viscoplastic behaviour of the materials during high tem-
perature operation.

This paper represents initial work carried out as part of a research program
aimed at the development of constitutive equations to describe the elevated
temperature stress—strain behaviour of single crystal and directionally solidified
turbine blade alloys. The program involves both the development of suitable
constitutive models and verification of the models through elevated tempera-
ture tension—torsion testing.

A viscoplastic constitutive model for the single crystal alloy is derived from
postulated material behaviour on individual crystallographic slip systems. The
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behaviour of the entire single crystal is then arrived at by summing up the slip
on all the operative crystallographic slip systems. This type of formulation has
a number of important advantages, including the prediction of deformation
orientation dependence and the ability to directly represent the constitutive
behaviour in terms which metallurgists use in describing the micromechanisms.

Metallurgical background

The cast single crystal nickel-base superalloy PWA 1480 has been under
development at Pratt & Whitney for nearly 11 years and has been successfully
tested as a blade alloy in both commercial and military engines. Other single
crystal alloys such as the AlResearch alloy MAR-M247, the General Electric
alloy René-Nd and the Canon-Muskegon alloy CMSX-2 are also being used in
gas turbine engines. These alloys were developed in order to eliminate the grain
boundaries which are present in conventionally cast equiaxed polyerystalline
superalloys, and which are susceptible to grain boundary corrosion, cracking,
and creep deformation. In alloy PWA 1480 (also known as alloy 454) the
normal grain boundary strengthening elements (hafnium, carbon, boron, and
zirconium) have been deleted. These elements are also melting point depress-
ants and without them the single crystal alloy PWA 1480 has an incipient melt
temperature above 1280°C (2370°F). This allows nearly complete '’ solutioning
during heat treatment and a reduction in dendritic segregation. The absence of
grain boundaries, the opportunity for full solution hcat treatment, and the
reduced dendritic segregation after heat treatment have resulted in single
crystal alloys with significantly improved properties over conventionally cast
biade materials.

Single crystal nickel-base superalloys are essentially two-phase composite
materials (2) consisting of a large volume fraction {~60 to 65 per cent) of
intermetallic ¢’ precipitates having the L1, crystal structure (3) interspersed in
a coherent face-centred cubic y solid solution nickel matrix. In the heat treated
condition the y' precipitates form periodic 3-dimensional arrays of cuboidal
particles immersed in the ¥ matrix of face-centred nickel rich material, with the
cuboid edges aligned along the (G61) directions of the y and ¢’ phases.

Recent evidence suggests that the deformation behaviour of the y—y’ compo-
site single crystal alloy is governed largely by the behaviour of the L1, ordered
y' phase. A summary of the constitutive behaviour of pure ¢’ Ni;Al material
which has the 1.1, erystai structure has been presented in tite review paper by
Pope and Ezz (3). They state that little is known regarding its creep behaviour,
but a fairly complete consensus of opinion about its flow stress behaviour has
been compiled. They also point out that Ni;Al y' material exhibits an anomal-
ous increase of flow stress with increasing temperature up to about 760°C
(1400°F) after which the flow stress rapidly decreases with further temperature
increases. In two-phase y—y' alloys this behaviour is rationalized on the basis of
cross-slip of screw dislocations from the octahedral crystallographic slip planes
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to the cube slip planes when dislocation pairs enter and shear the y' precipitates.
Shearing the y' precipitates, rather than dislocation bowing around the y’
precipitates, occurs due to the high volume fraction (65 per cent) of precipitate
particles. Dislocations travel in pairs because single dislocations on the
octahedral planes create an antiphase boundary (APB) trail where atoms of the
structure are out-of-phase with each other. The energy associated with this
APB is removed by the passage of another dislocation, which leaves a trail in
which the atoms in the structure are in-phase with each other. Dislocations are
therefore attracted to each other in pairs, in which there is an APB between
each dislocation pair. The APB energy is anisotropic, being smaller on the cube
planes than on the octahedral planes. Screw dislocations thus tend to cross-slip
from the octahedral planes where the APB energy is high to the cube planes
where it is low. As the octahedral dislocations enter the y’ particles they
cross-slip onto the cube planes and are prevented from further motion by a
pinning process (3). This pinning of the screw dislocations on the cube planes
impedes the motion of the primary octahedral screw dislocations and raises the
flow stress in the octahedral system. The octahedral flow stress thus increases
with temperature since the rate at which the screw dislocations cross-slip and
become pinned is governed by a diffusive process which increases with tem-
perature.

Takeuchi and Kuramoto (4) proposed a theory for the anomalous increase of
flow stress with temperature based on this diffusive cross-slip behaviour, and
the theory was refined by Lall ef al. (5). In the latter theory the octahedral
(a/2)[101] dislocation is an extended dislocation (6) consisting of two Shockley
partial dislocation pairs (a/6)[211] + (a/6)[112], separated by a stacking fault.
In order to slip the pair must constrict into a single («/2)[101] dislocation. The
constriction is aided by a shear stress on the (111) plane in the [121] direction,
whereas a shear stress in the opposite direction extends the dislocation pair and
tends to inhibit cross-slip. This ‘core-width effect’ gives rise to the tension—com-
pression asymmetry observed in L1, crystal alloys. In recent work Paidar ef al.
(7)-(8) have noted that the tension—compression asymmetry disappears,
according to the theory of Lall er al., on the [012]-[113] great circle in the
standard [001]-[011]-[T11] stereographic triangle. However, experimental
work shows that the tension—compression asymmetry disappears to the left of
the [012]-[113] great circle in the standard stereographic projection, and Paidar
et al. (7) have modified the Lall ef al. approach (5) to account for this effect by
incorporating work originally due to Escaig (9) in their flow stress model.
Below a temperature of 760°C (1400°F) the flow stress of pure Ni; Al ¢’ material
increases with increasing temperature due to the pinning of screw dislocations
on the cube planes, but the overall macroscopic deformation is due to octa-
hedral slip. No macroscopic cube slip is evident. However, above the peak
temperature of 760°C (1400°F) the flow stress rapidly decreases with increasing
temperature when large amounts of macroscopic cube slip occur in the y’
material. For [001] orientated specimens no cube slip can occur and it is
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probable that the flow stress decreases with increasing temperature when the
screw dislocations which have become pinned on the {100} cube planes by
cross-slip from the {111} octahedral planes become unpinned (7)(10)-(12) as
soon as they are formed and cross-stip back to the {111} octahedral planes.

