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ABSTRACT

By using the Weierstrass elliptic function the authors obtain the
exact solutions of KTTI for the various doubly-periodic rhombic and pectan-

gular array of equal cracks in various Mode III problems.
I. INTRODUCTION

Since Koiter[l} solved the problems of the doubly~periodic array of
holes in 1960, many pape@sizwﬂj on the doubly-periodic arvay of cracks have
been published. However, most of the previous works reduced the problem to
integral equations and solved numerically. In reference {57 Xuang and
Zhan obtained the exact solution for Mode IIT problems of the doubly-period-
ic rectangular array of cracks by Jacobi elliptic functions. In the present
paper we solve the Mode ITI problems of rvhombic -and rectangular array of
cracks by Weierstrass elliptic functions.

The Weierstrass elliptic function P(z) with basic periods 2m1, 2w

fined as reference [7].
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means excluding the terms m=n=0 in summation, and Q = 2mw1+2nm3,

© 0.%41,%2,..... Moreover the following relations hold

[P'(2)71° = HPB(Z)—gQP(z)wg3
M{P(z)welj{P(z)»eQJKP(z)wQBJ 2)
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e +e'+e3 = 0, e152+e263+e

= P(wl), e, = P(wQ), ey = P(mB)
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3 = -02/u9 e 2,8 = g3/u

Let a and b Dbe real numbers. Take two special cases for Weierstrass

itiptic function:

(1) wy = 2a, wy = 2bi (Fig. 1) i.e. the basic periodic quadrilateral
+ rectangle, then the values of P(z) on the sides and middle lines of the
viodic quadrilateral are real and e >es>e,.

(2) wy = a—ib, wy = atib (Fig. 1) i.e. the basic quadrilateral is a

whiis, then the values of P(z) on the diagonals of the periodic quadrilat-

ti are real. And €5 is real, e, ez are conjugate complex numbers.
in both cases, g, and g3 are real. In what follows we shall study the

e mentioned cases.
IL. RHOMBIC ARRAY OF EQUAL CRACKS

i. Uniform Stress on Crack Surfaces

a diagrammatic sketch of doubly-pericdic rhombic array of cracks.

the length of a crack be 2, and the shear stress be t.

problem of the doubly-periodic cracks can be simply reduced to

a quasi-periodic analytic function F(z) in the infinite sheet such

W = ReF(z), Tyzmiry7 = GF'(z) (u)
~GImF'{z) = 1 (on the crack faces) (5)
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uaTYZ «Gf_ézImF'(z)dz j (6)
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where W ig + i S r : ; (5) 1
e W is the dlsplacement, vy Tyy @re shear stresses. Eq.(5) is the
R o) X

houndary condition and Eq.(6) the mean stress condition,

impLicd+ 1 e
For simplicity, we let Tyy = T;Z = 0 and take
Fi(z) = - 2L, 4D 7)

where the radical takes the positive value when 1<x<2a~1. At the crack face
®<l, P(1)~P(x) is less than zero so +he term, iD/VP(1)~b(x) is real, so the
Eg.(5) is satisfied. At z = iy, -2b<y<2b, P(iy) is veal and less than P(1),
ReF'(iy) = 0, 30 +the First equation of Eq.(8) holds. And the second can be
written as

ar = nt2a Ddx
2at = bjl (8)

B(1)=P

whege P = P(x). With aid of Eq.(2) the integral in the Eq.(8) can be reduced
to

an dx P'(x)dx
B(1)=p 2VTP(l)wP](P~e2)(P~el)(P-ea)
- 1rp() _dp o
%2 vmmﬁ‘e’;?
= 3gF(r, k) = gk(k) (9)

thus we obtain

D = 2at/ck(k)g (10)

whare

g = 1/YA8, k?- {[P(1)~e,1%(4-8)2}/(uap)

bl = (€1+63)/2 = ~e2/2, a? = ~(e1~e3)2/u

1
2 o 2, 2 n2 P
A% = LP(l)»bl] Yag B? = (62%1)2+a§ (11)
Klle) = JIS 2 g o
) = 1o o S 7,
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“oe symbol K(k) is the complete elliptic integral of the first kind with

The stress intensity factor

Kivr = Mim2nw(z—1)r.,_ = ~GLimVZi(Z—1 ) ImF ' ()
rry < LAn g & S

> we have

‘11 . 2/
t/nl  gK/-PT{1)1

(12)

ause there is only one crack in the basic periodic rhombus the single-

—— tis ’ . g o 5
ttiuedness  condition of the displacement is automatically satlsfled[ ].

we special cases may be derived:

(1) As b,

K. . = tvhatan(ni/4a)

IIT

ich is the case of the colinear cracks.

