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Abstract The interaction between an annular crack and the interface is of practical significance. The
interface, which is imperfect with the assumption that it is mechanically compliant and magnetoelectrically
weakly conducting. For a mechanically compliant interface tractions are continuous but displacements are
discontinuous across the imperfect interface. For a magnetoelectrically weakly conducting interface the
normal electric displacement and magnetic induction are continuous but the electric and magnetic potentials
are discontinuous across the interface. Such a problem is investigated by the method of singular integral
equation in the present work. The field intensity factors and energy release rate are derived. Numerical
results reveal the effects of electric or magnetic loadings, material parameters and interfacial imperfection on
crack propagation and growth. The results seem useful for design of the magnetoelectroelastic composite
structures and devices of high performance.

Keywords Annular crack, Imperfect interface, Energy release rate, Magnetoelectroelastic materials,
Fracture mechanics

1. Introduction

Magnetoelectroelastic materials, which are composed of a piezoelectric and piezomagnetic phase,
not only have original piezoelectric and piezomagnetic properties but also exhibit a remarkable
magneto-electric coupling effect that is not present in the constituents. Such composites have found
increasing applications in several engineering fields such as magnetic field probes, electronic
packaging, hydrophones, medical ultrasonic imaging and in general as transducers, sensors and
actuators. Micromechanics modeling to predict and estimate the material properties of
piezoelectric/piezomagnetic composites was presented [1-3].

These magnetoelectroelastic materials are generally brittle; therefore cracks inevitably form during
the manufacturing process and subsequent handling. For that reason, it is of great importance to
study the fracture behavior of such composites and its influence on the coupled response. Recently,
research on fracture mechanics of magnetoelectroelastic materials has drawn increased interest.
Most of the achievements are made on the anti-plane and in-plane crack problem [4-8]. For the
axisymmetric crack in magnetoelectroelastic materials, some progress has also been made. Studies
related to penny-shaped or annular cracks can be found in the literature [9-11].

When two dissimilar materials bonded together, it is difficult to guarantee them to be perfectly
bonded. Some interfacial models, i.e. spring-like model, are presented. Meguid and Wang [12] dealt
with the interaction of crack and imperfect interface when dynamic antiplane shear waves are
applied. a crack situated at the imperfect interface has been considered by Lenci [13], who found
only the logarithmic stress singularity near the crack tips. Instead of the usual traction-free crack
surface condition, Udea et al. [14] applied the spring-like imperfect interface condition to
reconsider the corresponding antiplane shear problem, and found that the stress singularity at the
crack tips is no longer an inverse square-root singularity, but a singularity of power law governed
by the interface parameters. Zhong et al. [15] investigated the elastostatic problem of a mode-I crack
embedded in a bimaterial with an imperfect interface.

-1-



13th International Conference on Fracture
June 16-21, 2013, Beijing, China

This paper aims at analyzing the interaction of an annular crack and an imperfect interface. The
interface, which is imperfect with the assumption that it is mechanically compliant and
magnetoelectrically weakly conducting. For a mechanically compliant interface tractions are
continuous but displacements are discontinuous across the imperfect interface. For a
magnetoelectrically weakly conducting interface the normal electric displacement and magnetic
induction are continuous but the electric and magnetic potentials are discontinuous across the
interface. Using the Hankel transform technique, the associated mixed-boundary value problem is
reduced to a singular integral equation. Numerical results are presented. The influences of
interfacial imperfection on energy release rates near the crack tips are analyzed in detail.

2. Formulation of the problem

As shown in Fig. 1, two dissimilar magnetoelectroelastic materials bonded with an imperfect
interface. For convenience, they are marked with material 1 and material Il, which occupy the
region —h, <z<h andregion h <z<h +h, respectively. An annular crack with the outer radius

b and inner radius a perpendicular to the poling axis is situated in the magnetoelectroelastic material
| and occupies the region a<r<b, z=0.And the crack width c is introduced with c=b-a.
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Figure 1. Configuration of the annular and imperfect interface in bonded magnetoelectroelastic layers
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The boundary conditions for the magnetoelectrically impermeable annular crack and mechanically
compliant and magnetoelectrically weakly conducting interface conditions are set as

ot} (1,0) =0 (r,0)= p,(r). o) (r.0) = (r.0)= p, (1), (a<r <b) &
Dg,)(r,o):D()( 0)=p,(r), BY(r, 0):8()(r, )=p,(r), (a<r<b) )
u$ (r,0)=ul?(r,0), uy (r,0)=ul? (r,0), (0<r<ab<r<w) (3)

8 (r,0)= ¢ (r,0), ¥ (r,0) =7 (r,0), (0O<r<ab<r <o) (4)
ol (r,0)= rZI( 0), ZZ,(r,O):aZZ,(r,O),(OSrsa,b§r<oo) (5)

