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In this paper we give a review of the theoretical work on fracture
mechaniecs carrvied out in Institute of Mechanics of the Academy of Soi-

ences, Tsinghug University and Harbin Shipbuilding Engineering Institute,

I, STRESS ANALYSIS OF CRACKED BODIES

4

i+ LEFM Analysis of Cracked Plates and Shells

The linear elastic fracture mechanics (LEFM) analysis of cracked
plates and shells should be based on the higher-order the
%hells: such a8 Reissnerty theory,

ory of plates and
= = Using the sigen~function expangion,
Liu darived the near-tip solution and obfained the first terms of the
expressions for generslized displacements. Based on these results, Liu

in [ 2] calculated the stress intengity factors and attained higher preci-

order singular finite element, ILater
wag extended %o problsms in mixed mode I-IT~TIT,
Yu et al.{4j

sion owing to the uase of highere.

She work

decomposed the stress state in a oracked plate into

3 © 7 Ones 1 bordo : 3
everal zones, namely, the exterior Zone, Relasnerts boundary layer zone

and the near-tip singularity zone, Jsing matching technique of perturba-
tion method, they analysed the Reissneris plate with crack of mixed mods

TTT o o r T _
[~IT and obtained the relation, to the lowest order of approximation,

intensi !

& plate and the classical

ove results were extended in [5] to the plates with

kinds of boundary conditions, and the

the solution of two uncoupled simpler problems: the
i
[

problem and the biharmonie problem. In the study‘cJ

Of the stress intensity

shallow shells by singular perturbation, the solution of

50

tenth-order equations was reduced to the solution of three uncoupled
plane stress, classical plate bending and Reissner's boundapy

i they were solved by successive iteration. The stress intensity

: obtained by path-independent integral to the lowest two

ttions.,

Analysis of Cracked Bodies with Hardening

£7,81

He and Hutchinson proposed a method for nonlinesr cracked

#ly problem - the modified enexrgy method, in which the principles of

@ pobential energy and minimuvm complementary energy were extended
the infinite body with orack. They used this method for finding the

‘tip displacement (or stress) fields and the upper and the lower

“lwite of J-integral, The method was used to various crack problems,

el ne peuny-shaped crack,[(” central or side crack in plans strain
plane 3tr553,[8} the effect of loads in the direction parallel to
e v*w(”ig}g and crack of mixed modeilc], ete,
in a study (117 of cylinder with a central penny-shaped crack, the

2l was extended to axially symmetrical problems, and the near-tip

s and strain fields were calculated by finite element technique,

“tudy of Weight Functions

(121

Heferring to Bueckner's work(1973), T.C.Wang discussed the basic
bies of welght functions, and obtained their expressions for an
inite body with central crack, colinear cracks and circular crask,

finite slement solubion on a strong singularity term,

caleulated the weight functions for an edge-cracksd FPEC i
The results showed that the method is more afficient than the usual
4 earlier by other authors, As an extension of the weight funcw~

(14]

ted by Bueckner, ¥.R.Wang gave the definition of weight

for the various cosfficients in William's expansion for stresses

ies, and presented a2 methed for finding

=
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functions. In 1 are given the calculs

d results for weight funce

ked bodies.

ircular and rectangular cra

inite Element Analysis of Cprac

o
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WeZ.Chien et al. "™ yeea a method for the caleulation of stress

ntensity factor by superposing the finite element analysis on a field
with ﬂingﬁllarj_'[jy‘ J F.He ot &1.:.17’ 18]

isoparametric alement for caloulating the J integral and streus intensity

used hybrid stress element and

factors for plates with and without stiffeners,

I, RESEARCH ON CRACK CRITERION

Wareg S 5 . ¢
T.CoWang in {19] proposed a linesr slastic crack criterion based on

maximum circumferentig] stress on isemstrainwenergyndensity locus, and
the results lie within those given by the criteria of maximum circunfer.
2ntial stress and minimum strain energy density, In the same baper, using
the William's eigen function expansion near the tip of the branch o rack

and baking only the leading term, Wang calculated the gtrain energy

release rate ag the length of the branch crack approaches zerco, later

I
Hhw: t 570207, . .
Hwang et g3’ have shown that, for the caleulation of the strain
SNATrey vola. . . e . .
Gnergy relsase rate with vanishing branch crack, not only the leading
taken

ter t also + of + ot PR, .
term, but also the sum of the series of William's expansion should be

