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I. INTRODUCTION

1t is well known that, J-integral provided by Rice is a powerful
ael to calculate stress intensity factors. But the usage of this method
{4 restricted by the following conditions:
A. uniform thickness B. absence of body force

C. uniform temperature D. Crack of first mode

Recently, some authors broke through a few of the above restric-
iems [17, [27, [3].

The purpose of this paper is to develop the concept and method of

integral completely for determining stress intensity factors of turbo-

ik in aeronautical engineering.

II. GENERALIZED J-INTEGRAL OF MIXED MODE AND
ENERGY DIFFEREMCE RATE
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where, U is intrinsic energy density, Q is heat density, cg is boundary,

t is the thickness of the plate. If the dimension of the notch is changed
by Ab, then,

T + AT :J\ [(U+au) — (Q+AQ) -Bi(ui+Aui)] tdA —‘[‘ Si(ui+Aui) tds
A~-AA Cg

(2.2
According to the Rice's argument [1], we have
J\ S;0ujtds = J\ (Si+ASi)Auitds (2.3)
Cg ctlc

and from the principle of virtual work, the following equality is valid

J\ (Si+ASi)Auitds + JN B;Au;tdA =\[ (cij+Acij)AeijtdA (2.4)
ct+lc A-AA A-AA

From the above equalities, the energy differenc rate G will be equal

to
1 dm 1 .. Arw i p
G = s B e e M e B e (U—Q—Bju; )tdx, +
tp db thapeo A2 th 1 I, 174
des s
Loo—xd dU L dQ
+ J\A(cl] i T db) tdA} (2.5)

On account of the definitions of free energy density W and entropy density

N, equation (5) can be rewritten as follows

o
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G = tb4ljir WtdX, + J;r (Tn—Q~Biui)th2 +\f (01] & & ndb)tdAf
t

t (2.6)
From Fig. 1, we can see that
®1 = Xjcos¢d — X,sind-+ bcosé +a
Xy = X3isin¢g + X,cosé + bsing (2.-7)
dP _ 9P 3P _ P _ 3P P _.
T T I B o sy (2:8)

and from differentiation rules, we have
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furthermore, for any elastic material, the following constitutive equa-

tions are valid

W0y, ooy (2.10)
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On account of the above equalities, G can be rewritten as follows
G = Gicos¢d + G,sind (2.11)

where

Gy = —El—-»{ Wtdx, +f (Tn—Q+Bjuj)tdx, —
b ljor, -Te

3ei; 9W . W T 1
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G, = ~L~{~' Wtdxy ~1f (Tn—Q+Bjuj)tdx; —
b Tt ~Ty
.. 9Ef] W W dT 1 ;
_ [ (o35 28i3 _ 3 W 3T 4.4 (2.12)
J‘ Mg Tk, TaT e, TR :
A

From the principle of virtual work and Green's formula, we have

Jus Ju;
] = 3 —‘—-:}' ‘[S' “"-}'td
j 955 o tdA J;Bl 3%y tdA + . isx, s
A (2.13)
IR Ju; du;
o1 tdA = B tdA + S tds
-[A i1 Tox, A 1 9%, I
j éﬂi~tdA = s Wedx, -J wégi aa
a °%1 c A 7 (2.14)

"

