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I. INTRODUCTION

Brittle fracture under combined modes was so far studied by Sih
2+ al.[1]. Frdogan snd Siki{2], Cotterell[3], Pook{4] and Shah[5]. The
fracture under the combination of Modes I and II was also investigated
v, Liebowitz et al.[6], Kfouri and Miller(7] and Eftis and Subramonian
81, using a plate with an inclined crack under bi-axial tensile loads.
furthermore, such problems of combined modes as being under uni-axial
ivad have been investigated by many people.

In this paper, the author will summarize the recent research
works of his group[9-13] on the initiation characteristics of brittle
fracture under various combinations of Modes I, II and IIT.

A series of fracture tests for various combined modes is carried out
using the perfectly brittle material, PMMA (Polymethylmethacrylate),
under all possible combinations of Modes T, II, and III1.

A series of bi-axial fracture tests is also conducted under the
combination of Modes T and II using mild steel (SM 41) specimens. The
specimens fractured in a brittle manner with small scale yielding, large
scale yielding or under general vielding, depending upon the test
temperature. For theoretical prediction of brittle fracture, other than
the existing theories, a generalized COD criterion is also employed,
which was newly proposed to the case of a crack under combined stress
state with large scale vielding or under general yielding{ll, 13].

{1, FRACTURE OF PERFECTLY BRITTLE MATERTAL UNDER GENERAL COMBINED MODES
1, Criteria for Initiation of Perfectly Brittle Fracture

(1) Criterion based on the maximum tangential stress, [0Ugly,, . The
maximum tangential stress criterion indicates that the fracture initiates
in the normal direction to that of the maximum tangential stress,
{7a)naes when [0glpgy reaches to the critical valuel2, 14]. 1In this
direction, the shear stress, Tpg, is zero. Therefore, it may be said
rhat the crack initiates in the direction which is nermal to the
principal stress on the circle of radius », and passes through the origin
of the coordinates as illustrated in Fig.l/(a). Under the combination of
Modes I, II and IIT, the one of the principal stresses on the circle of
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gadius r, illustrated in Fig.1 (b) is the maximum tangential stress,
[og)maxs when the line normal to the principal stress passes through the
origin of the coordinate.

(2) Criterion based on the minimum strain energy density factor,
Smin' The minimum strain energy density factor criterion depicts that a
crack starts to propagate in the direction of the minimum strain energy
density factor, S,;,, when Spnin reaches to the critical value. This
criterion was proposed by 8ih[15], but the physical meaning of this
criterion is not clear{9].

(3) Criterion based on the maximum Qtrain energy release rate at the
propagation of a small kinked crack, [u (Y) lpgee Several papers are
[16-21] reported as to the stress intensity factors at the tip of a
kinked crack as shown in Fig.l1 (c).

When a kinked crack propagates in the kinked direction, the strain
energy release rate, Gk {Y), may be expressed as,

4

GFen =22 ) P+ R0 e k) ) N

where V and £ are Poisson's ratio and Young's modulus, respectively.
This criterion states that crack propagation initiates in the direction
of the maximum strain energy release rate, [Gk(y)}max, when it reaches to
the critical value. -

(4) Criterion based on the maximum strain energy release rate at the
initiation of a small kinked crack, G{y). Ta II.1.(3), the strain energy
release rate, uk(Y), for propagation of a small kinked crack in the
kinked direction is employed as a fracture criterion. However, strictly
speaking, the strain energy release rate, G(y), for initiation of a small
kinked crack from the main crack should be used as a fracture criterion
under combined stress state, judging from actual fracture hehavior.

Tn this paper, this strain energy release rate, G(y) 1is also
applied, which was derived by the author with the aid of an approximate
analytical method {11, 13}. Assuming that the crack opening displacements
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sf the infinitesimally small kinked crack can be represented by Kr{v),
(rr(Y) and Kpr{y) as in the case of a usual straight crack, the strain
onergy release rate, G(y), can be expressed in the following form:

ey _1=v? 4 1-y/u Y2m oy, 1.1 .2
Yy =53 S pe (1+y/n) cos 5 { Ky*(cos y+F+5cos”Y)
+qugsiny(1+wmsy)+Kﬂ2(~%cmzywcosy+%)} 23

+v l—“{/n Y, 2
E }+y/ﬂ) Coafxﬂf

When the inclination of the kinked crack vanishes, that is vy=0, Eq.{(2) is
reduced to the well known form of the strain energy release rate when the
straight crack propagates in the same direction as the original one.

