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THE NONLINEAR LINE-SPRING MODEL FOR ELASTIC-PLASTIC
ANALYSIS OF SURFACE CRACKS

Lu Yinchu (B®#) Jiang Zhendong (BHRER)
Changsha Institute of Technology, China

Early in 1972, Rice and Levy[ij proposed a line-spring model for the
@nalysis of elastic surface-crack problems and it was found to be quite
fandy for the estimation of the related LEFM parameters. More recently,
tiewman and Raju[gj had made a comprehensive three dimensional finite-ele-
“ent analysis on surface cracks and shown that

letermined by the line-~

the stress intensity factors
spring model are in closep agre

ement with their
than other approximate methods.

results s. The reliability of line-spring
model is thus greatly enhanced. ParksLa’”], and independently, some of our
quoupES’BJ, had extended that useful model in the analysis of elastic-
vlastic surface cracks by introducing a nonlinear line-spring model. It is
ound that the numerical results is promising. The present paper is a
urther development and improvement of our previous worksﬁ5°£3.

NONLINEAR LINE-SPRING CONSTITUTIVE RELATIONS

Consider a surface crack of length 2cgy and depth ag{x) in a large

ed to remote uniform loading. We begin by
visualizing it as a thin plate containing a through crack with t

i*late of thickness t, subject

wo faces
‘ommected by distributed line~springs and loaded with uniform

ly distributed
sembrane forces N and bending moments M at the far ends, as shown in
g.1(a). The constitutive relation of the line-spring is simulated by a
rlane strain edge crack strip, as shown in Pig.1(b).
The nonlinear constitutive relation of the line-spring can be deduced
irom the D~M model of the edge crack strip. The method given in [7] and {8]
> used, and the remote uniform stress is

taken as the reference load
vatem.

From the stress intensity factor of that system, we derived the
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weight function of the edge crack strip with crack length a as
ha,z} = hy(z,2,)//7a (1)

with hl(c,zl)=(5A(;)'(1“‘%})3/2
o, . . |
B (1242 ¢ o(r). (4 = ) aoE(e)

where A(z) = 1'(g)g™" ~ 2.51(0)07% -

e e Yoo
50T + 3F(2)

B(E) = 207.51(5)0 ™2 — 168(z) +

+ 8F'(g))

¢
(o) = ur(r),1(z) = mj (F(2))2zds
0

BT althzy = 2/t,E(E) = gy (o) /g

function ey(z) is taken from referencel9] and F'(z) and I'(z) are the 1st

derivative of F(z) and I(g) respectively. Thus, for any arbitrary crack

length a, the stress intensity factor induced by uniform tensile Stress oy,
E

acting on the crack surface in the range ap <z<a is

. 0 asag
K(I}
l =
(2)
-a, ;
j hia,2)(-o}_)dz a>ag
apg R .
The stress wvt~r31¢] factor due to the membrane force N and the bending
oment M acting at the ends of the adge crack plate is given by
K = Flog o) + o 2.(2)) (3)
MeM* B®B" " '

in which 2,(2} is taken from referencel 9] and o W N/t 05=6M/t?. Then, the
equation for +he determination of a can be obtalncd hv the combined action

of the two lcad system o make K = V( ) + AS ) = 0, that is
cMgM(cp) + Tp8p(e,) — oYshg(cpﬁCo) =0 )
where

114

S 2
h,(L,00) = S hi(z,21)dz/Vnz = [A(luvm- 7, B(1—-7?) i +

Co

_-C—o.l/z oY r
*C= = 1 V2g (2) /e

fvom the Paris displacement formulatgj, we get the line-spring constitutive

iations as follows

§ = [2t(ay0, + o 00 — 200, g 2, (£)h,(2,50)dc/E?

Ealal
T o

gy (£)h,(z,50)dzl/E" {5)

@D
i

[12(aBMo + GBBUB) e 120 S

Mere 6 and 6 are relative displacement and rotation of two ends of the
“ge crack strip respectively, ap is the depth of the D-M model crack,

TaR/{1=?), E=Young's modulus, vEpoisson ratio, and axu=j£égk(c)gu(c)dc, As
0

M,B, equations (5) can be written in matrix form

_ - Zp eu(c)
{q} = QUYS([CE{G} -S hz(C=Co){ } dz)/E ()
Ty gglz)
bere  {Q)' = [3,87, .= 6/t. 8 =0/6 (o1 = (5,.5.1 5 = o/
e tar = 16,61, o e TR R 0E = Loyaopdi oy = oy/oe s
UB/OYS, and [C] = GMM QMB
: M BB

After the ligament is completely yielded, the constitutive relation in

cemental form is

a{o} = [s*P1a(q} (7)

a¢ T_ Eod 39 3¢ .