into secount, ang they have given the critical curve of K}”“K{I’ based on

criterion of maximum strain energy releass rate, In [ 21} it was shown

that, in case of mode~ITT crack, this method leads to the well-known exact

' closed form, and the method was applied 4o the cage o
I-IT-IIT ,

The experimental resulis of H.Gao et al,

high strength zteel GCwd, medium

and nodular cast iron showed that the

rs

results  in
Tall mixed moda
{22} s .
for mixed mode IwIT
orack on bend Specimens made of
gtrength rotor steel 30CroMov
than the value expected by linear elastic

greater offect of plasticity

i . .
cxitisal ELIIC 8 wuch gregter
was atiributed in [23] to
erack than on mode I.Finite element caloulations made in [23]

criteria. Thig
on mode IT
Tad n & 3 v
ted to the the size of plastic zone

fact that, under comparable loads,

for mode~-IT erack is much greaster than that for mode~I, The experimental
rosults of ¥ © wr 2 - 5
Tegults of KR Wang % al.{ 41 on rour~point bend specimen of Al-giloy
AUAG and AURGN agree well with the results by two~criteria method of
CEGB,
Xu ot a1, (25 ‘ )
! &t al, broposed a new model for an elastic-plagtic frasture

or This model is an extension of

hardening materisl in plane stress,
Dugdalet 8, taking

into account g diffuse plastic zons besides the strip

01
N

t

ative s

foEan {26
the material, Xu et ale < ]

i

LR B

wnlinear fr

“ith the results of

sioulation, and using the criterion that,

ie neck

ing zone., The resulis of finite elesment caleulation based on

astic deformation theory and incremental theory agree pretiy

FARE

tensile test on center-cracked wide plates,
into account of finite vlastic deformabion in Finite element
during crack extansion, the

paration of the necking strip equals the ultimste elongation
predicted very well the load erack growbh

ton obtained in Al~alloy wide plate test,

T

Huiok G ewee ghear modulus,

SINGULARITY FIRLDS DURING
CRAGK GROWTH

IXL,

‘he research on the near-tip singularity fields has played an
In linear elas-

tant role in the development of fracture mechanics,

fracture mechanics, the stress intensity factor k is taken as the

re of the intensity of stresa~and strain~singularities, Similarly,
acture mechanics and vnder cerbain restricted conditions,

al can be adopied as the measure of the intensity of near-

f
LE

ity (HRR singularity).
vy and MeGlintock (1971) first obtained the near-tip stresg.

=
ard

in-field for mode~IIT crack in gteady growth in elastic parfectly-

o

siio material, The singularity behavior of strain ahead of the crack

« deseribed as

. "
7, ~ shearing yield stress, Ro ':;k;Hon‘“

size of plastic zone and k’EII = mode~III stress intensibty factor,
. R " 2 o A : ;
logarithaic singularity is weaker than the r = singularity for
It is to this weaker singularity that MeClintock et

LONATY racks
“Eributed the stable crack growth in ductile materials after crack

« Assuming a oritical-strain type of orack-growth criterion,

critical value 4% /G of shearing strain at an assigned distance

" erack-tip, we can calculate the ratio kIIISS/kXIIC 5‘1%IISS R
krry necessary for driving the crack steadily and kyo . ~—
st initiation) as a function of the material ductility 7.

Howsver, the opening displacement at the current tip of the propa-
¢+ orack obtained by Chitaley et al, (1971) does not vanish, though




quations for the J,~flow theory yill be

it sh ; § o
it should, The corrected result by Hwang o aluim for the opening dig~ ) _#a ¥ e .y v 4
placement of mode~ITI crack in steady growth is i T TRy o By ooy - £ o
T .. ’ - ¥ - 2
oW P 2 & {(smnt’z‘f} © In %Q + 0 (r}} £ i? m}mij’ A=ph (o) & (5)
A

re B denotes Young's modulus, y Poisson's ratio, gij the metric tensor,

¢ iw) a omaterial function and Sij the stress deviator

¥ ()

o2y EaE B Ro f
=0, ~ir o=
5746 s {1 In ==+ 0(x) ()
where :9?=O.544O rad. is the half angle subtended by the plastic zone ahead 1k 2
of crack-tip. Based on their results of finite element calculaticm, Dean :}i—? = gij - Wijﬁgﬁk 313’ 7 (""g— Sij Sij
and Hutchinson ( 1980) obtained, through curve~fitting, the coefficient in