2. Fracture Tests

(1) Test specimens. Test specimens for perfectly brictle fracture
are made of PMMA., Two different plate thicknesses, 4 mm and 10 mm are
used. Their mechanical properties are shown in Table 1. The
configuration of specimens for various combined mode tests are
{ilustrated in Figs.2 through 7. The stress intensity factors, K, Ko
and Ky, for the notch in each test specimen are summarized in Table 2.

Figure 2 (b) shows a plate specimen with a curvilinear notch for a
fracture test under pure Mode IT. The angle of the curvilinear crack, P,
ig chosen as 76.9° so that the stress intensity factor of Mode I, X7,
canishes[19, 22]. TFigures 3 (a) and (b) show beam type specimens for
fracture tests under pure Mode IT and Mode TII, respectively., &
concentrated vertical load is applied to the midpoint of the specimen
which is kept fixed at both ends. The rotches are provided at the
sections where bending stress vanishes and only shear stresses exist.
Although the distribution of shear stress at the section of the beam
specimen is parabola in depth, the mean shear stress is used when the
stress intensity factors, Ky and Ky, are calculatad.

Table 2 Formulas used to calculate Kevalue of test specimens

Figures 4, 6 and 7
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temperature under the control of displacement at esach loading point.

In the bi~axial tensile tests, the load ratios are chosen as 0/1,
1/2 and 1/1 and the loads are applied proportionally in both directions.
in this paper, 0, and Oye are defined as the mean stresses between
points f and f7, and g and g', respectively as illustrated in Fig.5. For
various combinations of B and Py/Py, analyses by the finite element
method are also performed, and the relation between these stresses and

those along the loading edges, g, and oy is obtained as,
(%'el

-0.09] { op (8)
\[Ung 0-80} {qy}
The stress intensity factors of the notch in the cruciform specimen can
be evaluated by Eq.(7) in Table 2 substituting Opp and Cye 1into op®
and G, respectively,

f 0.80
{-0.09

3. Test Results and Discussions

(1) Brittle fracture under pure Mode I. The fracture toughness
value, K., of PMMA is 4.6 kgf/mm mm, which was obtained from the tests of
the conventional specimens of 0=90° which is under pure Mode I in Fig.2
{a).

(2) Brittle fracture under pure Mode II. As for the direction of
the initial crack propagation, -O¢, and the ratio of Ky to K, at
fracture, which is denoted by Kﬂ‘f‘/](c , the predicted and the measured
ones are represented in Table 3. The fracture angles, -8, , predicted by
the existing criteria are nearly equal each other and they are close to
the measured ones. However, the various criteria predicted different
fracture strengths. According to the test results of the beam specimen,
the fracture strength agrees well with the predicted one based on
i{f{\()}max criterion. On the other hand, In the case of the plate
specimen with a curvilinear notch, KJIf'/K.:* =0.91 and is not predicted well
by any criterion except by [0glpax.

{3) Brittle fracture under pure Mode III.
“{y) take the same maximum values when Y=0,
fracture, Kyrp/K,, predicted by them 1s 0.78 and that by [0glyu,
criterion is 0.78. Meanwhile, the test results for two specimens
indicate that the values of K.I'I[j"/Kc
are 0.93 and 1.04. Then,

In this case, Gk(“{) and
The ratio of Kpr to K, at

Table 3 Predicted and measured results

it is seen of pure Mode 11 test

that [Jglyyy criterion predicts best [ Criterion or test specimen RIS
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There are other experimental studies Experiment
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JII. BRITTLE FRACTURE OF ELASTIC-PLASTTC B ~3

MATERTAL UNDER BI-AXTAL TENSTLE LOADS

1. Criteria for Initiation of Brittle
Fracture with Yielding

(1) Criterion based on the maximum
strain energy release rate at the 0 30 ) 50
initiation of small kinked crack. As is
known f;om the discussions made in ITs35
that [GK(y) lyge and {G(Y) Jmax criteria are
better than the others in predicting the initiation of the perfectly
brittle fracture under general combined modes, these criteria are
expected to be applicable especially to the brittle fracture even with
small scale yielding under hi-axial tensile loads.

