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Abstract: A meshless method based on the local Petrov-Galerkin approach is proposed to solve
initial-boundary value crack problems in decagonal quasicrystals. These quasicrystals belong to the class of
two-dimensional quasicrystals, where the atomic arrangement is quasiperiodic in a plane, and periodic in the
perpendicular direction. The ten-fold symmetries occur in these quasicrystals. The two-dimensional (2-d)
crack problem is represented by a coupling of phonon and phason displacements. Both stationary governing
equations and dynamic equations represented by the Bak model with oscillations for phason are analyzed
here. Nodal points are spread on the analyzed domain, and each node is surrounded by a small circle for
simplicity. The spatial variation of the phonon and phason displacements is approximated by the Moving
Least-Squares (MLS) scheme. After performing the spatial integrations, one obtains a system of ordinary
differential equations for certain nodal unknowns. That system is solved numerically by the Houbolt
finite-difference scheme as a time-stepping method.
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1. Introduction

Qusicrystals discovered in 1984 combine aperiodic long-range positional order with
noncrystallographic rotational symmetry [1]. Decagonal quasicrystals (QC) belong to the class of
two-dimensional quasicrystals, where the atomic arrangement is quasiperiodic in a plane, and
periodic in the third direction. The problem can be decomposed into plane and anti-plane elasticity.
Here, we consider only the plane elasticity, because the anti-plane elasticity is a classical one.

Experimental observations [2] have shown that quasicrystals are brittle. Therefore, to understand
the effect of cracks on the mechanical behaviour of a quasicrystal, the crack analysis of
quasicrystals, including the determination of the stress intensity factors, the elastic field, the strain
energy release rate and so on, is a prerequisite. Many crack investigations in the QC are focused on
Griffith cracks in an infinite body, where analytical solutions are available for one and
two-dimensional quasicrystals [3-6]. Elastodynamics of quasicrystals brings some additional
problems. A unique opinion on governing equations for the phason field is missing. According to
Bak [7] the phason describes particular structure disorders in qusicrystals, and it can be formulated
in a six-dimensional space. Since there are six continuous symmetries, there exist six hydrodynamic
vibration modes. Then, phonons and phasons play similar roles in the dynamics and both fields
should be described by similar governing equations, namely the balance of momentum. Lubensky
and his students [8] were thinking that the phason field should be described by a diffusion equation
with very a large diffusion time. According to them, phasons are insensitive to spatial translations
and phason modes represent the relative motion of the constituent density waves. Rochal and
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Lorman [9] suggested the minimal model of the phonon-phason dynamics in quasicrystals to
reconcile contradictions between Bak’s and Lubensky’s arguments. In literature, analyses of
dynamic crack problems are very seldom [10-12].

The purpose of this paper is to develop a reliable computational method for a general crack problem
in quasicrystals with a finite size. Up to date we have practically only analytical solutions for simple
boundary value problems of elasticity for quasicrystals. However, there are some limitations to
apply analytical approaches for complicated boundary value problems. The finite difference method
has been applied to elasto-hydrodynamics problems by Fan [12]. The basic equations for the finite
element formulation can be found in the Fan's book too. Meshless methods for solving PDE in
physics and engineering sciences are a powerful new alternative to the traditional mesh-based
techniques. Focusing only on nodes or points instead of elements used in the conventional FEM,
meshless approaches have certain advantages. The meshless local Petrov-Galerkin (MLPG) method
is a fundamental base for the derivation of many meshless formulations, since trial and test
functions can be chosen from different functional spaces. The MLPG method with a Heaviside step
function as the test functions has been successfully applied to multi-field coupled and crack
problems [13,14].