(1) %o be 0.83, Tn contrast to (1) for propagating crack, the crack
opening displacement for stationary crack is

2
W = 9 .
&=a kIII LG (2) 7 <j“£1-m-0 (n

¢+ time~derivatives of the equations of equilibrium and of compatibility

suption ave, respectively,

If we assume a COD-type of crack growth criterion, with the critical COD
(the same for both initiation and stable growth ) at an assigned distance
T, behind the crack-tip, then from (1),(2) and taking only the leading
singularity term, we obtain the relation between kTIISS and kIIIG as

-

Vs + \?kvléij - Vivkéjl - vjvl.gik =0 (8)

Assume & 13 and their first-order partial devivatives with respect

follows tooosordinates to be continuons. Choose the local cartesian coordinates
kIIIS k‘iIIC siwsh that x =0 be the surface of possible discontinuity of some of the
k“.CIIC - exp(\érfrc sim) (3) smoond-order derivatives 9253,' /gx‘ o Then from the three equation 3¢ 7)//;;;;
If we adopt the 45°-00D similar to that defined by Rice for mode~I crack, the fhree equations among (8) containing 3%y (i.e. for i,j =i,1
we will have from (1),(2) sl kL= 2,25 3,33 2,3), and substitubing the constitutive equations
k % sito them, we can write them in the foim
“IIISS 7 . G
T = (e ) @ ’
% = " o >3-4 R oot ool \4. S “
T110 - - “LRng, 2 (a)j2e/ox} + os =0 9
For elastic perfectly-plastic material (for Poisson's radic y T_:j; .
: {9 /s x‘l}’ arve GG and Ox1 matrices, respectively, and b¥a...

¢ 9

Slenis 37, : (r-83 o S § i s <
Slepjan (1974), Ceo and Rice (1980 ox 1981) obbtained independently £
1. 54 s s . . a of wer-order derivatives
the singularity field for ateadily growing node-I crasck in plane strain, s of 1o ; !

Tt 4 T myeyn s oopve . o s : 5 . .
It is much more difficult +o find the singulscity o I oy ) B f
Lod. Lo 0l 2%

IR, OOXE 2 THRYT, SEXT , 5%t

field of growing modew g

crack in elastic perfectly-plastic compressible maferial (¥<3%) and

bardening material, Tt i Becessary for this purpese to look into zome ] 0 0 0 G 0 2
properties of the basic 2quations and to study the contiguity conditions & 0 0 0 0
at the boundaries of nedghbouring domains ( elagtic~plagtic boundary or ! (\; O s 1 O ?
boundary within plagtie zone), and ther to have a corvect formuml a.‘)tirm B D ® W 7 .
i 12 Y13 i1 12 13 {10)

of the problem,

o N g 5 L. - o ZT
i+ Type of Basic Equations (Gao and Hweng 29 ﬁoj)

D Dy F kY Faz |
Dencte by T34 &14 c*a -7y . 1 T2 }”3"5 31 2 &55j
bencte by Yij,fij3, ©i3 » ic;ﬁ the tensors of stress, strain, ’
alastic etrain and plastic strain, respectively, Then the constitubive
55
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S s 0 0o o 0 0 o
D, .= 1 Y]
i ia} 5‘0‘? Sy (Sx,sy,sz)-#"ﬁ- 0 1 O = *‘E— 1 0 d:
L 8, 0 o0 1 11 0
5 0 o 1
] = oh % 1+ v
[Fij}_ = :Y (Sx.”y" sz’ Syz) + ”""'E"’"‘ 0 o0 o
3 o 0

At the surfaee of discontinuiﬁy * =0 should be fulfilled the condition
that the determinant of [A] vanishes, det [A] = o
to

» which can be simplified

T~y 3h i 2 2 4wl
: s 3 g - =
y+Sz+2l"byuZ+2(l v) syzf_o (11)
For elastic perfectly-plagtic material, h— o0 in (5), A is undetermined

and we have an additional equation ¢=0., Then (11) vecomes (gse ed.{1,9)
in{31))

ol . B 2
Sy + 8] + S8, + 2 (1-v) 8, =0 (12)

It was pointed out in [30] that, since (11) cannot be satisfied for harden-

in - 4 : .
€ materials, the basic equations are of elliptic type. The satisfaction

of 3 PR i "
of (11) is possible only when the elastic deformations could be neglected