Fi9.13 Fracture stresses under combined
Modes I, II and 11T (PMMA)

(2) Criterion based on crack cpening displacement, ®. COD criterion
has been proposed originally as a fracture criterion especially in the
field of a fracture with large scale yielding or under general yielding
of pure Modes I and III, and the applicability of this criterion has been
well appreciated, In parallel with this, the strip yvield wmodel has been
proposed as an elastic-plastic crack model for calculation of COD by
bDugdale[24] and Bilby er al.[25]. TFurther, a strip yield model under
combined modes is proposed by Sakai and Sakano{23]. The size of the

N
[o5)
A

plastic zone in the strip vield model does not indicate the actual one
but only conceptual, and this becomes a reasonable value only in the
limiting case of B8=90° and Px/Py=0/1. Essentially, the size and the
extending direction of the plastic zone should be closely related to COD.
However, it is very difficult to take into account of the respective
zomponent of stress in the analvtical elastic-plastic crack model
proposed so far.

There is no problem 1f COD is calculated theoretically, such as by
the elastic-plastic stress analysis using the finite element method. The
criterion based on COD may be generalized and expressed that the crack
propagation initiates in the direction perpendicular to the COD
vector, &, when it reaches to the critical value, oy [11, 137,

2. Fracture Tests

(1) Test specimens. Test specimens are made of mild steel (SM 41)
of which mechanical properties and chemical compositions are shown in
Table 4. A series of the deep notch tests is conducted to obtain the
fracture toughness of the material, whose result is shown in Fig.14.

Cruciform specimens and straight side ones are prepared as shown in
#ig.4. Fach one contains a center notch perpendicular to the plate
surface but inclined at an angle, B, to the vertical direction, which is
machined through thickness.

(2) Test procedures. The bi-axial testing machine installed at
Yelding Research Institute of Osaka University is used. The mapﬁine is
composed of a 300 ton vertical testing machine and a specially designed
150 ton horizontal testing machine which can move vertically during the
test in accordance with the
vertical displacement of the
spacimen as illustrated in

Mechanical properties Chemical compositions { %)

AR

Fig.15. A 5 ] e P e : B

{ xgf/mm?) | (kgf/oa?) | (%)
ai 50 26 0.34 | 0.25| 0.86 | 0.028 | 0.014

Table 4 Mechanical properties and chemical
compositions of SM 41

The fracture tests arve
performed at an approximately 1
constant temperature of O st

140°C and in the temperature (ur/m?) <~ (;L
R

range from -90°C to -60°C. \\\\\\;::r"
i ~e

At the former temperature,

the cruciform and the % b TR
straight side specimens are b 100 —t
tested of which notch lengths e s
ave 160 mm, and the fracture VH“4

of the specimens occurred in -
4 brittle manner with small
scale yielding. Contrary to -200 -150 -100 -50
this, in the latter Tempersture (Ce)
temperature range, only the

e 0 Fracture

Fig.14 Results of deep notch test




cruciform one is tested, of which notch 3. Test Results and Discussions

length is 200 mm and the specimens
fractured in brittle manner with large
scale yielding or under general
vielding.

(1) Brittle fracture with small scale vielding. The direction of
initial crack propagation and the fracture stresses are plotted against
the crack angle, B, in Figs.1l7 and 18, respectively. The solid lines in
rhese figures represent the theoretical values predicted based on

During the tests, the direction of {0€Y) Imgye criterion.
the initial crack propagation and the
fracture stress are measured on all
specimens. Additionally, the crack
opening displacements are measured on
some specimens using clip-gages in the
fracture test with large scale yielding
or under general yielding. For the
neasurement of COD, two clip~-gages are
attached to the specimen between
points, A and B, and B and C, as shown
in Fig.16. From the displacements
between these points, the resultant COD
under a combination of Modes I and II
can be calculated and decomposed into
the two corresponding components to
Modes I and II.

The test results and the predicted ones arve in good agreement
concerning the direction of the initial crack propagation, but not for
the fracture stresses, In the case of the bi-axial load ratio of 1/1,
the test results are scattered around the theoretical curve. On the

other hand, the test data are higher than the predicted curves when the
bi-axial load ratio Py/Py is 0/1 and 1/2, and the differences between

them are most predominant when the crack angle, B, is 45°.