In the present paper, the MLPG is applied to crack analysis in decagonal quasicrystals under static
and transient dynamic loads. The MLPG formulation is developed for the Bak's model. The
coupled governing partial differential equations are satisfied in a weak-form on small fictitious
subdomains. Nodal points are introduced and spread on the analyzed domain and each node is
surrounded by a small circle for simplicity, but without loss of generality. The spatial variations of
the phonon and phason displacements are approximated by the Moving Least-Squares (MLS)
scheme. After performing the spatial MLS approximation, a system of ordinary differential
equations for certain nodal unknowns is obtained. Then, the system of the ordinary differential
equations of the second order resulting from the equations of motion is solved by the Houbolt
finite-difference scheme [15] as a time-stepping method.

2. Local integral equations
Two displacement fields named phonon and phason displacements are used for the deformation

theory of quasicrystals [12]. The generalized Hooke's law for plane elasticity of decagonal QC is
given as

Oy =Cpyépy +Cip&y + R(W; +W,,) T = i€y +Cppéyp — R(Wy; + Wy )
Oy = Oy = 204581, + R(Wy —W,)
Hy, = Kiw,, + KWy, +R(&, = 65,) H,, = KWy, + Kowy, +R(&, = &5,)
Hy, = Kwg, —K,w,, —2Re,,, H, = Kw,, —Kowg, +2Re, 1)

where ¢&; and o correspond to the phonon strain and stress tensor, and w; and H; denote the
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phason strain and stress tensor, respectively. Symbols c; , R and K, denote phonon elastic

ij !
constants, phonon-phason coupling parameter and phason elastic constants, respectively. The
phonon and phason strains are defined as

&;(x) :%(ui,j +u;,), (2)
w; (x) =W, ;(x), €©)

where u.(x) and W, (x) are the phonon and phason displacements, respectively. The phonon field

describes the mechanical displacements of the crystal system, and the phason field represents the
atom arrangement along the quasiperiodic direction. The phonon strains are the same as in classical
elasticity and they are symmetric. However, the phason strains are new physical quantities used
only in quasi-crystal elasticity and they are asymmetric.

According to Bak's model [7] the phason structure disorders are realized by fluctuations in
quasicrystals. The balance of momentum is valid for phonon deformation and similarly for phason
oscillations too. Then, the model is described by following governing equations:

0y (%) + Xi(%,7) = px, 7). @
Hy (x,7)+0,(x,7) = pl(x.7), (5)

where &, @&, p, X, and g, denote the acceleration of the phonon and phason displacements,

the mass density, and the body force vectors, respectively. Both governing equations have
mathematically a similar structure.

The MLPG method constructs a weak-form over the local fictitious subdomains such as €, which

is a small region taken for each node inside the global domain [16]. The local subdomains could be
of any geometrical shape and size. In the present paper, the local subdomains are taken to be of a
circular shape for simplicity. The local weak-form of the governing equations (4) and (5) can be
written as

I[Uij]j(x,r)—p&(x,r)+Xi(x,r)] u’ (x) dQ =0, (6)

[[Hy; (x0) - plx, 7)+ g, (x,7) | U, (x) dQ =0, O

Q

s

where u; (x) is a test function. Applying the Gauss divergence theorem to the first domain

integrals in both equations one gets
j o (x,0)n, (x)uy (x)dT — j o (X, Uy ; (x)dQ + j [-o®(x,t) + X, (x,1)]up (x)dQ =0,  (8)
Q, Qq

oQ

IHij(x,t)nj(x)u;(x)df—jHij(x,t)u;j(x)d§2+I[—p@(x,t)+gi(x,t)]u;(x)szo, (9)
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where 0Q, is the boundary of the local subdomain which consists of three parts
0Q, =L, ul'  ul'y, [16]. Here, L, is the local boundary that is totally inside the global domain,

I', is the part of the local boundary which coincides with the global traction boundary, i.e.,

st

I, =0Q,NT,, and similarly Ty, is the part of the local boundary that coincides with the global

displacement boundary, i.e., I',, =0Q NI, .

