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ABSTRACT

The mixed-mode stress intensity factors for different circular-sector
cracks in a rectangular plate under uniform loading are photoelastically
determined. The angle enclosed within the circular-sector crack
extends from 120 to 180 degrees.

The mixed-mode singular stress equations at the crack tip for a
circular-sector crack and an inclined straight crack are the same. The far-
fleld maximum shear stresses based on the exact solution for the crack
configurations are however different. This paper presents two methods of
analysis for the determination of the stress intensity factors for the

circular-sector cracks.
INTRODUCTION

The concept of linear elastic fracture mechanics has been widely
accepted as an important engineering tool for characterizing material
behaviour in the presence of a crack or flaw. The application of fracture
mechanics technology in engineering design is furthered by the availability
of increasing number of experimental methods to determine the stress
intensity factor [1, 2] for which analytical solution may be difficult, if
not impossible to achieve.

Of the experimental methods, photoelasticity has gained increasing
popularity in recent years for the stress intensity factor characterization
under pure mode I and mixed-mode loadings 3-8]. Because of the mathematical
complexities, the crack configurations considered in the past are often
idealized to straight cracks. The straight cracks are however rarely found
in engineering structures. The curved cracks have received 1little

attention by the fracture mechanics researchers and these cracks have so
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far been confined to infinite medium (1). This paper describes two methods
of analysis which extend the application of the photoelastic stress
intensity factor determination to circular—-sector cracks in a finite width
and length plates as shown in Fig. 1. The angle enclosed by the
circular-sector crack extends from120tol80 degrees. Examples of the cracks
ohserved in the practical engineering structures include weld-joints, in

the tyre~testing road wheels, turbine bore-holes, etc.
THEORY

Consider an infinite plate with a circular-sector crack of unit radius

{(# = 1) subjected to uniaxial tension Oo at infinity (Fig. 1). The stress

%

Yigpure 1 An Infinite Plate With Circular-Sector Crack Under Uniaxial Tension

~omponents for the crack due to Muskhelishvili (9) are given by:
6X+6y=2[¢(z)+¢(z)]
o ~o )+ 2it_ =2z ¢'(2) + U(z) @)
@, ~ ) R ERNORSION

where ¢(z) and Y(z) are Muskhelishvili's potential functioms, cx’ cy and

are respectively x~direction stress, y-direction stress and shear stress.
H;nce the stresses computed from the analytical solution of Equation (1)
ave exact, representing the stress state both in the 'singular" and "far-
field" regions of the crack tip.

b1

With the transformation of z = e % + riel(aaeh

Equation (1) may be

szpressed in the form of singular term equations as:
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where the stress intensity factors are

2 O 2 O
(o Jp sin® 5 cos® %
K1 = o/Tsind {1+ z = : Jeos 2 - cos 2%
2 1+ sin® 3 2 2
P o .. 2 0O [0
g 3 sin 7 (1 + sin® = cos® =
—o/Tsind {sin — a - 2 é 23 3)
2 2 1 + sin? 7

where K) and K; are mode I and II stress intensity factors respectively,
is radial distance to the crack tip, 8 is angle of rotation at the crack
tip as shown in Fig. 1, and o is half-angle of a circular arc.

As the isochromatic fringe order gemerated photoelastically are propor-
tional to the maximum shear stress, it is therefore desirable to express
various stress components shown in Equation (1) in the form of the

maximum shear stress T as
max

z-.l. - 2 27, .
Toax = 3 [(0X oy) + 4Txy 1% 4)

The maximum shear stress can be obtained from the measured photoelastic

fringe order N by the stress-optic law as

_ NE (5)

%
max 2t

where f is the material fringe value and t is the plate thickness.

Substituting Equation (2) into Equation (4), we obtain

T = «—wg;«jg[ (K;sind + 2 Kycos8)? + (Kzsinef]% (6)

maxX 5 2me)

The above equation may be represented graphically as shown in Fig. 2
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reaches the largest radius T
»f Equation (6) with respect to the angle

Figure 2
Isochromatic Loop

Close To the Crack

Tip

in terms of the isochromatic loops or cucves of constant Tax® For each

isochromatic loop there is an angle em for which the isochromatic loop

By differentiating the maximum shear stress
, the resulting singular-~term

squation becomes

2
K2 - 4 Kz 1 - )
& ) cos 26, =3 =0
As Equations (6) and (7) describe the stress state at close vicinity
sf the crack tip, they are applicable to the stresses measured away from
the crack tip or for large value of r.
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SHEAR STRESS RATIO g /Tpe

Flgure 5 Variation of Maximum Angle

In this paper, the terms "exact" and "singular" maximum shear stresses
denoted respectively as Tme and Tas 3Y€ defined as the maximum shear stresses
of Equation (4) computer respectively from Equations (1) and (2). Figs. 3
and 4 show the variation of the ratio (TmS/Tme) of the singular (1T_ ) to

ms
the exact (Tme) maximum shear stress versus the normalized radius (r/R)
from the crack tip for the polar angle O varying from zero to T with an
increment of 30 degrees. The maximum shear stresses of T & and T are
] m ms
computed using the exact solution of equation (1) and the singular-term
solution of equation (2) respectively.