(2) As aw,

K = t/ibtanh(n1l/4b)

case of the parallel cracks.

" tan (b/a) = V3 then

K. = 1.0045¢v/wl
III
0 result coincides with that obtained in reference {413,

fig. 3 gives the relationship of KTII/T/;I vs. L/a at various b/a. It

found that kIII/TVWl is almost independent of b/a as b/a>1,

“. Two Equal and Opposite Concentrated Forces on Crack Surfaces

Lot the symmetric concentrated forces T be applied on the crack faces

* te thma ihnbi. At the point under the concentrated force there is

+ of first order while at the crack tip there is a pole of half order.
fie Taces of cracks we have ImF'(z) = 0 except at the points under the

wirated forces. The boundary condition at these points can be wiptten
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2T = ?j: Typdz = -2€JOImF'(z)dz (13)

Thus we finally obtain:

O — [Plc)e, AT P(c)~P(1) T

Fi(z) =~ Ti QT (A+B)/PICI—P(IIP! (o)
nGYP(1}~P(z)

% T aray 1(n/2,a2/(u -1),k) YE(e)—P(1) ,,
I TR T = Se=GT P

}(14)

% . 72T ’n . (A+BIVP(c)—P(LIP " (c)
IIT /"W’(T)' [P(e)—e, TATP(c)—(1) I8

~ 2
x oy + %WM __P'e) (15)

Vh?c)«PiL
where x=fc are the points where the concentrated loads are applied. M{w/2,

o /(a ~1} k) is the complete elliptic integral of the third kind.

o AB = [P(c)—erJA-{P(c)-P(1)]B :
o * 7 TPle) =2 1A+ B() TP (1) B (16)

And other symbols ape given by Eq.{11).

3. More Complicated Cases

The present method may also be used to treat more complicated

cases.
For example, the solution for the problem of two cracks symmetrically
located with respect to the coordinate axes in a basic periodic rhombus
subjected to uniform stress can be expressed as

F(z) = 1t/GL-1+(DP(2)}+C) /VT P11 )—F z) I P(1a)—P(z)] {(17)

where 11, 1, vefer to the distances of the crack tips from the origin. Ob-
vicusly Eq.(17) satisfies the uniform stress condition on the crack faces
The constants C and D can be determined by the mean stress condition and the
single-valuedness condition of the displacement.

IIT. RECTANGULAR ARRAY OF EQUAL CRACKS
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to uniform stress. The solution is

Fig. 4 shows the doubly-periodic rectangular array of cracks subject~

8

P iz} = 7«{ R T — (20)
. CgK(k)VP{1)-P(z)
K. ;
IIT _ 2/2a (21)
o/ml gK(K)YIIPT(L)
12 _ [P(D)~e1d{e,—e,) — 1

P TCer=y) 7 ey ree )

5 shows the relationship of KII]/(T/;i) with b/a and 1/a. We find that

/{t/71) is almost independent of b/a as b/a>1.

For other cases they can be solved in the similar manner.
REFERENCES

#.T.Koiter, Stress Distribution in an Infinite Elastic Sheet with A
loubly-Periodic Set of Equal Holes, Boundary Problems in Differential
fquations, 1960, Edited by R.E.Lange.

..A.Felishgenskii, PMM, 38 (1974).

-V.Vlkova, L.A.Felishgenskii, IZV.ANSSSR, MTT (1979).

8.5L.Karihaloo, Engineering Fracture Mechanics, 12 (1979).

fusng Zhenbang, Zhan Xiaoshi, Proceedings of the Chinese National con-

s of the Fracture Mechanics in 1981.
fMoretti, Functions of a Complex Var;cble, Prentice~Hall, INC (1964)
-

-Byrd, M.D.Friedman, Handbook of Elliptic Integrals for Engineering

nd Seientists, Springer- Verlag Berlin, Heidelberg, New York (1971).

87




Yi 3i}
b8 20:4+2b%
D do. x g a %
~2bt 20-2bi
Fig. 1
%) #l
T
” —_— P88 — %
Fig. 2 Fig. u
3 Km /Tm i KHI /Tm
4k 4
3 L
2t bla=[o-

- 88



User
Rettangolo


