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INTRODUCTION

The concept of using an energy rate (or power) line integral, c# for
‘the characterization of crack growth in a solig due to creep was fipst
introduced ip the early Seventy’stl]. It is simply a modification of the
J—integralEQJ where strain and displacement components are replaced by
their rates. The power integral ag expressed in [1] is considered to pe
path~independent such as the cage for the J-integral, The use of the C#-
integral has also been extended to characterize the crack growth in a solid
under steady state power law conditionsfa] and +the description of the
erack tip behavioup at different stages of creep deformation[q’SJ

This papep Presents the formulation of 4 new power integral Cg which
covers the entire range of creep deformation coupled with general
thermomechanical loading conditions. It cap be used in conjunction with the
tearing medulus fop the prediction of complex crack growth behaviour
including the initial and the subsequent growth of cracks at elevated
temperature due to ¢creep as demonstrated in a separate publication. Numeri-
cal evaluation of the C* gnd Cg integrals has been performed by means of
a finite element analysis on an experimental case described in Ref. [s].
It can be shown that better agreement with the experimental results have
been achieved by using C§ than by the C*-integral. Both C*% and C§~integral
appeared to show fairly good path»independence, @Xcept the presence of
large plastic region enclosed by the path of integration.
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DERIVATION OF C§~INTEGRAL

The generalized power integral, C* can be derived by a similar energy

bialance concept as described in {71 with a virtual time-independent crack

vxtension method and the following assumptions:

{1} The material is assumed to be initially isotropic and homogeneous. A
single through crack is treated in a solid of uniform thickness;

4} A fracture brocess region exists near the crack tip as shown in Fig.1.
As discussed by Broberg[g’gj, the size and shape of this region are
independent of the solid geometry and the loading conditions. Void
initiation, growth and linkage are to take place in this region, thus
invalidate the use of the continuum mechanics theory;

©!)  Balance of energy production and dissapation during the creep fracture
brocess is to be satisfied despite of the presence of the fracture
process region. Similar assumption was also made in {71

“41 The fracture process region is considered to be an energy sink during
the creep energy dissipation process. Since the distribution of creep
energy dissipation in a cracked solid is not uniform, severe concen-
trations of energy dissipation will occur in the fracture process
region, thus causing a creep energy dissipation flux into this region.
The intensity of the energy flux flowing into this region character-

izes the singularity of the creep energy dissipation rate near the

erack tip.
Based on the above dassumptions,

@ possible to derive thig integral

the basis of the equilibrium and

2y rate balance equations:

e
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¢ which T, is the traction acting on the Fig )
N dinates of line crack
tace 5 and P, is the body force com~
i

#nts in the volume V and ared A with
it thickness. The creep energy dis-

sation flux into the fracture process

105




UeL10N In a cracked solid can be expressed as:

Pla) = j T.0.dr — )r ~F.0, ¢ [
3. Taly ) e B o 0555510 (3)
3

where Ti is the traction acting on the contour T and crack surface I, as
illustrated ip Fig.1, Gi’ éij are the respective rates of displacement and
strain components. It has been proven that é(a) is a path independent
integral which represents creep energy dissipation rate into the fracture
Process region.

The total strain rate components in Eq. (3) can be expressed in the

following Form by the pPartition theory:

£.. = o8 L cC iP
13 Lij + €53 + €5 (1)

b e .c P
where Eij’ €ij and £, are the respective elastic, ¢reep and plastic strain

1]
rate components. Eq. (3) can thus be expressed in the following form:
Bla) = j T.0.dr — g [~F.U, +0,.6% +q..8% 4 0..¢P 7a
rirg ii A 174 Tijvig 19543 i“jtijJ A (5)

Considering the energy balance of the material in A and A, during virtual
- - ip

crack extention Aa, we assume all changes of the field quantities, such as
. .e . . .

Au,Aeij, Agii and Ae?i are attritable to changes in crack length, then the

£~ iy . . s - =
following relation ig obtained:

Al;’(a) - dP(a)

* A3
da 42
= T.40.dr — { (=F.a0, + 0,.88%, + ¢ AES, 4 o..A° 1A (8)
Far A & a A ij ij 137743
S
and hence:

. W6 oD

1y i =
. iP(a} § dd; 22C det,
e 0 o Lar dé i

CE da - l:-d. o= j T O T “”“‘d}d!\

= = Par + 43 i3 da i} da

{7)
A proper transformation of the C§~integral in Eq. (7) between the
fixed ang moving frames is necessary En order to describe a growing crack.
Refering to the coordinate systems given in Fig. 1, the following

relations can be used for such transformation:
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X1 = Xjcosfy + X,5infy — a

®p * —X18in8y + X,cos6, (8)

Ui = Ui(xl,XQ,a) {(9)
in which (xy, X, ) and (X1,X,) represent the respective instantaneous and

the original coordinate systems.