To investigate these differences, the critical strain energy release
rates at fracture, (p, are plotted against the stress intemnsity factor of
Mode IT, Ky, in Fig.1l9 (a), where (. is the fracture toughness evaluated
from the deep notch test. TFor comparison, the results on PMMA specimens
are also shown in the same manner in ¥Fig.19 (b). The former is dependent
upon Kjr and the latter is not. In these figures, the scattering bands
of the data are indicated by two solid lines.

Fig.16 Messurement of COD under combined
Modes I and I
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successfully under combined stress modes

under combined Modes 1 and II

{SM 41, small scale yielding) rate at fracture with X,




at the test, and it is complicated to convert the measured COD to that at
the notch tip. Tn contrast with this, COD can be obtained much easier by
the elastic-plastic stress analyses using the finite element method. 1In
the analyses, the mesh size near the notch tip is kept the same
regardless of the noteh angle, B and the bi-axial load ratio, Px/Fy, and
the meshes near the notch tip is illustrated in Fig.21. The analyses are
performed on the test specimens for all possible combinations of 8 and
Py/Py . The strain hardeming ratio, #', is assumed as Z/100, where E is
Toung's modulus,

$OD{ma)
In order to confirm o et Heasurad at R //
the accuracy of the gu Hensamedat L »CX{{
calculated COB, it ig S ,/ﬁ’u

Tast Temperaters : ~73°¢ o

compared with the measured
COD for several specimens.
One example of these is L
shown in Fig.20. As the
load exceeds about 100
tons, the measured COD
hecomes greater than the
calculated one. This may
be attributed te the short
slow crack growth in the T
actual test specimen. %
Taking this into account, ! ° ” “ “"ﬂJw
the calculated COD is
considered to agree well
with the measured one. In

Fig.20 Comparison of measured COD with calculated one
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Fig.21 Mean stress-COD curves and spread of plastic zone at g,/0, = .75
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the following discussion, the calculated (0D at the location of 0.5 mm
apart from the notch tip will be used as that at the notch tip.

Figure 71 shows the relation between the calcunlated mean stress and
the C0P, and the plastic zone sizes for all combinations of the notch
inclination angles and the bi-axisl load ratios. The shape and the
spread of the plastic zone are influenced by the notch angle and the
hi-axial load ratio, PX/Py, except when PX/Pyalil.

The testing temperature influences the yield stress as represented
in Fig.l4., Therefore, the stress analysis for each specimen should be
performed using the corresponding value of the yield stress to the
tegting temperature. However, this requires a plenty of computation
time., To reduce this, it was assumed that H'/%F is same for the same
value of €764 at every test temperatures, where € and €z are the
equivalent strain and the vield strain, respectively. This assumption
leads that the relation between 95/ Ugc and ﬁy/ﬁs is completely the same
for any specimen being same in shape{10].

Heveafter, the COD at fracture, @f, is calculated for the fracture
sLTess, Oy, using the nondimensionalized relations between $F/0zc and
0Oy shown in Fig.2l, and adopting the yield stress, 0z , at the

corresponding testing temperature. 9

-3
Figures 22 represents the relations o
between the notch inclination angle, B8, L experiments e_;;~hw “_Ml_a
and the direction of initial crack © : teiztie feactore ™ i B
propagation, ~8. The solid lines L S shear fracture w\_J”mf
vepresént the dirsction estimated under w :E‘Aw,km,mw,uw i
the assumption that the fracture \\’E T !

initiates in the direction perpendicular
to the COD vector at the notch tip. In

vhe cases of B=15%, 30° and 45°, except s
8=60° and 90°, at Px/Pyzﬂfl, the fracture {a) Ffry0st
initiates in the direction of B+{-8)}=45°, %r i
that is, the direction of the maximum " “”“\\x\
shear stress in the plate without a // )

=
notch.  In these cases, the fracture Wk \B
surface is normal to the plate surface ;\\\
and shows a shear appearance., Herveafter, ; \\\

this type of fracture will be called as

shear fracture. The remaining specimens # F)

£5) B IRt/

fractured in brittle manner. As a 5

partieular case of Pxf?yﬁlfl, the ;ﬁ s }
predicted direction coincides with the ‘ 8 g

sxis of the notch as indicated in Fig.22 ,_~nw__§mwﬂm_»0_ &
(). 8T R

ta} Pe/Pynial 8
F19.22 Direction of initial crack propagation
under combined Modes [ and 11
(M 41, large scale yielding)

The predicted directions show good
agreement with the measured ones except




when the shear fracture takes place. The main reason of this agreement
may be due to the fact that the COD vector at the notch tip is closely
related to that of the stretched zone formed prior to the fracture, and
that the fracture initiates in the direction perpendicular to the
stretched zone({26].