DY (r,0)= D (r,0),BY (r,0)=B(r,0),(0<r<ab<r<w) (6)

ol (r,—h,)= oam(, h,)=0, DY (r,~h,)=0,B{ (r,~h,)=0 (0<r <) (7)
Jrzl(r’hl) T (11 10), zzl( h) =0y (rh), (8)

DY (r,h)=D,, (r,h), BY(r, hl):BZ,,(r h), (0<r<w) 9)
ui.”(r.m)—ur..(r,m)=ﬁlan..(r,m), V(rh) =ty (rh) = B0 (1hy), (10)
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(r hl) rll( hl) Bs zu(r hl) ‘//r| ( !hl)_‘//rll(r h1)=ﬂ4BZ”(I‘ hl) (03r<°0) (11)
rZII(r h+h)=0,0,,(r.h+h)=0,D, (r,h+h)=0,B, (r,h+h)=0(0<r<w) (12)

where the superscripts (1) and (2) denote the upper and lower of the magnetoelectroelastic material
|, respectively; p,(r), p,(r), ps(r) and p,(r) are the given amplitude of the applied

loadings. g, f,, B, and g, are interface parameters, respectively.

For the axisymmitric problem, the government equations of magnetoelectroelastic material are

%, lou 1 o2 o%u, 0% Oy
(2*__‘“0*%57'@ﬁ“ﬂaa+@ﬁﬂﬁgg+ﬁwwm——=a<B>

or r or oroz
Loy, o’u, 1lou, ou,
+Cyy = +Cy3—
8raz r oz or r or 0z

(14)
O L1og) . &% oy 1oy oy
+e5| —+t——|+¢e + f +—— |+ f,,—5=0,
915( r&r} 2a? tlo? ror ) o
(ex+e L Llou, ve, o’u, Jlou ), ou,
s+ €) araz roz o ror ) ot
(15)
(2 108 . az¢ BN i YL i A
5\ a2 T ar a2 9\ ar? Ty ar Bo2
o’u. 1au o’u, 1au o°u
fo+ f C+——L |+ f L+——=2 |+ f :
(s + ) oroz razj 15(8r2 rarj % oz’
(16)
L [0 100) o Fe, (Ov 10w Py,
2o rar )00 o ror ) e
The generally solutions of the equations above mentioned are
8 o0
ur(r,z):ZIO a,; exp(p2;z) A (p)d, (pr)dp, (17)
u, (r,z) I > &y exp(pA;z) A (p)d, (por)dp, (18)
¢(r,z):ZJ'O a,; exp(p2,2) A (£)J, (pr)dp, (19)
j=1
8 o0
w(r,z):ZIO a,;exp(p2) A (p) 3, (pr)dp, (20)
j=1

where A (p)(j=12,L ,8) are unknown functions to be determined and J, (i=0,1)are ith order

Bessel functions of the first kind. The constants {a“,a2 J.,asj} and parameters A, are constant
related to material parameters.

3. The derivation of the integral equations

A set of new unknown functions are now introduced

d, (1) =7 {rufl (r,0)-rul? (r, )} @1)
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d, (r)=={uff (r.0)-u}? (r,0)},
d,(1) = {al” (r,0) -4 (r.0)}
dy(r) ==y (r.0) - (r0)}.

In the annular crack shown in Fig. 1, physu:al considerations require that
Y (r,0)-u? (r, 0) —0,for r>a,b,
)(

Y (r,0)-ul? (r,O)_—>O,for r-ab,
EX
47 (r,0)-4? (r,0)| >0 for r—>ab.

oo

u
_u§
(

r,0)—g¢? (r,O)_—>0 for r>ab.

Therefore, the unknown function defined by Eq. (10) must satisfy the following conditions

rd, (r)dr =0,

(22)
(23)

(24)

(25)
(26)
(27)
(28)

(29)
(30)
(31)

(32)

Substitute Egs. (17)-(20) into boundary conditions Egs. (1)-(12) and using Egs. (21)-(24), one

obtains
v Lo F(s)ds+ —j QF(s)ds =T (r),
T Jas—r
where
M, O 0 0
M: 0 M22 I\/|23 M24 1
0 |\/|32 M33 M34
0 M42 M43 M44

with K; (p) can be found in Appendix A. And

x =diag [ x;, (r,5).55, (r,8), Kk (1,5) . 55, (1,5) ],

Kn(r,s):[z”\fl(rf)_ 1 }

S*—r S—r
2sM, (r,s 1
Kzz(r,s)={ 322—(r2 )_s—r}

and

(33)

(34)

(35)
(36)

(37)

(38)