Based on the photoelastic method originally proposed by Irwin (3), a

knowledge of the maximum shear stress at the angle 6 corresponding to the
m
radius T is required to compute the stress intensity factor. These are
provided in Figs. 5 and 6 showing the variation of the maximum shear stress

ratio and the angle em versus the normalized maximum radius r /R.
u m

EXPERIMENTAL DETERMINATION OF STRESS INTENSITY FACTORS

In order to illustrate the methods of analysis for the curved crack
described in the above paragraph,two photoelastic experiments were performed
to determine the mixed~mode stress intensity factors of Ki and K;. The
zeometry of the testpiece chosen is illustrated in Figure 7 with its
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Figure 7 Specimen Geometry Used for Photoelasticity Analysis

dimensions outlined in Table I. The specimens were made of PSM-1

wmanufactured by Photoelastic Inc.

TABLE I Dimensions of Photoelastic Specimens

Ho, R o Wy W2 W=W;+W2 L
3 19.0 90" 38.10 38.10 76.2 114.30
2 19.0 60" 47.63 28.58 76.2 114,30
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In the photoelastic determination of mixed-mode stress intensity
factors of the circular—-sector cracks, two methods (called I and 1I) are
used to compare the computed values of X; and K; in the rectangular plate
with those in an infinite plate.

For the Method I, photoelastic measurements are taken at two points
near the crack tip or at the far-field region. The measured maximum shear

skress T is converted to the singular stress T; by the following formula

T
tl =rm(;“‘—s-) ®)

me
where the maximum shear stress ratio of (Tms/Tme) can be readily found from

#igs., 3 and 4. The computed singular stress T& is then substituted into
fquation (6) for the solution of Ki and X; values. Table II describes the
computational procedures for the circular-sector cracks of half-angles

50 and 60 degrees.
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TABLE IT K, and K Determination by Method I

1 2 3 4 5 6 7 8 9 10

£ m (TI;R) 1 (Tr:l) 2
KN/fr/mm OO(ZH)% OO(ZW)% 00(2ﬂ)%

Nod o | 1 | 2 8, 62 | N

o

1 190%[0.69] 0.65]|90° | 60°| 3 175 0.6822 | 0.5151 | 0.5082
. o
2 160°11.31]0.96 | 30° | 60°! 3 175 0.3898 | 0.343 | 0.3567

11 12 13 14 15 16

K

No. K Zoo L6} e e Koo

Ky K, UO(Z'IT)!E 00(211)‘1 60(211')!5 00(211)!5
Bl 0.0877 0.091 | 0.425 0.397 | 0.0372 0.036
2 0.628 0.638 | 0.245 0.2344 | 0.154 0.1496

Method II is based on the knowledge of the angle Gm corresponding to
the maximum radius r, Within an isochromatic loop and the maximum shear
stress Tn of the loop to determine the stress intensity factors. As
Equation (7) is derived from the singular stress equation, the conversion
of the measured angle Bm at the far-field region to the vicinity of the
crack tip is achieved with

9

v ms

O = 0l (9
me

where the values of ems and Bme at different radii can be obtained from Figs.

5 and 6. The computed singular~term angle of 61;1 is then used to determine
the ratio of X;/K; from Equation (7). The maximum singular stress 1’ can
also be calculated using Equation (8) based on the measured value ofmr
corresponding to the angle Bm. !
Finally, Equation (6) is used to determine the mixed-mode stress
intensity factors of K; and K; from the computed values of K2/K; and t'.
The computational procedure for Method II is described in Table III. "
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1 2 3 4 5 6 7 8 9
T 7!
. £ 8! ———“I‘L‘l wl;
e o 7 rm/R Gm N X/ fr/mn m 00(211)/5 0’0( mk
v 1 90°10.77 | 0.0404 | 78° 3| 175 80.8°| 0.6822| 0.5144
2 1 60°|1.35 | 0.07067 | 37.8° | 3| 175 42.6°| 0.3898] 0.3411
10 11 12 13 14 15
. K2 K1y, K Kig Xs K2
K1 K1 9, (2m)% o, (21 o (2mk | o (2
i | 0.0815 0.091 0.442 0.397 0.036 0.036
7 10.636 0.638 0.2358 0.2344 0.150 0.1496

TABLE III K; and K2 Determination by Method II

CONCLUSIONS

Two methods for the photoelastic determination of the mixed-mode stress
intensity factors for circular-sector cracks in finite width and length
plate are described. Although the singular~term equations for an inclined
styaight crack and a circular-sector crack under the mixed mode loading
condition are identical, different exact solutions must be employed to
convert the far-field photoelastic measurements to the singular solutiom.
The results obtained from both methods illustrate that the application of
ghotoelastic method can be successfully extended to the circular-sector
cracks for determining the mixed-mode stress intensity factors by trans-
ferring the far-field stresses to the singular solution. The validity of
the methods has been verified by performing two experiments and satisfactory
agreement in the results is achieved with the proposed methods.

Notch effect on the photoelastic determination of mixed-mode stress
intensity factors are well known (10-13). 1In certain crack configurations,
the distortion of the angle Gm and LA due to the notch effect can be
significant (13). However, Method I is free from such notch distortion

effects and is considered to be the preferred method over Method II,
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