o s g Wedx, —J- Y
A %2 c a %2

By means of equations (13) and (14), we can transform G; and G, into

fnllowing forms
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Gy = Tt.l_{ Wtdx, ~J’ ( 38: N _g% B?3T £)ah ~ ‘ J = Jicos¢ + J,sing (3.1)
b C*Ft z x
J‘ duj auy X2
- si———-tds-JB tdA [ + G*
o F 5 Toxy j
1 3 AW 3T ( \ %2
T
G, = —1{— Wtdxy — [ (w T B = '
Pl Jer, fA dx, T aT Bx X2 Xy
21
g Ui Y I
—j S.laX tds — j Bise 2 tdAI + G*, (2.15) D X1 Y
c . )
c
where, { )
thG¥ = J (Tn—Q+Bjuj )tdx, \\ F ¢ %
-T 1
N (2.16) 4/
tpGE = J (Tn—Q+Bjuj )tdx, T Fig. 3
_Ft
When p =0, the notch becomes a crack and in the above equation
b ol s cak o ; W 3T
lfg 61 7 0 li’g G2 =0 Jy = lim ———II Wtdx, -J wf—f—dA = | oo k=
p o (2.17) . X1 a’ X1
. = A ouj ouj 1
because there is nosingular point of temperature field. Then, j Sl—a—g*tds - J Bi‘a‘;; tdAI (3.2)
: r Q
dW 3T 4
Gy = 11m-— f Wtdx2 f( + o ——t)dA — o i & F _ W 3T
p~>O tb‘l ER S aT 9%y J, = lim w1 J-Wtdxl j j 3T aX; dA —
0 r
dug dug
— DU - — auy auy
fslaxl tds f vy ‘CdA} — | sj=—tds — Bi—l—tdA} (3.3)
(o A (2-18) 3‘ BX:
r Q
Gy B lim'gg{ -j Wtdx, -j (w2t at %f}ﬂd“
=0 e=l'y Next, we shall prove that J; and J, are indepedent of the path of
duj duy 1 integration. Therefore, wé introduce a curve I'' which is similiar to T,
— i’—ax tdg — Bi"“"‘a ’CdA!

and an area ' surrounded by I''. Let

% =T —T' , Q%f=gq-gq (3.u4)
IIT. GENERALIZED J-INTEGRAL OF MIXED MODE AND ITS PATH

INDEPENDENCE PROPERTY then
- >

J—J' = (Ji~J})cosd + (J,—J!)sin¢ (3.5)
Let T' be a curve ABCDE as shown in Fig. 2. Both the starting paint

A and the terminating point E are distantthe same infinitesimal length e from
the crack tip. Let @ denote the area surrounded by T. Then the generalized
J-integral of mixed mode can be defined as follows
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Ty =l = 20 wedx, - [ wlfaa— [ 2T,
2 tbl T Q

% OX1 anf 90Xy
f i W By an | (3.6)
- j———tds — j=—t .
s taxy Q% Ta%,
Jz-—J;=__—1—f~f W‘cdxl-—J w—aEdA-J 2 iy~
Cbl T o Xy ma{ 9%,
oy Sui
- SiT—~tds — f B-““"tdA} (3.7)
[ & laxz Qs 13X2
According to Green's formula and (2.4) we have
de., .
Wtdx, = [ o .—idtan +f W T iaa + | wit ap (3.8)
e s T3 9%y 50T 3%y 5 OX1
i Qs Qs Q
de, . .
= Wtdxy = [ ggi—deda + [ 22T o [ w2Las (3.9)
P - 1 3, Q*BT 3%, o~ 9%,

Furthermore by the principle of virtual work, it can be shown that

Beij du; ouy
‘f 0§ 5o—tdA :\f Sizo—tds + Bj=—=tdA (3.10)
e 09Xy 5 TOX1 & 9X1
Qe r* Q%
9ei suj duj
X 9i7g tdA = f Si§—~TdS + Big——TdA (3.11)
Q% X3 e o%2 Qu %2
From the above equations, we can prove that
Jy = J% Jp = J) (3.12)

IV. GENERALIZED J-INTEGRAL OF MIXED MODE AND STRESS
INTENSITY FACTORS

Now let us establish the relations between J-integrals and stress
intensity factors, for the cracked plate shown in Fig.3. We take the
boundary of a cracked circle centered at crack tip with infinitisimal
radius as T.

We proved that, for a plate with variable thickness subjected to

both surface tractions and body forces in the non-uniform temperature
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field, the stress and displacement field in the vicinity of crack tip are
zame with the fields of a plate with uniform thickness, without body forces
in the uniform temperature field.