(39)
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EE(s/r), s<r,
Ml(r’s): rz 2 2 (40)
i—E(r/s)—S r_zr K(r/s), s>r,
M, (r,5) = EE(s/r)+S K(s/r), s<r, 41)
E(r/s), S>T.
Introducing two non-dimensional variables n and &
=(b-a)n/2+(b+a)/2, (42)
r=(b-a)é/2+(b+a)/2. (43)
Eq. (33) becomes
Mfllj(;d’” [LQ(&mG (n)dn=L(¢). (44)
where
G(n):F(b;zary+b+Ta), (45)
Q(n.8)= 2a (b;ayﬁb;a’b;a&rb;a]’ (46)
b— b+a

4. The solution of integral equations

So far, the Cauchy singular integral Eq. (44) and the single-valued conditions Eqgs. (29)-(32) have
been derived. By using the numerical method of Erdogan and Gupta [16], a system of linear
algebraic equations can be obtained

LS Mg Rin)-1(s) @
H;diag((b;ajnl b;a111] (m)=0, (49)

where R(n)=+1-7°G(n), and n is the number of the discrete points of R(7,) between -1 and

+1. The discrete values of &  and 7, are the roots of the Chebyshev polynomials of the first and

second kind, respectively:
&, =cos(mz/n), m=12L n-1, (50)

m=cos[(21-1)z/2n], I=12L n. (51)

One may solve Egs. (48) and (49) numerically to get the solutions of R(77| ) which can be further
used to determine the stress intensity factor (SIF).

5. Field intensity factors and energy release rates
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The field intensity factors (FIFs) including mode-I and mode-I1 stress intensity factors (SIFs) and
electric displacement intensity factor (EDIF), which characterize magnitudes of stress, electric
displacement respectively, of the outer and inner crack tips can be deduced

K,={K, K, Ky Kyl =-z(b-a)/2MR(1) (52)
K,={K. K, Kn Kl =z(b-a)/2MR(-1) (53)

The energy release rates (ERRS) of the outer and inner crack tips can be derived as

G, = %KIM-lKU, (v=b,a) (54)

and

6. Numerical results

For the numerical examples, magnetoelectroelastic composite BaTiOs-CoFe,O, are used as
materials | and II. For simplicity, only the loading case of I'(r)={0 -0, -D, —Bo}T is
considered. Also, D, and B, are determined by the load combination parameters
A =DyCy/(04855) and A, = Doy /(0 fip) - The numerical results are plotted in Figs. 2-5, where
ERRs, G, and G,, are normalized by G,, which can be expressed as

G, =2 A0, (55)
where A,, isthe element of matrix A, and

A=M". (56)

Figs. 2 and 3 show the effects of g and B, on the normalized ERRs of the outer and inner
crack-tips. From Fig. 2, it is clear that the normalized ERRs increase with increasing . Similar
phenomena can be observe in Fig. 3. This means that increasing g, and g, will promote the crack
propagation or growth.
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Figure 2. The effect of g, on the normalized ERRs of the outer and inner crack tips of an annular crack
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Figure 3. The effect of g, on the normalized ERRs of the outer and inner crack tips of an annular crack

The effects of g, and B, on the normalized ERRs are plotted in Figs. 4 and 5. From these figures, one
knows that the normalized ERRs are almost independence of g, and 4,.
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Figure 5. The effect of g, on the normalized ERRs of the outer and inner crack tips of an annular crack
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From Figs. 2-5, one can also know that the fracture parameters ERR of the inner crack tip of the
annular crack are always larger than those of the outer one.

7. Conclusions

In this paper, the interaction of an annular crack and an imperfect interface in bonded
magnetoelectroelastic layers is investigated. The interface, which is imperfect with the assumption
that it is mechanically compliant and magnetoelectrically weakly conducting. Using the Hankel
transform technique, the associated mixed-boundary value problem is reduced to a singular integral
equation, which are further reduced to a system of algebraic equations. Finally, the field intensity
factor and energy release rate are determined and numerically solved. The following conclusions
may be drawn:

(i) Different interfacial parameters have different influences on the propagation and growth of the
annular crack. Increasing B and B, can promote the crack propagation or growth. However, the
effects of g, and B, onenergy release rates are very small.

(if) The energy release rates of the inner crack tip of the annular crack are always larger than those
of the outer one.