Single crystal formulation

Constitutive modelling of nickel-base single crystal superalloys began with the
work of Paslay ef al. (12) in 1970. They proposed a theoretical formulation of
steady state creep deformation based on crystallographic slip theory of face-
centred cubic materials. In 1971 the theory was applied by Paslay et al. (13) to
describe the creep behaviour of single crystal nickel-base superalloy tubes
under biaxial tension. Steady state creep formulations suitable for the analysis
of single crystals were used by Brown (14) in 1970 and by Hutchinson {15) in
1976 to predict the behaviour of polyerystalline materials whose aggregate
consists of randomly orientated single crystal grains. Recently, Weng (16) has
developed a single crystal creep formulation which accounts for transient
(primary) as well as steady state (secondary) creep. However, in order to
deseribe the combined plastic and creep behaviour of polyerystalline materials,
Weng combines the rate-independent plastic and rate-dependent creep compo-
nents in such a way that each component is governed by a separate constitutive
relation; thatis, plasticity and creep are assumed to be uncoupled phenomena,

In the decade of the seventies the creep and plastic responses of materials
were combined into unified viscoplastic formulations (17)-{22). References
(17)-(22) make extensive reference to the unified viscoplastic constitutive
formulations of Bodner, Chaboche, Hart, Krempl, Cernocky, Krieg,
Swearengen, Laflen, Lee, Zaverl, Stouffer, Miller, Robinson, Valanis and
Walker. These formulations differ from steady state creep theories by intro-
ducing history dependent state variables to account for primary creep and
plasticity. A single crystal formulation which accounts for the time-dependent
viscoplastic behaviour of materials at elevated temperature can therefore be
constructed by incorporating the steady state crystallographic creep model
presented by Paslay er af. (12) into a unified viscoplastic formulation. The
Takeuchi-Kuramoto cube cross-slip mechanism (4) and the Lall et al.
(5)(7)(8)(10) Shockley partial tension-compression flow stress asymmetry
mechanism may then be incorporated into the drag stress state variable of the
unified viscoplastic constitutive formulation.

In order te modeli the constitutive behaviour of single crystal superailoys it is
necessary to include both octahedral and cube crystallographic slip systems in
the viscoplastic formulation. In the unit cell of a face-centred cubic crystal
shown in Fig. 1, we denote by m{ a unit vector in the rth slip direction (of type
{110)), whilst n” is a unit vector in the normal direction to the slip plane (of type
{111}) of which m{ constitutes a slip direction. The four octahedral {111}
planes and the twelve corresponding (110) slip directions (three on each plane)
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Fig 1 Octahedral planes and slip directions

are shown in Fig. 1. To each of the unit vectors m? and n in the rth slip system
there correspond perpendicular unit vectors, 2%, given by 22 = m? x n?. The
vector 20 corresponds (o the octahedral (112) type slip directions and lies in the
slip plane containing the vector m?, and the vectors, m?, n!, 2!, form an
orthogonal triad of unit vectors for the rth octahedral slip system. The
corresponding unit vectors for the cube slip planes are denoted by m¢ and nf,
where the three cube {100} planes and the six corresponding (110) slip
directions {two on each plane) are shown in Fig, 2.

From the geometry of the unit cubic cell in Fig, 1 the twelve unit vectors for
the octahedral slip system are given by
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mi = (i - kyv2, md=(-i+)V2, ml=(=j+ kN2,
m{ = (j ~ k)2,

mi = (—i = V2, md =G+ kA2, m)=(~i- k2,
mg = (i ~ j)V2,

my = (j + k)/V2, miy = (—j— kW2, m =G+ Ve,
m), = (—i + k)2
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with unit normals
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Fig 2 Cube planes and slip directions
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and corresponding perpendicular vectors
A= ({-21+KV6, 25=(>1+]j—2KN6, 2§=(~2i +j+ kW6,
2 =2+ j+ K6, 0= (-i+j—2k/V6, z0=(—i-2j+ kNG,
75 = (=i + 2j + kK)}V6, z}=(—i~j— 2k)/V6,
7 = (2i — j + K)/V6,
2 = (=21~ § + K6, 28 =G+ j— 2k/V6,
zi, = (i + 2j + k)6 (3)

where 1, j, k, are unit vectors along the x, y, z, crystallographic axes. The six
corresponding unit vectors for the cube slip system are given by

m = (0 F A2, mi = (—i+)/V2, m§=(+ k/V2,

m§ = (—i + k}YV2, mf=(+ kN2, mi=(—j+ k//2 {4)
with unit normals

nf=n=k nf=ni=j ni=ni=i (5)

Figure 3 shows a single crystal bar specimen whose global axes are denoted

Specimen Axis

z[00I]

i

“OO] y [010]