(E»=) and (see eq. (1.15) in [307)

G’yz = Sy‘-‘«" SZ = 0 (15)
It was noted in (30} +tnat, generally spesking, the identity (13)
throughout a surface op g region is impossible. As a special case, only at
the crack~tip where the elastic deformations gre negligibly small as
compared to the plastic deformations, can (13) be satisfied in asymptotic
sense. The situation ig different for incompressible (¥ =% ) elastic
perfectly-plastic materials, In the latber case, we have for plane strain
{in x, ¢ plane) Oye==5 220, and (13) becomes

B = (14)

X

which can be satisfisg along slip-lines, However, generally speaking,
for plane strain problem {for nonhardening material with p< % or for
hardening waterial), eds {13) can not be satisfied ;along a line in (x, y)
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fane. It can at most be satizfied at crack~tip in asympbotic sense along

sy for nonhardening material with vek and for hardening materigl

# basic equations are of elliptic type, and the golution is aufficiently

“hinside the plastic domain {the same conclusion is reached in {29]

© plane-gtrain problems), Only at orack-tin and in the asymptotic sense
dlasontinuities (even if weak discontinuities) take place,
Prugan and Rice (1982),using quite a different approach (without con-

tleration of the type of equations), arrived recently st the same cone

3

siion {13), as the conditison of strong discontinuity for elastic

siestly-plastic materials,

contiguity Conditions Fop Plane-Strain

voblems (Gao and Hwang[29,307)

Yor plane~strain problems in (#,7) plane, let " be the boundary line

ferent zones (for example, elastic and plastic zones or two differe
ic wores), The shape and location of [T is, in general, changing

Lih btime, From the continuity of fractions on [T follow the first and

weond contiguity conditions

(91 ~=[29/aa] =0 (25)

is the Alry's stress funetion, [P}r denotes the jump of g quantity

Caorosa [T, and n,s constitube a stationary orthogonal coondinate system

Family of curves parallsl to " {at the instant under consideration

and with the family of straight normals to [ as n~lines, The
1 the fourth contiguity conditions follow. from the continuity of

ants [u]rg()} i“v}rma. Here we have to digtinguish several

L} Weak discomtinuity, i.e. the stresses and strains are themselves

sibinvous, but their time-rates or space~derivatives may suffer discon-

across M In {29} the third and the fourth contiguity condi-

e siven as

[ZLT w
boant }r ¢
(16)
[A] 2 :
- ?-L[;’mmw;(gw;) (405~ 053 f=0




B8 : n =0 (21)
Here V denotes the moving velocity {not material velocity!) of I normal Herefvom follows the conclusion arvived at in [29] for plane-gtrain
to itself, and

bilomeonly when ) = %, the gtrong discontinuity can take place across
= '"E""‘f(’ “Eﬂ) /\ ‘W’(:t A) (on+3) dit ¢ wurve [(n=o), which is a slip line satisfying the condition oy =0 =0,
l’

an

bo the elastic peri‘em‘ly«-pla.stlc naterial with <% ox tha hard-—

the etrong discontinuity satisfying the conditions {20)

"[ A dt
g,

e 1 s ) : ble only at the crack-tip and in the agymptotic sense, And
where t,(x,y) denotes the instant when the material point (x.,y) begins to N i . 4 .
snter the plastic zone ha@ already been taken into consideration in the paper [30] dealing
e E ®
2) Strong discontinuity, i.e. the stresses and the strains themselves ar-tip singularity solution for power-hardening materials.
: scontinuity, i.e, the gtp ¢ hemselve ) L N § e + 4
suffer discontinuities across P In [?91 the surface of discontimuity in {29] ave obtained the third and the fourth contiguity conditions
= ® = b
5 X o wape of abr i irvad ty a in 9
I is replaced by a narrow transition zone 5, in which stresses and we of strong discontimuity (see ea. (3.23) in [29])

atrains may change a‘orup’rl; but cozﬂtlnuously. Under the assumption that ’{a(ﬁ“i =0
w0 %—mdx(c— )+-q-{%»-u) (q, + - 0*)d0m3+chang~es1 in RGPS
D, it is shown in {”9] that the s‘t1=ong dlsconﬁlnu:.ty can occur only atb > g ,
. N Lo P X 2 e o d r.p - 5
& surface ['where the two following conditions are satisfied @ _1 ;y-«-{a 3 ‘r + Ttﬁns}r 23z L‘. ns]p = 0 (22)
1 2 2 " ;
a‘((}’? - o“n) + - (3-y) ((Tn B, »-g—-p) (18) i_ff denotes the curvature of the curve orthogonal to the family of