e (5] =s03-05°7 (2 (28705001 23rs5% (24 289,
) GM aFIB

the g;neralazed yielding function of the edg" crack strip,

w,gé,go) = 0 is the generalized yield surface. Based upen Rice's
-line analysis for the edge crack strip, to simplify the numerical
wlations, the yield surfac is linearized to the following form
yknﬁ,,u) = g -—a{Zy) = 0, where the equivalent stre Ge = UM + gk(go)Eé.

p] is constant, and the constitutive relation (7) can be integrat-

¢ the total deformation expression:

{o} = {Gte + [s*PIAT} ~ {T1) (8)
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in which { 6}, apg {q}y are the generalized stress and displacement vegpec-

tively when the ligament starts to yield.

D~M MODEL SOLUTION FOR A THROUGH CRACK IN THIN PLATE

Besides the aforementione

d line-spring constitutive Egs. (6) and (7)

(or (8)) and the additional equation (4}, we are still in need of the

behavior equations of

the plate with through crack. We adopt the D-M model

to simplify the elastic-plastic analysis, as shown in Fig. 1(a). In

fig

7 - > C ] 2 o
gure, a through crack plate is subjected to the membrane force N

. sl
bending moment M at the far ends and the length of plastic zone is

Accordingly, we have a D-M model of crack length QCP

the distributed line~sppings throughout its cpack length.

0< [x] “2g, the crack

N{x) and M(x), while i

that

and

(c p"L 0 D

and is connected by

In the range

surface is loaded by the spring reaction forces

n the yielding zone (cg <[xl <cp) the surface

<, e ¥ s T . qe ~
torces N' and M! become constant and uniformly distributed. For such a

case, the behavier equ

applicable. Thus, we h

(q} =

4
i

ation given in Rice-Levy's paper[
ave

] 1
H0pey IBI Joda? ™) S (F(x,t)( g3 dt ~
Q

- S °P P, T T1dT) /Bt
1

: - S S
whes = FL o0 P e oo 0T N
where [B] = [U Y], ¢ = {149)/(9+3v), [o®] = LGM’UB]’ Ty oyg | oygt’
o BT eMe - g e . —~ .5
9 = Svs 3, La'] = LoM,aé], oy = 1 op = o t2° °p TS’

¥s

and F(%,t) = 1n ( JE’;-;{? w JataB)/ (vEd; %z~ /'E"f:-"'f?")

is directly

(9)

I

[¢}
=Y

In equation (9), relating (a} and { 0} in the cracked thin plate, three

unknown quantities 0&, Eg and Eb are involved so that three additional

equations are needed.

furnish the complement

Similar to the ingenious method of Erdogan[lo]

, We

ary equations by introduing three axilliary condji-

tions, namely: that both of the membrane and bending stress intensity

factors for the crack

Kg=0; and that both of

tip of the D-M model are vanishing, i.e. Ky=0

the membrane and bending stress oy and of on

and

the

crack surface should satisfy the generalized yield condition of the uncrack-

ed strip, that ig

Prloys05) = (o170, 0% + Ror/o ) —1 = o
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(10)

from Ky=0 and Kg=0, we have

.
= ey Ta TTaNE
- 1-;Qa_g oy {8}/ (e2-=*)® dxl/s
OM [2 Y i M P
o (e — 3 -
5 = 33T ~3 5y (01 (2%%)* di/s (11)
0

m s . - . . .
where s=5 — arcsin(ce/ep). Substituting equations (11) into equation (10),
2 ;

“a obtain the equation to determine Cp:

1 1 . 1 1
5 %% = ), oy /(257 dx1" /52 ¢ 2L 57 ~ | 5 (Ry/(er-2) Rz 19t o0
05 5 = oG Gt se + ot 5 = §, TG0 e »
{12)
tubstituting equations (11) into equation (9), gives
i S L oimm e
{9} =uoygeal BTG 6™} ~ [ H(Z,T) (3(0) )ae/me (13)

(el

. — 1 S s e e - Cp o
= (c; — x2)2 -ngopF(x,t)dt/23, H(x,t) = F(x,t) *—Xl F(x,t)dt/

GOVERNING EQUATIONS OF SURFACE CRACK PROBLEM
AND FORMULA FOR CTOD

Before ligament yielding occurs in the edge crack strip, substitute
sation () into equation (13), we obtain
1
-~ : e U Jpup ; Iysbo — e
{a}l + 280081} H{x,T)IC] {qldt/(1-v?) = um—f—— {81 (CPL(X)fU } -
0 ) 1

T i e g
- jgz«x,t)[c} Y E¥dE) (14)

— E:'p &y .. P
e o = cp/t, {g} = ho(Z,20) {: g dg. This is a set of integral

. o = % . .
cpuations to determine ¢ { g}, which contains two unknown quantities Cp

Thus, equation (14), (4) and (12) are governing equations for the

8
: ;f surface crack problems before the ligament yielding. If Cp and Eb
siven, equation (14) is a Fredholm integral equation of second kind

‘" a singular kernel.