Fig 3 The position of the specimen axis within the standard stereographic triangle is defined by
rotating Oz through an angle @ te OD and then by vofating OD through an angle i to OE
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by x*, y*, z*, and whose crystallographic axes are denoted by x, y, z. If o
denotes the orthogonal tensor which rotates the crystallographic (unstarred)
axes into the global (starred) axes, viz, x] = Q;x;, then the stress tensor oy and
the strain rate tensor &; in the crystallographic axes may be obtained from the
stress tensor gy and the strain rate tensor &} in the global system from the
usual transformation relations

g5 = Qo and & = OQu&5H0; (6)
where, for the bar specimen shown in Fig. 3,

cos Y it —sin ¥
[Q] = sin @ sinp cos @ sin @ cos (7
cos #siny -—sind cos 0 cos y

The assumption is now made that any of the unified viscoplastic models
discussed in references (17)-(22), when specialized to the case of shear
deformation, is a valid constitutive relation in each of the twelve octahedral and
six crystallographic slip directions. In the rth octahedral slip direction the
Schmid resolved shear stress, &), , is obtained from the relation

A =meon, (r=1,2,...,12) (8)

where no sum over r is implied in equation (8) or in the equations which follow.

When referred to the orthogonal system m?, n?, 27, the remaining components

of the octahedral stress tensor can be written in the form

Tpm =M om?, #f, =00, z,=2>"012,
[ T 0 T — T — .0 0 —
T = My = M T L}, Mpq = 7hy = Ny O Lo (r=1,2,...,12) (9)

The Schmid resolved shear stress in the rth cube slip direction, r, , is obtained
from the corresponding relation

T, =y, = m o (r=1,2,...,6) (10)

It is further assumed, in a manner analogous to the unified isotropic
viscoplastic models, that the applicable relation governing the inelastic shear
strain rate in the rth octahedral slip direction is

¥ = K7, — o)|n, — o]} (r=12,...,12) (11)

where K and o, denote the drag stress and the equilibrium (rest or back) stress
in the 7th octahedrat slip direction. The stress component i, is defined by the
relation

Ty = gy UomTmm + CanfTon + Uy + 20,7, + 200,75,
(I': 1,2,...,12) (12)

in which the tensor whose components are ap, represents the effect of the
non-Schmid factors (23) upon the inelastic strain rate in the rth octahedral slip
direction. For example, the term containing «,, represents the effect of the
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resolved stress, normal to the slip plane containing the rth octahedral slip
direction, on the inelastic strain rate in the rth octahedral slip direction. Such
terms can represent the effect of a pressure dependent inelastic strain rate. The
dominant term in equation (12) is the Schmid type term containing the stress
component 7[5,; estimates of the magnitude of the non-Schmid type terms
containing the tensor «,, have been given by Asaro and Rice (23).

A power law expression is used in equation (11), but hyperbolic sine and
exponential functional forms may also be used, as deemed appropriate for the
material in question.

To complete the octahedral constitutive formulation it is necessary to specify
the growth relations for the equilibrium and drag stress state variables. The
equilibrium stress in the rth octahedral slip system may be assumned to evolve
according to the evolution equation

d)z = Ql}"r - Q?_l'}.’rlwr - Q3|wr!m—lwr ("' = 11 21 LR | 12) (13)

The integral form of equation (13} is

0 =0 [ @ityew|~[ tewimiil

+ sl 1) dc] G (14)

with ¢,{(t) = 0,[@(1)], etc., in contemplation of the fact that the material
constants g, @;, @1, and #1 may change with temperature ® during a thermo-
mechanical loading history. The integral of equation (13) should strictly be
written in the form of equation (14) in which the material constant g({¢) occurs
inside the integral over & in the form ¢,(&), and the material constants g,(t),
01(f), and m(t) occur inside the integral over ¢ in the forms g,({), 03(£), and
m(&). However, the integral form in equation (14) is preferred, since this form
allows w.(t) to change instantaneously with temperature in the absence of
inelastic deformation.
Upon differentiation with respect to time, equation (14) yields the relation

(br = Ql}l’: - QZI?rEwr - QSlwrlmﬂlwr + Xr (I‘ = ls 23 Cey 12) (15)

where

X0 = @@ ) - o) [ @nad
(e [— J|_ ioniat] + el dc])
([ teswlonion + e@loor

x=k

+ (o) lor (I log lan()h dx) & ()
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Without the term X,, the differential form of equation (13) shows that, in the
absence of inelastic deformation (i.e., when ¥, is very small), the equilibrium
stress, w,, changes only by thermal recovery. With X, included in the differen-
tial equation the equilibrium stress, e, can change with temperature in the
absence of inelastic deformation.

The drag stress for the rth octahedral slip system may be assumed to grow
according to the evolution equation

12
Kr = (Z,l Bilg + (1 — ¢)ou) — m(K, — K?)]i}"ﬂ) - (K, - K?)S
(r=1,2,...,12) (¥hH

On each octahedral slip system the drag stress is assumed to harden according
to the hardening modulus /1, = S;{q + (I ~ q)d,}, which accounts for the
latent hardening effects observed in single crystal materials. Numerous forms
of the hardening moduli iy, have been proposed in the literature, and a review
of single crystal hardening moduli may be found in the article by Asaro (24).
The particular form for i, adopted in equation (17) is due to Hutchinson (25);
similar forms, which include the effects of finite deformation, were used by
Asaro (26), and Peirce ef al. (27), in finite element computations of finite
deformation slip behaviour in single crystal materials, Further reviews concern-
ing the hardening moduli can be found in the paper by Havner (28), which
refers to previous work by Havner and his colleagues. Taylor hardening, in
which each slip system hardens at equal rates, can be simulated with the
Hutchinson modulus, /1, by setting g = 1.