By choosing a Heaviside step function as the test function uj (x) in each subdomain the local

weak-forms (6) and (7) are converted into the following local integral equations

j ti(x,r)dr—jp&(x,f)dgz—jf’,/qx,f)dr—j X, (x,7)dQ, (10)
L+Tg, Q Ly Q
[ hxn)dr- [ pdi(x,7)dQ = [ §x,7)dT - [ g, (x,7)dQ. (11)

The expressions for the traction and the generalized traction vectors result from the constitutive
equations and are given as

ti(x,7)= |:Cijkl (X)u, (x,7)+ Rik (x)w, (x, T):I n; (x), (12)
h(x,7) = I:Kijkl (X)W, (x,7) + Ri (x)u,, (x, T)} n; (x), (13)

where n;(x) is the unit outward normal vector to the boundary 0Q;.

The trial functions are chosen to be the MLS approximations by using a number of nodes spreading
over the domain of influence. The approximated functions for the phonon and phason displacements
can be written as [16]

n

o' (x,7) = @7 (x) - 8= 3 gt ()l (), (14)
W (x,1) = Y 4 (})W(0), (15)

where the nodal values #%(r)=(u(), u(z)) and WE(r)=(W(r), wi(r)) are fictitious

parameters for the phonon and phason displacements, respectively, and ¢°(x) is the shape
function associated with the node a. The number of nodes n used for the approximation is
determined by the weight function m?(x). A 4™ order spline-type weight function [16] is applied in

the present work.



13th International Conference on Fracture
June 16-21, 2013, Beijing, China

Then, the traction vector t (x,z) at a boundary point x e 0Qg is approximated in terms of the

same nodal values u®(z) and w?(z) as
t"(x,7) = N(x)CZn:Ba(x)f@(r) + N(x)RZn: B: (x)w®(7), (16)

where N(x) is related to the normal vector n(x) on 06Q and the matrices B* and B are

represented by the gradients of the shape functions with

¢; 0 ¢; 0
nl O r]2 a a a a
N(x):[o ] n] B'(x)=| 0 45|, B,(x)= 0 ¢ |,
Y ¢ ¢ ¢ —o1
and the material matrices

c, ¢ O R R 0
C=|c, ¢, O , R=-R -R 0
0 0 c 0 0 -R

Similarly the generalized traction vector h.(x,z) can be approximated by

h"(x,7) =N, (x)R, Y B*(x)d’(r) +N,(x)K> B}, (x)w(r), (17)
a=1 a=1
where
K, K, 0 0
n 0 n O K, K 0 0
Nh(X)= 1 2 ’ K= 2 1 ,
0 n 0 n 0O O K, -K,
0 0 -K, K
¢j 0 R -R 0
0 e R -R 0
BEW(X): a ¢’2 i) Rh: .
#; O 0 0 -R
0 qﬁj 0 O R

Satisfying the essential boundary conditions and making use of the approximation formulae (14)
and (15) one obtains the discretized form of these boundary conditions as

> @i (7) = #5.0), (19)

>4 OW' (D)= WGT), for Le,. (19)

-5-
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Furthermore, in view of the MLS-approximations (16) and (17) for the unknown quantities in the
local integral equations (10) and (11), we obtain their discretized forms as

Z[( | N(x)ma(x)drjﬁg(r)—[ | p(x)wdg]@(r)] +

a=l| \ L 4T

+Z( j N(x)RB;(x)erwa(r) = - j%’ex,r)dr—jX(x,r)dQ, (20)

a=l\ L+T Ly

Z( [ N,(OR,B*(x)dT" |8&(r) —i[ J Nh(x)mﬁw(x)dr]wa(r)—

a=l\ L +Iy a=l\ L+Iy

—Z{ j p(x)$*dQ |## (7) = - j fex, 7)dr + j g(x,7)dQ, (21)

which are considered on the sub-domains adjacent to the interior nodes as well as to the boundary

nodeson TI.

Collecting the discretized local integral equations together with the discretized boundary conditions
for the phonon and phason displacements results in a complete system of ordinary differential
equations which can be rearranged in such a way that all known quantities are on the r.h.s. Thus, in
matrix form the system becomes

AL Cx=Y. (22)
There are many time integration procedures for the solution of this system of ordinary differential
equations. In the present work, the Houbolt method is applied [15].