After the ligament yielding, the constitutive relations in incremental

forvi have to be used. So we deduce the incremental form of equation (13)

112) by differentiation. These equations and equation (7) form a com-

set of governing equations in incremental form for the case of




surface crack problem after the ligament yielding. When the linearized
vield surface op equivalent stress Eé is acceptable, the constitutive

relation, Eq. (7) can be replaced by Eq. (8), and the resulting set of
governing equations for the case of ligament vielding become Eqa. (8),
(13) and (12).

Making use of the D~M model for the edge crack strip, we can readily
calculate the crack tip opening disp%acement 8¢+ Before the ligament yield-
ing, from Paris displacement formulaig]

5 o - TP

+ = fzthS L (oMgM(;) + @BgB(C) = hy(g,20)hy(C,c0) /Vacdr /B (15)
G0

After the ligament vielding, the increment of crack tip opening displace-
ment d§y and the generalized displacement increment d§ and de of the line~
spring have the following relationship: 8¢ = d6 + (t/2~a)de. If we adopt
the total deformation expression, S¢ can be computed from following
formula

St = 8¢y + (6=80) + (t/2-a) (8~9,)
where, 819, §5and 8, ape values at the begining of ligament vielding.
NUMERICAL EXAMPLES
Ex. (1). Infinite plate with a surface crack loaded by uniaxial

uniform tension N© at infinity. Fig.2 and Fig.3 show the stress distribu-

tions oy (%) and og {x) in the line-spring by solid lines, the results of

g?‘ Cft=0.6 2r=gt %% &/t =0.6 . zc=6t H
T/ 0 =0.4 TV =0.4 i
'S 2 i
) 0.6 o ,
5 S -y e ¢ Lasi bnanl¥ <5 /- 95 /750 /,ufa./x Kic :
wer = daenn gfpgece 04} = Lincar gl cis !
5 /1
0.2 i
i
’
L4
0 /
25 i
wol0p e xX/co
4 2.8 io ““,»pfﬂz
x/c, bommommnn 225
Figy 2 Fig. 3
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crease In pressure and is accom-
sied by the redistribution of N a
# which drift up the yield
.
face toward the mid-ligament g &
: [33 ™
ion vertex " I
44
CONCLUSION 2
o

linear elastic solutions are

20ms plotted in dotted lines. One
f 2C=61
i can find that the effect of

~= = Purhst P

plasticity reduces the stress

Eﬁ and Gg in the vieinity of
%x=0. Fig. 4 shows the normalized
values of J at x=0 versus load
U; for semielliptical surface

cracks of constant length 2c=6t.

Results obtained by Parks[SJ and

the linear elasticity solutions
are also included in that figure
for comparison.

Ex. (2). Thin cylindrical

“ll with a long axial surface crack subjected to uniform internal pres-~

“e. Consider a cylindrical shell of mean radius R and wall thick-

t, with a longitudinal surface crack on the inner face, subjected
funiform internal pressure p. If the internal surface crack is relative-
long, then the problem reduces to a plane strain case with a single line-

ing element representing the surface crack. Numerical results showing

effect of crack depth a/t on J~p curves for a shell with R/t = 10 ig

@il in Fig.5. For comparison, Parks! Pesults[d] are also included. It
be seen that Parks' curves have an abrupt transition before and after
ligament yielding, whereas our curves carry on smoothly. However,
 the ligament yielding, the J-

ral increases rapidly with the

A nonlinear line-spring model

the elastic~plastic analysis of

faize cracks is proposed in this

it is based on the D-M model and is
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2 direct extansion of the ingenious linear line-spring model. It was found

that the method is quite suitable for the determination of crack opening

displacements and may be used to calculate the tearing modulus Tg for

stability analysis.

Parks has advanced a2 similar nonlinear line~spring model for the

I ; .
elastic-plastic analysis[g’;] and  got some interesting results. However,

he ignored the large scale yielding before the ligament yielding and left

a gap of transition. Furthermore, he adopted the equaticns of fully elastic

behavior fop the main body of the plate or shell and confined the plastic

deformation to the line-spring. The differences of both numerical results

are clearly shown in Fig. 4 and 5,

{11
{23

{3l
[u]
[5]
[61]
£7]

{8]
fa3
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