The initial value of the drag stress in the rth octahedral slip system, K¢,
defined by the relation

K% = K, + K, exp [osl, + 04| ¥,]] (r=1,2,...,12) (18)

accounts for the tension—compression asymmetry of the flow stress observed in
single crystal nickel-base superalloys. The shear stress component W, is the
resolved shear stress on the cube crystallographic slip planes in the direction of
the octahedral slip vector m?. According to the Takeuchi~Kuramoto cross-slip
model this stress component is the driving force which causes the primary
dislocations on the {111} octahedral planes to cross-slip onto the {100} cube
planes where they form sessile segments. The interaction between the primary
octahedral dislocations and the pinned sessile segments increases the flow
stress in the octahedral system. An increase in temperature enhances the
cross-slip process and is, therefore, responsible for the increase in flow or yield
stress with temperature in the octahedral slip system. In a unified viscoplastic
formulation the yield or flow stress is analogous to the drag stress state variable
and the constants g,, g5, and K, therefore increase with temperature, ©
(in Takeuchi and Kuramoto’s model K, increases according to the relation
exp [—-H/kO]). This provides the anomalous increase of flow stress with
increasing temperature found in superalloy crystals which have y’ precipitate
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particles possessing the L1, superlattice crystal structure, Since the magnitude
of the stress component ¥, occurs in equation (18), the increase in yield (flow)
stress due to the cube cross-slip process is the same for both tension and
compression testing of a single crystal bar specimen.

The effect of the Shockley partial dislocations on yield stress asymmetry is
recognized explicitly in the ‘core-width’ term containing the stress component
7o, in the initial drag stress term in equation (18). This shear stress component
in the octahedral (112) type directions can extend or constrict the Shockley
partial dislocations and changes sign when the applied stress state changes from
tension to compression in a single crystal bar specimen, as proposed by Lall e
al. (3)(5). The expression for xf, is given in equation {9), whilst the cube
cross-slip component, W, is obtained from the following relations

Vo =mlo-j, V,=mlak ¥=mloi ¥,=mloi
Vs=mi-ok, Vo=mloj ¥;=m)o-j ¥ =miok

Vo = m

G 'i, 1{'10 l'ﬂ[l][)' G"i, ‘1111 - ﬂ]?l ‘ O"k, \yll = 111?2-0' 'j (19)

The expressions containing the material constants #, and A, in equation (17)
represent the dynamic and thermal recovery terms of the drag stress evolution
equations in which the recovery is assumed to take place towards the initial
value of the drag stress, K?. In integral form, the drag stress may be written as

KA = K20 + 3 A0la@) + (1= q(0)0] J londac

t 12
<o <[ im0 3 ot

F InOIKE) — KOO} dc] at @0)

where the material constants 8y, ¢, y;, /t;, and s depenc} on time through their
dependence on temperature according to the relations 8,(t) = §,[0(¢#)], etc.
The function K%(t) also depends on time through the dependence of the
material constants K| and K, on temperature. Strictly speaking, the terms
containing 3, and ¢ should occur inside the integral sign, with ¢ replaced by &,
and the terms containing »;, iy, and s should occur with f replaced by ¢, but, as
in the case of the equilibrium stress, the form of equation (20) is preferred, since
this form allows K,(t) to change instantaneously with temperature in the
absence of inelastic deformation.

The integral forms of the equilibrium stress and drag stress components listed
in equations (14) and (20) change instantaneously with temperature, since the
material constants which occur in the integral forms are evaluated at the current
temperature. The differential forms of the integrals in (14) and (20) will involve
terms such as X, containing the derivatives of the material constants with
temperature, in addition to the terms already present in equations (13) and
(17). These extra terms allow the state variables to change with temperature in
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the absence of inelastic deformation. In a yield surface plasticity theory a
change in the equnhbnum (rest or back) stress corresponds to a kinematic shift
of the centre of the yield surface, while a change in the drag stress corresponds
to an isotropic change in the radius of the yield surface. In the absence of
inelastic deformation both the yield surface centre and its radius can change
instantaneously with temperature, and the integral forms of the state variables
in equations (14) and (20) are the corresponding analogues in the unified
constitutive formulation.

A similar set of constitutive equations is assumed to hold for the case of
crystallographic cube slip. The inelastic shear strain rate in the rth cube slip
direction is assumed to have the form

a4 = L7, - Q)|r, - Q7Y (r=1,2,...,6) (21)

where L, and (2, denote the drag stress and the equilibrium (rest or back) stress
in the rth cube slip direction. These state variables are assumed to evolve
according to the evolution equations

Qr = Qﬁar - Q'Ilarlﬂr - QSlQ‘rE”_IQ‘r (f = 1’ 2’ BREEE 6) (22)
and
A 6
L= {1 - k.- LMl = L - 1 =120
(23)

where LY = L, is the initial constant value of the drag stress component on the
rth cube slip system. No latent hardening or asymmetry terms are included in
the cube slip formulation since cube slip operates only at elevated temperatures
where latent hardening and yield stress asymmetry are absent.

The integral forms of the equilibrium and drag stress state variables for the
cube slip systems may be written as

0,0) = 40 f | Galag)
X exp [— f el + el @Fo) dc] dE (29
and |
L) = L0 + 5, 40 f Jacs o]
% exp [—J;_E {’Jz(f) 3 laeat] + In(OIL(E) - L?(:)]"m-*} dc} a (25)

and the differential forms of these integral equations are to be used in
thermomechanical calculations where both strain and temperature vary with
time.
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The shear slip strain rates may now be resolved into the crystallographic
system and summed for each slip system to obtain the inelastic strain rate
tensor, ¢, with respect to the crystal axes in the form

12 6
G = 21 aijye + Y, bijé, (26)
= r=1
where
ajj = $[(i-nD)(m?-j) + (i-m?)(n?-j)]
and
bij = #[(i-nf)(m§-§) + (i-m$)(nt-j)] (27)