Here, the COD criterion is applied also to the brittle fracture with
small scale yielding mentioned in III.3.(1). However, it is recognized
that the direction of initial crack propagation predicted by [G(Y) lmax
criterion shows better agreement with the measured one than that by the
COD vector criterion. Therefore, it may be said that each criterion

should be applied to an appropriate case. 22

Experiments

Moreover, when the notch is subjected O Pa/Pyei/}
to such loads as to produce pure Mode IIT i3] w0 3::;,2:::
deformation and such temperature as to 4 o * denctes shear fracturs
fracture in a brittle manner of pure Mode T Z 8 %\ “‘“""y_“f“’,‘;“f;;’"l
with large scale yielding or under general > v ;p:,pz.,,,
yielding, the COD vector will be parallel :,‘ LUl \\\Q' T PPyt
to the notch. In this case, the direction T ?\ %
of dnitial erack propagation may be 2 1 o A
predicted to be perpendicular to the notch & \ N
according to the COD vector criterion. 12 | 8 N \\E!‘\\ 2
However, in fact, the shear crack will ?’“‘”B""“““D‘ "’“‘Q\:':*D
proceed from the notch tip prior to the Log e B~ o
complete fracture. }L

o 3
The fracture stresses are plotted ° O e

against the notch inclination angle, 8, in  Fi9.23 Fracture stresses under combined
Fig.23. The effective fracture stress in Modes 1 and IT (SM 41, large
the y-direction at the central part of the scale yielding)

specimen, Gye,f! is nondimensionalized by
that for $=90° and Py/Py=0/1. For the

%0

s . /
Pxly 4
;

it o3 VT
fractures of shear tvpe, the maximum stress saret SalEEMIn O 01 e /
P s Soall Scale Yislding A & A /
is indicated as the fracture one instead of o {®
the complete fracture one. The lines in bl Ts o

Fig.23 represent the predicted fracture
stresses by the COD criterion. The
fracture stresses increases with a decrease oL
of 8 when Py/Py=0/1 and 1/2, while that for
PXnyxI/l is kept nearly constant
irrespective of 8.

The measured fracture stresses under

pure Mode I, that is for Py/Py=1 or 8=90° 8 E oresess to fosasep e st
distribute in the neighborhood of the ﬂl Pt
predicted lines. However, those under W
various combined modes of T and 1L, except Fig.24 Variation of COD at fracture with
the above ones, scatter above the predicted shear stress parallel to notch
lines. (SM 41)

Using the same test
vesults, the COD at fracture,
*r, is plotted against the
chear stress, T, in Fig.24,

Table 5 Comparison of shear fracture with brittle fracture

Spraad of plastic

Type of fracture | Profile of crack prapagation 20ne at fracture

W T
where ®, is the critical COD or L
Brittle fracture B
the fracture toughness age =
avaluated at fracture from the PulPy > O/ ~~/\

deep notch test. The results Test emp. Fr140%6

obtained from the brittle
fracture tests with small scale
yielding are also plotted in

L

Shear fracture

the same figure. This figure 5 450 /K RS
indicates that the COD at Palfy =01 i e

. ) Test temp, ; ~75°C S !(%
fracture, tbf-, increases with an - A((@ <
increase of the shear stress. 7 g

Therefore, if it is assumed
that the COD at fracture, ®p, is not affected by the in-plane shear
deformation, the COD criterion predicts the conservative fracture
strength and may be said practically applicable.