Prom the "creep-elastic analogue theory",

S (10)
. { 1

2v using the Gauss' theorem, Eq. (7) can be expressed as:

2, | aU;
cx = 57 | j W (¢7.)n dr — j Typr Al +
e m=1 F+strti 41 m
ip
30 % cogly form = 1
+S oA, o.. ajl]]dA} x { !
A LR ] 9K sinfy form = 2 J {11)

in which nm(m = 1,2) are outward normals to the contour I' with respect to
- il ¥ % 2
©y and %, coordinates, and ey, = E?. + a?,
ij ii ij
For Mode I, i.e. opening mode crack extension with 60=0, Bq. (11)

sduces to:

oo

p 30 30; Bé'.'_“
BF = S W nidpP — j T.—= dr + (~F = 4 6.;*"5* yda {12)
4 rar e (o] Fir i9xy i9xy ij 9%y
+Iswltip Py A

NUMERICAL EVALUATION OF C-INTEGRALS

Since the fracture process region is normally negligibly small, the

~integral in Eq. (12) cna be simplified to be:

. 303 9=
C* = (chlﬁngzmﬁdr + S 0:.7;;“’dA (13)
= Jrarg S a 3o

- o 2 C s v
th the absence of the body force. If Ccreep strain rate E:j is dominant
i
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dupin = . I s
during delormatlona, the contributions of elastic and plastic strain rate,
Efj’ can be neglected.

The expression of C-integral neglected 2nd term in Eq. (13) is identi-

cal to that given in [1] as shown below:

Cs‘::g

Numerical values of Cg and C* in Egs. (13) and (14) were computed by a

. 8{15_
[WCH] — Ti—a—;(—;]df (14)
S

finite element Stress analysis code, TEPSA developed in the seniop author's
laboratories. General description of this code can be found in [10]. The
case used for the evaluation involves the growth of a line crack in a thin
plate made of 304 stainless stesel. Detail description of this experiment
can be found jin [s]. Fig. 2 shows the dimensions and the loading conditions
for the cracked plate.

Pertinent material properties used in the numerical evaluation are
tabulated ag follows:

Young's modulus: 140,000 MPa

Shear modulus of elasticity: 53,800 MPa
Poisson's ratio: 0.3

Plastic modulus: 700 MPa

Yield Strength: 108 MpPa

Creep law: ‘ £% = 1,37 xio'lac;‘l/hr.

with the nominal stress, o <176.5 MPa

Fig. 3 shows the region for the Finite element model with ?our select-
ed contour regions, Iyto T'y as indicated.

Two element sizes were used near the crack for the computations; Type
A elements were Of 0.4 mm x1 mm with a total number of 154 alements whereas
Type B elements were of 0.3 mm x 0.6 mm with a total of 201 elements.

Numerical valyes for Cg in Eq. (13) and c* in Eq. (14) by the four
Selected contours @re illustrated in Fig. 4 and 5 respectively, whereas the
corresponding values by empirical formula ngp are shown in Fig. 6. The

values of ngp were computed by the following expression [6]:

- . a~1 :

“exp ~ ol Tnet (153

i : Tr . < . :

n which o« is the stress Power in material's creep law (7.1 in this case),
a il cros 1 v i

het IS the net cross-sectional stress and V is the calculated crack face
Opening velocity.
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Fig. 4 Numerical values for Cg-lntegral

Fig. 7 shows the correlations of C* and C* with the corresponding
2

sailts by Cixp' Results shown in this figure were computed by integrations
=t

e the contour I', using both types of elements. The bold lines are the

b

sosults obtained by the type A elements whereas the thin lines represent

results by type B elements.
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Fig. 7 Correlation of C%-integrals

DISCUSSION OF RESULTS

A generalized power line integral Cg which can characterize the crack

growth in a solid subject to thermoelastic«plastic~creep loadings has been

derived. Numerical evaluation of this integral, along with those of the
established % integral have been performed and the results have been

correlated with the results by ngp Four distinct contours, 'y to Iy

‘ore selected for the numerical evaluation as shown in Fig. 3. As can be

iwerved from this figure, I'y encompassed evenly on' both elastic and plastic

“plons, whereas I'y is entirely in the plastic region.

The numerical results of Cg and C* in Figg, 4 and 5 clearly indicate

fairly good path-independence of the integrals except the case with the
“» contour. One possible explanation is that the C* or Cg, like J, is con-

sidered to be valid only for a small plastic deformation, the selection

¥ @ contour such as Iy which involves an entire plastic region had indeed

ied to inaccurate results.

Results shown in Fig. 7 indicate a closer correlation between Cg and

than that by C* in the present case.

“xD

Anobvious shortcoming of the Cg—integral is its numerical instability

cxhibited at the early stage of the creep deformation as shown in Fig. 4.
‘e numerical values of C#-~integral have shown a more stable behavior than

“% in computation.
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