Finally, the stress rate tensor with respect to the crystallographic axes is
determined from the relation

i = Diju(ta — ) + D§ju(en — cu) (28)

where Dy, is the anisotropic elasticity tensor for the face-centred cubic crystal
referred to the crystallographic axes. The variables can now be updated in the
Euler forward difference form

gii(t + At) = ay(t) + (1), gt + A1) = &;(r) + &;(t)At
¢t + Ar) = cij(t) + &ii ()AL,

o (1 + Af) = w,(1) + o (DA, Q1 + Ar) = Q1) + O, (1A,
Ki(t + Ar) = K (t) + K.()At,

L(t+ At) = L(t) + LA, y(t + Af) = y,(t) + y(0)A,
a(t + At) = a (1) + é.(0)At,

o (t + At) = Qyoy(r + ANQy, et + Af) = Quen(t + A1) Qy; (29)

The preceding discussion has focused on slip which occurs on the { 100} cube
planes in the (110) type directions and on the {111} octahedral planes in the
(110) type directions of face-centred cubic nickel-base superalloys. Leverant et
al. (29)-(30) found that slip occurs under primary creep conditions at low stress
levels on the {111} planes in the (112) type directions of the single crystal alloy
Mar-M200. We have not yet determined if this is the case for PWA 1480, but
attempts at fitting creep data at low stress levels with material constants
obtained from high strain rate tests (10710 per second) have not proved
successful. These results suggest that either: (a) the creep slip mode mechanism
differs from the high strain rate slip mode mechanism and additional terms
reflecting creep in the (112) type directions are needed in the inelastic strain rate
relation in equation (26); or (b) the power law expressions for the inelastic
shear strain rates in equations (11) and (21) are inadequate over the range of
strain rates extending from creep conditions (1077 per second) to high strain
rates experienced in typical thermomechanical loading conditions for turbine
blades (107 per second).
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For each different slip system the foregoing theory is aliered only by virtue of
having different slip and normal vectors defining the triad m, n,, and z.. The
total inelastic strain rate may then be written as the sum of the inelastic strain
rates due to each slip system.

Initial experiments and simulations

The determination of model constants and model verification is being carried
out using an elevated temperature 871°C (1600°F) tension—torsion servo-
hydraulic test set-up developed as part of a fatigue research program (NASA
NAG3-160). This system comprises a 2500 Nm, 250 kN servohydraulic tension-
torsion machine differing from commercial machines only by virtue of a
University of Connecticut-developed load frame made from a large die set.
Force and torque are measured with a conventional strain gauge load-torque
cell, whilst strain is measured by a University of Connecticut-designed exten-
someter that utilizes high temperature noncontacting displacement probes.
This extensometer, shown in Fig. 4, allows testing in excess of 871°C (1600°F)
without any need to cool the extensometer. The machine is controlled with a
DEC LSI-1123 microcomputer using software developed under the current
rescarch program. This software allows a wide variety of tests to be run,
including tests involving a sudden change in strain rate (31), known to be useful

Fig 4 Single crystal tubular specimen with extensometer and induction heater during a biaxial test
at 871°C (1600°F)
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in assessing the magnitude of the drag stress state variable used in the
anisotropic constitutive model. Strain holds can also be inserted into a strain
history and this is particularly useful in assessing the magnitude of the equilib-
rium (back or rest) stress state variable (32). The material being tested is a high
volume fraction (65 per cent) y’ single crystal material, PWA 1480, supplied by
Pratt & Whitney.

The preliminary tests reported here represent the first biaxial tension—torsion
tests run on this type of single crystal alloy. Biaxial testing has the special
advantage that orientation effects may be studied by varying the stress state as
opposed to growing specimens in a wide variety of configurations as is usually
done for uniaxial testing. Preliminary experiments with this material have
shown that at 871°C (1600°F) it is possible to return the material to the same
deformation state by applying a few repeated cycles of almost any strain
history. As a result a large number of different types of tests can be run on a
single specimen. Tension tests, when combined with torsion results, provide a
powerful and easy way to determine the relative proportions of octahedral slip
and cube slip, which is vital to the success of the proposed model. For example,
in tension-compression testing of the [001] orientated tubular specimen, the
resolved shear stresses on the cube slip planes are zero, and only octahedral slip
is activated. However, during torsional deformation, both the octahedral and
cube slip systems are activated.

Many materials are known to cyclically harden (33)-(34) to a much greater
degree in non-proportional loading, and it is important to determine if PWA
1480 exhibits this common behaviour. A test series was run in which a torsional
loop was taken followed by cycling with a torsion to tension strain ratio of 1.5
and with tension and torsion 90 degrees out-of-phase. This type of non-propor-
tional cycling is known to be especially effective (33)-(34) in producing extra
hardening. For PWA 1480 at 871°C (1600°F) the torsional loops before and
after this cycling are so similar as to be nearly indistinguishable, demonstrating
that there is no extra hardening in this alloy for non-proportional loading. We
take this as an indication that latent hardening effects are absent at elevated
temperature in this single crystal alloy. Similar results for the superalloys B1900
+ Hf and Mar-M247 have been reported by Lindholm et al. (19) and for René
80 by Ramaswamy et al. (22) at both elevated temperature and room tempera-
ture.