As mentioned before, the shear fracture initiates from the notch tip
in the case of B=15°, 30° and 45° under uni-axial tension. Here, the
shear fracture is characterized by comparing it with the brittle one. As
an example, the case of B=45° and Pyx/Py=0/1 is chosen, and a comparison
is made between the brittle fracture at ~140°C and the shear one at
~75°C. Table 5 represents the crack path and the plastic zone. 1In the
shear fracture, the plastic zone at fracture extends nearly all over the
test specimen. The horizontally sliding displacement is produced between
the upper and the lower surfaces of the notch, and the crack propagates
in the same direction as the maximum shear stress of the specimen without
a notch. The average shear stress along the prolonged line of the shear
crack is nearly equal to a half of the tensile strength. Moreover, while
cleavage appearance can be seen at the tip of notch of the specimen
fractured in a brittle manner, there can be observed the large stretched
zone at the tip of notch and the elongated dimple pattern at the
prolonged part of the crack in a shear manner. Since the equiaxised
dimple pattern can be seen in the shear fracture, the component of the
shear stress parallel to the shear crack is considered to play a
sredominant role in such fracture behavior.

1V, CONCLUSIONS
The brittle fracture initiation characteristics under arbitrary
combination of Modes I, II and IIT are investigated both theoretically
ind experimentallv. From the results, the following conclusions are

drawn,

For the perfectly brittle fracture;
{1} The uniform stress parallel to the notch has little effect on the
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direction of initial crack propagation and the fracture strength.

{(2) The criterion based on the maximum strain energy release rate,
[Gk(y)]max ot [G(Y) Ingr is most suitsble in predicting the direction of
initial crack propagation and the fracture strength under combined modes.

For the brittle fracture with small scale yielding;
(3) The direction of initial crack propagation is well predicted by the
{G(¥) lpqpe criterion.
{4} The measured fracture strength is higher than the predicted one by
the [G(Y)lmge criterion, and increases with an increase of Mode IT
deformation. This may be attributed to the loss of the strain energy
stored in the core region surrounding the notch tip, which is dissipated
to the plastic work due to Mode T1 deformation.

For the brittle fracture with large scale yielding or under general
vielding;
{5) The uniform stress parallel to the notch has influence on the size,
the extending direction of the plastic zome, and consequently on COD.
Therefore, this stress affects the fracture strength.
(6) The brittle fracture initiates in the direction perpendicular to the
COD vector.
(7} The measured fracture strength is higher than the predicted one by
the COD criterion, and increases with an increase of Mode 11 deformation,
which is in the similar manner to the brittle fracture with small scale
yielding.
{8) From the conclusions described in (4) and (7), the strength of
brittle fracture with yielding may be conservatively estimated by the
criterion based on [G(Y)jmax or COD vector when the size of the plastic
zone is small or large, respectively.

The author wish to express his gratitude to his colleagues,
especilally to Dr. M. Acki, Kobe Steel Ltd., and Prof. T. Yao, Hiroshima
National Univ., Japan, for their assistance and advice in writing this
manuscript,

REFERENCES

[1} G.C.Sih, P.C.Paris and F.Erdogan, Crack Tip Stress Intensity
Factors for Plane Extension and Plate Bending Problems, Trans.
ASME, J.Appli.Mech., Vol.29 (1962), 306-312.

[2] F.Erdogan and G.C.Sih, On the Crack Extension in Plates under
Plane Loading and Transverse Shear, Trans. ASME, J.Basic Eng., 85D
(1963), 519-~527.

{3] B.Cotterell, Notes on the Paths and Stability of Cracks,
Int.J.Frac.Mech., 2 {(1966), 526,

{4] L.P.Pook, The Effect of Crack Angle on Fracture Toughness,
Eng.Frac.Mech., Vol.3 (1971), 205-218.

{5] R.C.Shah, Fracture under Combined Modes in 4340 Steel, ASTM STP
560 (1974), 29-52.

[6] H.Liebowitz, J.FEftis and D.L.Jones, Some Recent Theoretical and
Experimental Developments in Fracture Mechanics, Advances in

240

{91

{10}

{11]

{12]

{13]

[14]
{15]
{16]
{171

18]

{19]

t20]

23]

Research on the Strength and Fracture of Meterials, Vol.1 (1977),
TCF 4, 695-721.

A.P.Kfouri and K.J.Miller, The Effect of Load Bi-axialitv on the
Fracture Toughness Parameters J and G, Fracture, Waterloo, Canada,
Vol.3 (1977), ICF 4,.