Appendix A

The matrix K() can be expressed as

28: Hl7JA211 (,0) _ZS: Hl7JA221 (/O) 28: Hl7JA231 (,0) ZS: Hl7jA24j (,0)_
= Alp) = Alp) = Alp) = Alp)
ZS: H181A211 (/O) _28: H18jA22j(10) _ : H18jA23j(p : H181A24j(p)
K(p) _15F Alp) = Alp) T Alp) = |
P i ngjAZIJ(p) i HlQJAZZJ(p) S H191A231 (,0) 3 H191A24J(/7)
= Alp) 5 Alp) =5 Alp) 5 Alp)
iHZOJAZIJ (,0) ZS:HzojAzzj(p) iHZOjA%j(p) ZH201A241(/))
= Alp) = Alp) = Alp) = A(p)

where A(p) is the determinant of the coefficient matrix H, whose elements can be expressed as
H, with ith row and j th column; A, (p)(k=21,222324) are, respectively, the

ij
corresponding algebra cofactors. The components of H are given by

Hij = (Caan A8 = Caan @i —Esudsjn — Fisndun )eXP( 25 (N +1y)), Hy g =0, Hy 16 =0,
Hy; = (Cuan B + Cosn A Bz + €son A s + Taon Ay )eXp (04, (h+hy)), H, 2o = 0 Hy ) =0,
Haj = (€a008u0 + a0 A — Exan A ajn — Gaan A @agn )X (025 (h+hy)). H, 2t = 0 Hyag) =0,
Haj = (Faunun + Faon A — asuAjnajn — Haan A @agn )XP( 025 (h+hy)), H, sy =0 Hyjg =0,

Hs; =0, Hy 1. = 0, Hysg) = (Canr A3 By = Can @y —€15185 — i@y, ) XD (=02, 1, ),
He; =0,Hye = 0 Ha sy = (Cuai@uy + Can 4y 80 + €3 4585 + oy A2y ) €X(—pA 1, ).
"
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Hy =0, H, e = 0. Ho s = (8080 + €348 — &350 A8y — G 48y ) XD (P44, ),
Hg; =0, Hy 1. = 0, Hy g = (o + oo 4By — Gan Ay o — fosy Ay, ) €XD(—p25 1, ),
Ho; = (CasnAjnBju — Casnaju — Cisnajn — 15|,a4].,|)exp(p/ij,,l‘tl),
Hase) = = (Caar 5181y —CannBys — 151855 — Fisi 84 )€Xp( o251 ), Hy 6 =0,
Hioj = (Cuon i + Caan A B + Esan Aju s + Fagu Ajuajn ) XD (221 ),
(o6 = —(Cisr @ + Cagn A By + €331 Ay gy + Ty Ay ) €XP( 02,0 ), Hyg 1) =0,
Hiyos = (s Bun + €30 Ajn Qa0 — Esan A B — Do A8 ) €XP( P21, ),
(o) = (@30 + €35 A58y — Ex1 A sy — Tam Ay )X 2,0 ) H w(jos) =0
Hyo = (Famn@u + Faandin @i — Goon A B — Hasu A ) eXP (0451 ),
12(8) = ~(fan@y + oy A8y — Oani Ay By — Moy Ay )exp( 2,0y ), H (3016 = O
Hug; = /0= B (Coan A = Caanoin —Cisndsn — Fisudam ) |Xp(041),
Hia o =~ (2 /) exp (0250, ), Higp) =0,
Hui = Q0 /0= By (Coonuin + Coandinain +Esan Ao + Foon A ) |eXp (021 ),
H, 14(j+8) — ( ZJ,/p)exp(pﬂJ,hl) 4(j+16) =0,
(
H,

H
H

H

€310 € Aju 2 — Eaan A i — Yaan Ajn i )]exp(p/lj”hl),
15(j+8) — (aﬁJl /p)eXp(p/ljlhl) 15(j+16) = O
Hig = [4,“//0 ﬁ4( farn@jn + faan A — Gaaudjudajn — /u33||/1j||a4j||):|exp(p/1j||h1)’
Husie =~ (2 /2)exP (A1), Hugs5) =0,
Hp =0,H; e = =(Canr Ay - c44,a2j,—e15,a3j|_f15|a4“),
Hiz(jors) :_(0441’11!3111 ~Can 1518 ~ Fis1 8y )

H181 _0 H 8(j+8 ( 13Ia1jl +C33Iﬂjla2jl +e33|/1j|a31| + f33l/1 a4j| )’

Hus; = |:a3jl| /,O B

)
18 j+16) ( 13Ialjl +C33I2’ a2]I +e33lﬂ’jla31I + f33lﬂ“ a'4]I )7

Hioj =0 g9 = ( €118 o311 By i — 3141 B — Oagy .a4j,),
Hig(oas) = — (€080 + €3304y — £330 Ay By — G Ay ),
20, =0,H, 0(j+8) ( an g f33|/1 A5 — Uag ]|a3]| Mg A 4J|),
H, (J+16 ~(fan@u + faa 2y — s Ay _ﬂssl’inaul ),
Hay =0.Hyy g =21 /P, Hﬂ(me —a,;, /p,
H,;=0H, 2(j+) 2“/,0 H,, 2(j+16) = 2j|/p,
Hasj =0, Hyy ey =851 /2 Hags) = =31 / P

H24J_OH 4(j+8) 4]|/p H, 24(j+16) — 4j|/p’
where j=1,2,L ,8.
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