It may also be possible that latent hardening effects are present in superalloys
with the y—y’ structure, and that the motion of dislocations in and around the
y—y' interfaces is such that many or all of the latently hardened octahedral and
cube slip systems are activated and sampled locally by the interface dislo-
cations. This sampling of the latently hardened slip systems by the dislocations
normally occurs in single phase alloys only when the material is subjected to
non-proportional straining conditions. Thus, for superalloys with the two
phase y—y’ structure, all the extra latent hardening may take place locally under
macroscopic uniaxial straining conditions. No extra hardening under non-
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proportional strain histories would then be observed since the material would
reach the fully hardened condition under proportional uniaxial straining due to
the heterogeneity of the material. It is supposed, in this explanation, that the
extra hardening normally found in copper, aluminium, steel, Hastelloy-X, etc.,
when cycled under out-of-phase non-propostional cyclic loading conditions, is
due to the fact that the rotating principal stress state samples all of the slip
systems, including those that have experienced latent hardening. Under uni-
axial conditions in such materials, the latently hardened systems are not
sampled since the principal stress state does not rotate during straining, and the
extra hardening is not observed.

The constitutive model contains material constants which vary with tempera-
ture. These constants must be determined for both the octahedral and cube slip
systems. When a cylindrical tubular specimen, which has its cylindrical axis
orientated within the standard [001]-[011]-[T11] stereographic triangle, is
loaded in tension and compression the resolved shear stresses on the octahedral
and cube crystallographic planes are generally different. This makes the
determination of the material constants a very difficult task. However, when
the cylindrical specimen is orientated with its axis aligned along either the {001],
[011] or [111] crystallographic directions the inelastic strain rates in each of the
operative octahedral slip systems are equal, and the corresponding inelastic
strain rates in each of the operative cube slip systems are also equal, though
they differ from the octahedral values. This simplifies the form of the uniaxial
constitutive relations dramatically, and the uniaxial constitutive relations

Table 1 Uniaxial constitutive relation for bar specimens orientated in the {001], [011], and (111]
directions
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€ = (D5 + D) [(Ph + 2D5) (P — D)) + (VD) — 2D - Din)i&) !
&= BK?(Do —~ )|To — 07!+ ELFo — M)|Fo — 0!
§= K7(Do - 0)[D0 ~ o)7L, a=L"(Fe - Q)[Fo - Q)
@ = o — eafplo — elw|™ e, O = o — o7l — o0
K = [A{ +(® - DgH® — p(K — K'NG|p| = (K — K"y
={f; — m(L — LONR|a| = k(L — Lo
L“ L, and K=K, + K, exp [g:90 + o5i]0]]
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C=0 C=v2 G =v2

D = 116 D = 1/1V6 D = Vo6/9
F=0 %= U@V 3= 2V18

G =8 & =4 =6

N=0 RN =4 R=3

$ = 1/V18 $=—1VI18 § = —2(3V18)
=0 2= H2V2) 2= 23




MODELLING AND TESTING OF A SINGLE CRYSTAL SUPERALLOY 161

corresponding to the three corners of the stereographic triangle, viz. [001],
[011] and {111], are given in Table 1. The factors in the uniaxial form of the
constitutive relation which vary with orientation are written as German capi-
tals. A similar simplification takes place for the shearing of a cube of material
with its cube axes orientated along the crystallographic axes, and this constitu-
tive relation for shear is given in Table 2. This relation can be used to simulate
the behaviour of a tubular specimen, with its axis orientated along the {001]
direction, when subjected to a twist about this axis.

Most of the tubular specimens are orientated with their cylindrical axes along
the [001] crystallographic direction. When pulled in the axial direction the
resolved shear stresses on the crystallographic cube planes are zero and only
octahedral slip occurs. Material constants for the octahedral slip component of
the constitutive model are most conveniently derived from the data obtained by
loading these specimens in uniaxial tension and compression at a constant
strain amplitude and at different strain rates. Figure 5(a) shows the experimen-
tal steady state uniaxial hysteresis data for PWA 1480 at 871°C (1600°F) at
strain rates of 107, 107, and 107 per second in the [001] orientation, and
Fig. 5(b) shows the corresponding loops predicted with the constitutive model
which agree well with the data. Since the octahedral material constants are
obtained from the experimental [001] data in Fig. 5(a) the agreement between
theory and test merely shows how well the theoretical formulation can correlate
the experimental data in this crystallographic orientation.

Predictions of steady state uniaxial hysteresis loops at strainrates of 5 x 1072,
1073, 107", and 107 per second for PWA 1480 specimens orientated in the [T11}
crystallographic direction are also shown in Fig. 5(b} and exhibit good agree-
ment with the experimental results in Fig. 5(a). Again, good agreement is to be
expected, since the maierial constants for the cube slip systems were obtained
by matching the theoretical predictions of the [111] hysteresis loops with the
experimental results. The procedure for obtaining the material constants first

Table 2 Constitutive relation for shear of a [001) orientated specimen

G =0y, €7 &3, €=0p
& = 2Dh,(E - &)
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Fig 5 Steady state hysteresis loops at various strain rates in the {¢01] and [111] directions at 871°C

(1600°F): (a) experimental; (b) theoretical correlations using octahedral and cube slip with the

material constants in Table 3; (c) theoretical correlations using only octahedral slip. Strain rates are

107, 107, and 107° per second in the {001] direction and 5 X 1077, 107%, 107+, and 1075 per second
int the [L11] direction

matches the theoretical and experimental results for the [001] orientation,
where cube slip is inoperative and the values of the cube material constants are
not required. Then, knowing the octahedral material constants, the values of
the cube material constants are found by matching the theoretical and experi-
mental results for the [111] orientation, where both slip systems are operative,
The resulting predictions in Figs 5(a) and 5(b) are, therefore, a refiection of the
correlative capability of the theory at these two crystallographic orientations.
The correlative capability of the theoretical formulation is found to be adequate
for the [001] and [111] orientations when both octahedral and cube slip are
incorporated into the crystallographic slip model.
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Such is not the case if only octahedral slip is used in the theoretical
formulation. In Fig. 5{c), cube slip has been omitted from the theoretical
formulation. As may be expected, the results for the [001] orientation are not
affected since cube slip is inoperative for this orientation (the resolved shear
stresses on all six cube slip systems are zero in the [001] orientation). However,
when the theoretical formulation with only octahedral slip is used in an attempt
to correlate the [111] hysteresis data, the result is a failure. The predicted [T11}
hysteresis loops are observed to be much too narrow in Fig. 5(¢). This failure to
correlate the [111] data arises from the fact that cube slip is the dominant slip
mode in the [T11] orientation under uniaxial loading conditions, and the
suppression of inelasticity due to cube slip leaves only the weakly active
octahedral systems. The octahedral systems cannot supply enough inelastic
behaviour to correlate the [111] data without the additional inclastic behaviour
of the cube slip systems.