3. Computation of stress intensity factors

-1/2

It can be proved that both phonon and phason stresses exhibit the same singularity r—<, where r is

the radial coordinate with origin at the crack-tip [17]. Neglecting higher-order infinitesimal terms in
the analytical solution, one can obtain the asymptotic expression of stresses at the crack-tip vicinity

proportional to r 2

. For the mode-1 crack under a pure phonon load we have the following
asymptotic stresses in polar coordinate system [11]:
K/

N 2rr

K|

N 27xr

o,(r,0)= cosie 1—sin193in§0 ,
2 2 2

0,(r,0) =

cosl<9[1+sin lesin EH] ,
2 2 2
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_ KI
N2rr

0,,(r,0)=0,(r,0) cos%&cos%@, (23)

leKII

Hll(r’e): \/m

sin@| 2sin 30+3sm€cos5«9
2 2 2

d,K| 3 5

H,,(r, 9):\/_' =sin? 900329
d, K| 3 5

H, (r, 49)——?' sin’ @sin = 49

21 I 5
H,,(r,0) = sm@(Zcos 6?——sm6?sm29] (24)
where

R(Kl—KZ)

“ 4(MK, -R?)’
K,P:Iirrg\/Zﬂrazz(r,O), (25)
and M =(c,—-c,)/2.

4. Numerical examples
In the first example a straight central crack in a finite quasicrystal strip under a pure phonon load is
analyzed (Fig. 1). The strip is subjected to a stationary or impact mechanical load with Heaviside

time variation and the intensity o, =1Pa on the top side of the strip. The material coefficients of

the strip correspond to Al-Ni-Co quasicrystal and they are given by
¢, =L+2M =23.43.10°Nm?, ¢, =L=574-10"Nm? , K,=12.2-10°Nm? ,

K,=2.4-10°Nm?, p=4180kg/m*, T,k =4.8-10""m’s/kg

The crack-length 2a =1.0m, strip width ratio a/w=0.4, and strip-height h=1.2w are considered.
Due to the symmetry of the problem with respect to the crack-line as well as vertical central line,
only a quarter of the specimen is numerically analyzed. Both phonon and phason displacements in
the quarter of the specimen are approximated by using 930 (31x30) nodes equidistantly distributed.
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Figure 1. Central crack in a finite homogeneous strip

Numerical results for the phonon displacement u, along the crack-face for various coupling

parameter R are given in Fig. 2. For a vanishing coupling parameter R/M = 0, we obtain phonon
displacements corresponding to conventional elasticity. One can observe a good agreement between
the FEM and present MLPG results. The FEM results have been obtained by the COMSOL code
with 576 quadrilateral elements. One can observe that the phonon crack-opening-displacements
increase with increasing value of the coupling parameter. The stress intensity factor (SIF) is
computed by using equation (25) and the extrapolation technique from stresses ahead of the

crack-tip with finite distances. The normalized SIF K[/o,</za is increasing from 1.139 at

R/M=0 to 1.323 at R/M=0.5.

u, (10-m)

X R/M=0: FEM 1)
MLPG
A R/M=05:FEM
0,1 1 -——- MLPG

X, /2a

Figure 2. Variations of the phonon crack displacement with the normalized coordinate x, /2a
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In the next example, we analyze the same cracked strip under an impact load with Heaviside time

variation o,H(t—0). The normalized SIF is compared with the FEM results in Fig. 3 for

R/M=0.5 . The time variable is normalized as c z/h, where c_=./c,/p is the velocity of

longitudinal wave. One can observe again a good agreement of the FEM and MLPG results. Only
some differences appear at larger time instants.

4.5
4 —&— MLPG
) = <C==FEM
3.5 -

s

Figure 3. Temporal variation of the normalized SIF for the central crack in a strip under an impact load
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