In the plane stress problems, the stress, displacement and strain

energy fields are given as follows

1 o 1 I» 1
w = — Ty . Lo (o . =~ & C .1
o¥; ’21‘ apsij Kps uj = o= f P ,1 Kps W= 5 CpgipKg (1)
From the above equations we can obtain

m
j‘ Wtdx, = tb\[ Wrcos(¢+6)d8 = tpKpKql cosgAy pq — sindAy pql (4.2)

1« -
1

and on acount of that W(r,m)=W(r, -~1m), we have

T

j Wtdxy = "téj Wrsin(¢+6)de = *tprKq{sin¢A1°pq + cos¢A2’pq} (4.3)
r -
where,
m ™
Kiaii =J Cq11cos8d6 , A1,22 :f C,,ccs0de
-7 -
ki b
Ay,12 = Aypg2: 3J Ciocos6d8, Az,12 = Az, 21 ZJ Ci23in6d0 (4.4)
- -
it L )
Ap,1y = Jl Cy1sin€ds, Agang = j\ C,,sinpde
-7 -7

For the curve given in Fig. 3, it can be shown that

duy o
J Si‘é-;;tds = LijLikLmlthjkmquPKq (4.5)
T
s = ;+LikLy, tpBi Ky K (4.6)
jrsiz;;;t & = Lijliklm, thBikmpq “p KXq .
wh i
vere Lyp = Lyo = cosg 5, Lyy =Ly, 7 sing
L db
1 qk .
; = - —3% nd 4.7
Bjimpq 8uj;wap,jnln<bqugm+ dp m)do (473
. . or _ .08
1; = cos® , 1, = sind ; Em = E;; » N ngza




We can prove that, when r»0, all the area integrals in J-integral will

approach to zero, i.e.

lime%dA=0, 1imf%¥-a§—_-cdzx=o
>0 JQ J >0 ¥ Q ]
Juj
limf Bigos tdA = 0 (4.8)
o Jq J

From the above analysis, we can obtain the following relations

™ ™ o
Jy = = (K§+K§)cos¢ tE 2K1K,sing
J, = = (K2+K2)sing — = 2KiK,cosé (4.9)
2 E 1 27/° E 182 .

When ¢=0, the above relations become

m

J1: E

T (K3, 9, =2

V. CALCULATION RESULTS
We used this method to calculate the stress intensity factors of a

plate of variable thickness by finite element technique. The results are

shown in Table 1

Table 1
r a=15mm Bg=15° a=15mm B=30°
Ja Ja J1 J,
i 2.13962 ~0.20187 1.90402 —0.30067
2 2.14086 ~0.20231 1.91473 —0.29721
3 2.1u4879 —~0.20342 1.90762 —0.29282
m 2.14309 -0.20253 1.90879 —0.29690

Ky=118.318 K,=22.853 K1=92.891 K,=46.953

Authors of [4] adopted our method to calculate the stress intensity
factors of a rotating disk by triangular elements and isoparametric ele-

ments. Now, the results are shown in tables 2 and 3.
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Table 2

a=0,9mm(u5°) a=1,0mm(40°)
Ji1 kg/mm  J, kg/mm Ji kg/mm  J, kg/mm

1 0.011216 —0.007377 0.013867 —0.007298

2 0.011252 —0.007366 0.013841 ~0.007u419

3 0.011201 —0.007314 0.013800 —0.007516

of

e 0.25 0.5% 0.26% 1.50%

Table 3

a=2.0mm(45°) a=2,5mm(40°)
elements
Jy kg/mm J, kg/mm J; kg/mm J, kg/mm

triangular 0.013157 —0.008941 0.018075 —0.006867

isoparametic 0.012906 —0.01020 0.017828 —0.007061

From the above two Tables we can see that the results are satisfactrily

well.
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