With the material constants now fixed from the preceding theoretical corre-
lations with the [001] and [T11] experimental data, the constitutive model can
then be used to see how well it can predict experimental results which were not
used in determining the material constants. This allows the predictive capability
of the constitutive formulation to be assessed. In Figs 6(a) and 6(b) the steady
state uniaxial hysteresis loops for strain rates of 1072, 1073, and 107> per second
in the [011] crystallographic orientation at 871°C (1600°F) are compared. The
calculated loops agree favourably with the experimentat toops, indicating that
the predictive capability of the slip theory formulation containing both octa-
hedral and cube slip systems is good. Again, if only octahedralslipis used in the
constitutive formulation, the predicted loops in Fig. 6¢c appear much too narrow
due to the lack of cube slip inelasticity.

Figure 7(a) shows steady state torsional hysteresis loops carried out at strain
rates of 107,107, and 5 x 10" per second at a strain range of 0.6 per cent at
871°C (1600°F). Predictions with the combined octahedral and cube slip model,
using the material constants derived from the [001] and [111] correlations, are
shown in Fig. 7(b). If only octahedral slip is included in the constitutive model
the predicted loops, shown in Fig. 6(b), are again much too narrow due to the
suppression of cube slip inclasticity.

From these correlations and predictions it is clear that uniaxial specimens in
several orientations are needed to obtain both the octahedral and cube material
constants in the constitutive formulation. However, if torsional tube specimens
are available, the octahedral material constants can be obtained from uniaxial
straining of a tube orientated with its cylindrical axis along the [001]} orientation,
since cube slip is absent in this condition. Torsion tests on such tubular
specimens will involve both octahedral and cube slip, and can be used to
determine the cube slip constants once the octahedral constants have been
determined from the [001] uniaxial deformation of the specimen. Comparison
of the predicted torsional loops (using octahedral slip only) with the experimen-
tal loops can be used to detect the occurrence of cube slip which is usually found
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only by laborious slip trace studies that are very difficult to conduct at
temperatures above 600°C (1100°F).

The material constants for the complete octahedral-cube slip model are
given in Table 3 and were determined by correlating the [001] and [111] uniaxial
hysteresis data in Figs 5(a) and 5(b). The torsional data in Fig. 6(b) is then a
prediction. Alternatively, the uniaxial [001] data can be used to obtain the
octahedral material constants and the cube constants may be determined by
correlating the data in Fig. 6(b). The resulting [111] hysteresis loops may then
be used to study the predictive capabilities of the formulation. Both methods
have been tried and found satisfactory for determining the material constants
in the model.

The material constants in the constitutive formulation were determined by
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octahedral and cube slip with the material constants in Table 3; (¢) theoretical predictions using only
octahedral slip

applying optimization techniques to the problem. For this purpose a non-linear
optimization code, CONMIN (35), was adapted for use on an IBM PC-XT. The
Fortran optimization code can be interfaced with any constitutive integration
subroutine through a user Fortran subroutine called ANALIZ. During the
optimization process the main program calls subroutine ANALIZ to passin the
current values of the material constants and to calculate the objective function
and constraints which are being minimized.

In subroutine ANALIZ a number of files containing the experimental data
are read. Further calls to a subroutine which integrates the constitutive model
over the strain histories corresponding to the experimental data files are then
made, and the stresses computed with the constitutive model are compared
with the stress values in the corresponding experimental data files. The
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objective function, that is, the function being minimized, is computed by
summing the square of the deviation between the computed and experimental
stress values at a number of specified points of the loading history for each
experimental data file of interest. In addition, constraints are applied to the
problem, so that the error between the calculated and experimental stresses at
specific data points is less than a prescribed amount (usually 1 per cent). The
vatues of the objective function {constitutive error), the constraints, and the
current values of the material constants are passed back to the main program
by subroutine ANALIZ and the optimization code then determines a new set
of material constants which gives a smaller value {less constitutive error) for the
objective function. These new material constants are then passed back to
subroutine ANALIZ and the process is repeated until the minimum objective
function is found. At the objective minimum, the material constants will have
their optimum ‘non-linear least square’ values.

The material constants presented in Table 3 were determined by optimizing
the difference between the square of the experimental and theoretical values at
various points on the steady state hysteresis loops. No ‘errors’ on the computer
modelled ‘non-linear least square’ quantitics are presented in Table 3. Tt is not