tinuity curves (i.e. family composed of discontinuity curves at

(% - },):‘{G"n T, - (y'p) =0 (19) ingstants).
The latter condition (19) is equivalent to (see eq. {1~8) in [29]) i AL the unloading boundary [ (i.e. the boundary curve between the
o, = Ho +o.) 19)’ loading zone and the unloading zone), it can be proved that only
h =R liscontinuity is possible. It is proved that, besides (15) and (16),

T A3t ensl condii should be fulfilled at
The condition (19} can be satisfied in two ways: silowing additional condition should be fulfilled at g

D for pe< %,

(23)

T e =
Ty T, 8]

o . : . " W )
(’—Q} < HMeap-Tip Asymptotic Solutiens for Cracks in Steady Growth

RS

J‘“n + ?Qrg "UP = 0

rementioned basic equations and contiguity condi-

iy uae of the afc

ji]

However, it is generally impossible that both conditions of {20) ve for the sake of convemience, contiguity conditions for b
satisfied everywhere on a curve I in (x,v) plane becanse i% is generally tved conditions fox ¥ 5 an iz done in the following
unrealistic that the curve uagt s Ty =, = O coincides completely with one sl b have been obtained.

of the cnrve-family T, oo, = O That'a why it is assumed in [29]that in {32 st pointed out the incom v<z of modified
Dy PO = o £ 0, and - unjustly by Drugen and Rice #ld with four angular zones, which R et al.(1920) and

& &
{19 I82) as " a priori asssumption ¥, LR claimed to be the solution for mode-

T

herefore,

11 srong discontinuity takes pl £ 1 materials with v<} because the unload-
S ¥ 2

v~nlé

in another WY, ftion is viclated in the unlcading zome. And Gao gave in [327 a

angular zones.

ii) for p= % ¢ with




Later Drugan, Rice and Sham ( 1982) accordingly corrected theip results
and gave a solution with Five angular zones, but differed in other respects
from CGac's solution. Which of these two solution is correct, this is an
issue to be clarified,

For mode-ITT crack in Power-hgrdening material, Gao, Zbang and
Hwang {33, 34] obtained the aear-tip strese- and 8train-fields in steady
growth as follows:

e (in Ay21) o

W= (0 /(1) () =
where A iz the amplitude factor and n an exponent related to materiagl
hardening (¥~z%), In (347 1% was shown that, in order to satisfy the
condition (23) at wnloading boundary ['s, there appears an inner boundary
nsar T}, with its subtended angle approaching zero at the crack-~tip,
Por mode~I crack growing steadily in power-hardening materiaig
(v= %), Gao and Hwang (30} obtained the near-tip stress- and atrain-
fislds

= (1 A1/ (e-1) o,
J0

(9)

9
]

(n A9V 2.5 ) (25)

]

However, theve is one Parameter not yet uniquely determined, Hence this
solution vemaing in some respects to be refined,

Por plane-streas Problems, there is not yet analytical solution
obtained, Imo, Zhang and Huang {3“1 obtained by finite element caloulg-
tions the stress— and strain-fieldsy for power~hardening and elastic per-
feotly~plastic materials under small-scale yielding conditions,

In the above discussions, the material is assumed to obey the
igotropic hardening ruls, i,e, Jy=Tlow rale, However, mogt engineering
materials exhibit anisotropic ha;deniﬂg effect, 1.0, Banschinger effect,
By use of the constitutive equations of Kadaschevich and Novoszhiloy {1958},
R P, Zhang, Xt Zhang and Hwang {5 U obtained the asymptotic solubion for
steadily growing crack for mpdg-»IZI as well as mode-I crack in plane
stress and in plane gtrain {37«; for linearly hardening wateriale; Xie
and Hwang [7381 obtained the correspending solution for mode-ITT crack
for power~hardening materigls, All these results show that both the sine
gularity and the structure of the near-tip field are dependent upon the

60

ropy of hardening, )
Recently Gao and Nema‘cuNmserU 9411 have obtained the near-tip

> singularity fields for oerack growing in elagtice rerfectliy-plastic

¢ power-hardening materials,
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