J.Eftis and N.Subramonian, The Inclined Crack under Bi-axial Load,
Eng.Frac.Mech., Vol.10 (1978), 43-67.

Y.Ueda, K.Ikeda, T.Yao, M.Aoki, T.Yoshie and T.Shirakura, Brittle
Fracture Initiation Characteristics under Bi-axial Loading,
J.Soc.Naval Arch. of Japan, Vol.139 (1976), 240-247 (in Japanese),
and Fracture, Waterloo, Canada, Vol.2 (1977), ICF 4, 173-182.
Y¥.Ueda, K.Ikeda, T.Yao, M.Aoki, T.Yoshie, T.Shirakura and
S.Shibasaki, Brittle Fracture Initiation Characteristics under
Bi~axial Loading (2nd Report), J.Soc.Naval Arch. of Japan, Vol.142
(1977), 127-134 (in Japanese), and Trans. JWRI (Japan Welding
Research Institute of Osaka University), Vol.8, No.1l (1979),
121-130.

Y.Ueda, K.Ikeda, T.Yao, M.Aoki, S.Shibasaki and T.Shirakura,
Brittle Fracture Initiation Characteristics under Bi-axial Tensile
Load with Large Scale Yielding and General Yielding, Advances in
Fr. Research, Cannes, France, Vol.5 (1981), ICF5, 2321-2328.
Y.Ueda, K.Ikeda, T.Yao, M.Aoki and S.Shibasaki, Characteristics of
Brittle Fracture under General Combined Modes, J.Soc.Naval Arch. of
Japan, Vol.l44 (1978), 412-419 (in Japanese), and Trans. JWRI,
Vol.9, No.2 (1980), 95-104.

Y.Ueda, K.Ikeda, T.Yao and M.Aoki, Characteristics of Fracture under
General Combined Modes Including Those Under Bi~Axial Tensile Loads,
To be published in Eng.Frac.Mech.

J.G.Williams and P.D.Ewing, Fracture under Complex Stress - The
Angled Crack Problem, Int.J.Frac.Mech., Vol.8 (1972), No.4 441-446.
G.C.8ih and B.C.K.Cha, A Fracture Criterion for Three Dimensional
Crack Problem, Eng.Frac.Mech., 6 (1974), 699-723,

B.A.Bilby and G.E.Cardew, The Crack with Kinked Tip,
Int.J.Frac.Mech.,Vql.11, No.4 (1975), 708-712.

A.A.Khrapkov, The First Basic Problem for a Notch at the Apex of
an Infinite Wedge, Int.J.Frac.Mech., Vol.7, No.4 (1971), 373-382.
S.N.Chatterjee, The Stress Field in the Neighborhood of a Branched
Crack in an Infinite Elastic Sheet, Int.J.Solid and Structures,
Vol.11 (1975), 521-538.

M.A.Hussain, S.L.Pu and J.Underwood, Strain Energy Release Rate
for a Crack under Combined Mode I and II, ASTM STP 560 (1974), 2-28.
G.C.8ih, Stress Distribution near Internal Crack Tips for
Longitudinal Shear Problems, Trans. ASME, J.Appl.Mech., 3 (1975),
51-58.

E.Smith, A Note on Crack-forming in Anti-plane Strain Deformation,
Tnt.J.Frac., Vol.9, No.2 (1973), 181-183.

M.A.Hussain and S.L.Pu, Slip Phenomenon for a Circular Inclusion,
Trans. ASME, J.Appl.Mech., Vol.38 (1971), No.3, 627-633.

K.Sakai and K.Sakano, A Study on Brittle Fracture Initiation under
Combined Modes, J.Soc.Naval Arch. of Japan, Vol.139 (1976), 257-264

241




[24]
[25]

[26]

(in Japanese).

D.S.Dugdale, Yielding of Steel Sheets Containing Slits,
J.Mech.Physics and Solids, 8 (1960), 100-104.

B.A.Bilby, A.H.Cottrell and K.H.Swinden, The Spread of Plastic
Yield from a Notch, Proc.Rov.Soc., A279 (1964), 304-314.
A.Ohtsuka, T.Miyata, S.Nishimura and N.Kasai, The Stretched Zone
and COD-criterion on the Fracture, J.Soc.Naval Arch. of Japan,
Vol.136 (1974), 249-257 (in Japanese).

242



User
Rettangolo