Table 3 Material constanfs for PWA

1480 at 871°C (1600°F)
Com = Uy = U = Uy = Uy = 0
oy = 6.06 x 10" N/fm?
0y = 7.95 x 10°
g1 = 1.0 % 1072 (N/m*) "~ .gec!
oy =10
g5 =0
K, = 3255 x 10° N/im? - secP)
K, = 0 Nfm? - sectt'n)
m=3.0
p=2.621
s =1
By = 0 N/m* - sect!?”
By = 0 [Nim? sec!®]~6-D.gec!
=20
q=1
0, = 1,593 % 10" N/im?
07 = 9.1 x 10°
05 = 1.0 X 10712 (N/m?) "¢ e
Ly = 5769 x 10° N/m? . sect'?
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100.0 x 107 N/m?
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appropriate to do so for highly nenlinear constitutive equations. For example,
the asymptotic value of the stress at large strain values for uniaxial loading of a
bar in the [001] orientation can be determined from Table 1. Since € = 0 (no
cube slip), ¢ = £ (at large strain values the inclastic strain rate is approximately
equal to the total strain rate), and @ = g,/p, at large strain rates where thermal
recovery can be neglected, the third equation in Table | can be written in the
form appropriate for monotonic loading of a uniaxial specimen with its axis in
the [001] orientation as

o = 0,/{2,D) + (KIDY&/B)W» (30)

where B = 8/1/6 and © = 1/1/6. For a given strain rate, £, the value of (¢/%8) (17}
increases as the value of p increases. By decreasing the value of K as p is
increased, the same asymptotic value of the stress in equation (30) can be
maintained. [t is, therefore, possible to model the stress—strain behaviour with
widely varying values of X and p. Moreover, the asymptotic value of the
equilibrium stress, ¢,/0;, can be changed as K and p change. The ‘non-linear
least square’ values of the material constants are unique, but may be changed
in concert within rather wide limits without significantly altering the calculated
stress—strain curve,

The uniaxial relation for [001] orientated specimens given by equation (30} is
useful in estimating the values of the octahedral material constants. In the case
of [111] orientated specimens, the cube slip component in the third equation of
Table 1 is larger than the octahedral slip component. This can be seen by
examining the width of the [111} hysteresis loops when octahedral slip is
assumed to be the only operative slip system in Fig. 3{c), compared with the
widih when cube slip is aiso assumed to be operative in Fig. 5(b). By ignoring
the octahedral component in the third equation of Table 1, the corresponding
expression for the stress at large strain values and at high strain rates (where
thermal recovery is unimportant) for {111} orientated specimens is given by

0 = gl(0:) + (LIF)(E/E) (31)

where € = V2 and 3 = 2/V/18. This expression is useful in estimating the cube
material constants.

An examination of the material constant values given in Table 3 shows that
many of the constants have been taken as zero. No non-Schmid terms have
been allowed and the tensor ¢, has been set to zero. Again, at §71°C (1600°F),
no cyclic hardening is observed in PWA 1480. The constants 8, and 8, which
govern the rate at which the drag stresses in the octahedral and cube slip
systems harden can therefore also be set to zero. This also applies to the
dynamic and thermal recovery constants #,, i, i1y, and /iy. The constants s and
1 have been set equal to unity since the values are immalterial when /i, and /1,
are set 1o zero, In the same manner the constant ¢ has been taken as unity since
no latent hardening is observed in the single crystal material. However, if 8, is
taken as zero, the value of ¢ is immaterial. It is seen that latent hardening has
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been associated in the constitutive model with cyclic hardening, so that in the
absence of cyclic hardening no latent hardening would be observed. At high
temperatures most materials show little evidence of cyclic hardening and the
current model would predict no latent hardening. Whether this is true for
aluminium, copper, steel, Hastelloy-X, etc., is not known at present. However,
for superalloys with the y—y’ structure, little latent hardening is observed at any
temperatuyre,

Another interesting aspect of Table 3 is that the constants K, 9, and g have
been set to zero. This implies that tension-compression asymmetry has been
suppressed in the model at 871°C (1600°F). The reason for this is that experi-
mental evidence shows that at temperatures below 871°C the tension—com-
pression asymmetry can be predicted according to the cross-slip theory of
Takeuchi and Kuramoto and by the Shockley partial constriction theory of
Lall, Chin, Pope, Ezz, Paidar, Shah, and Duhl. However, at temperatures of
871°C (1600°F) and above, the preceding theories do not work. At lower
temperatures the preceding theories are in accord with the experimental results
in showing that the yield stress in tension exceeds that in compression in the
[001} corner of the stereographic triangle, with the reverse being true in the
[011] and [111] corners. At 871°C and above, the yield stress in compression
exceeds that in tension in all three corners of the stereographic triangle at strain
rates above 1077 per second. The vield stress asymmetry also exhibits a strong
strain rate dependence in which the yield stress is larger in tension than
compression at fow strain rates but is smaller in tension than compression at
high strain rates. This dependence of the yield stress asymmetry on strain rate
increases with temperature, and is evidently a diffusive mechanism which
cannot be modelled at present. Until such a mechanisin is introduced into the
model it is necessary to set the asymmetry constants Lo zero at temperatures of
871°C (1600°F) and above in the current version of the constitutive formulation.

Conclusion

A slip system based constitutive model has been formulated for single crystal
superalloys which represents, explicitly, both octahedral slip and cube slip.
Tension-torsion tests on the single crystal alloy PWA 1480 have been run at
871°C (1600°F) and the torsional hysteresis loops, together with the prediction
of the uniaxial hysteresis loops in crystallographic orientations corresponding
to the three corners of the standard stereographic triangle, viz. [001], [011] and
[111], have been successfully simulated using the single crystal model. It is
found that the prediction of torsion data for a [001] orientated tubular specimen
from [001] tension data, and the prediction of [011] and [T11] axial data, is only
successful if the correct combination of cube and octahedral slip is used. The
prediction of torsion data is a useful tool in determining which slip modes are
active.

Optimization techniques have proved to be a useful tool in determining the
material constants for viscoplastic constitutive formulations. These techniques
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can be used to determine the material constants for any constitutive model of
interest.
Future work will involve simulations of various biaxial test conditions and
will also attempt to simulate tests with variable strain rates and strain holds.
The single crystal constitutive model has been programmed as a Fortran
subroutine and is now fully operational as part of the MARC, general purpose,
non-linear finite element program.
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