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Abstract Interaction of the cooperative grain boundary sliding and migration with a crack in deformed 
nanocrystalline materials is investigated using the complex variable method. Effects of the two disclination 
dipoles produced by the cooperative deformation on the emission of lattice dislocations from the crack tip 
are theoretically described. The complex form expressions of the stress field and the force field are divided. 
The critical stress intensity factors for the first dislocation emission are calculated. Influences of disclination 
strength, grain size, locations of the two disclination dipoles as well as crack length on the critical stress 
intensity factors are discussed in detail. Results show that, the cooperative deformation has great influence 
on dislocation emission from the crack tip. In general, the cooperative deformation can promote the lattice 
dislocation emission from the crack tip, thus improve the toughness of the nanocrystalline materials. 
Keywords nanocrystalline materials; crack; grain boundary sliding; grain boundary migration; dislocation 
emission; 
 
1. Introduction                                                                

Nanocrystalline metals and ceramics show outstanding mechanical and physical properties, 
which represent the subject of rapidly growing research efforts motivated by a wide range of their 
applications [1-8]. However, in most cases, nanocrystalline materials have superior strength, 
hardness and good wear resistance but at the expenses of both low tensile ductility and low fracture 
toughness, which considerably limit their practical utility [3-5, 9-11]. At the same time, there are 
several examples of nanocrystalline materials showing considerable tensile ductility at room 
temperatures [4, 12-14], or superplasticity at elevated temperatures [14, 15], and significant fracture 
toughness that can be often higher than that of their polycrystalline or singlecrystalline counterparts 
[4, 16-19]. The nature of the outstanding combination of good ductility and superior strength is not 
quite clear, which creates high interest in understanding the toughening mechanisms that specific 
for nanocrystalline materials. Recently, many models have been developed to explain this 
phenomenon. In most of them, intergrain sliding, grain boundary migration, triple junction 
diffusional creep, Coble creep, rotational deformation and nanoscale deformation twinning have 
been theoretically described as specific deformation modes in nanocrystalline materials. And the 
specific toughening mechanisms are attributed to specific deformation modes in nanocrystalline 
materials [20-25]. 
  Recently, rapidly growing attention has been focused on a new physical mechanism or mode of 
plastic deformation in nanocrystalline metals and ceramics. The new specific deformation mode 
represents the cooperative grain boundary sliding and stress-driven grain boundary migration 
process near the tips of growing cracks [26]. Grain boundary sliding is an important deformation 
mechanism in nanocrystalline materials [3, 4, 10]. It is also one of the specific deformation modes 
showing superplasticity in nanocrystalline materials [4, 15]. Non-accommodated grain boundary 
sliding in nanocrystalline solids creates defects (dislocations and disclination dipoles) at triple 
junctions of grain boundaries. These defects can initiating the formation of cracks, in which case a 
nanocrystalline solid tends to exhibit brittle behaviour [27, 28]. In contrast, if grain boundary 
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sliding is effectively accommodated, nanocrystalline solids show enhanced ductility and/or 
superplasticity [4, 15, 29]. And it is effectively realized that accommodation of grain boundary 
sliding occurs through lattice dislocation emission from triple junctions, diffusion, and rotational 
deformation [4, 15, 29]. There has been a new way to accommodate grain boundary sliding through 
grain boundary migration suggested and theoretically analyzed [20, 26]. Grain boundary migration 
is another toughening micromechanism [30] and specific deformation mode in nanocrystalline 
materials [3, 22].  
  The new accommodation mode we discussed above involving the cooperative grain boundary 
sliding and stress-driven grain boundary migration, servers as a special deformation mode enhanced 
compared to pure grain boundary sliding in nanocrystalline materials [20]. In the cooperative 
process, defects created by grain boundary sliding are, in part, accommodated by defects created by 
grain boundary migration. The cooperative grain boundary sliding and migration has been 
theoretically described as a deformed mode operation in crack-free nanocrystalline materials in 
Bobylev et al. [20]. And it is theoretically revealed that the mode enhances the ductility of 
nanocrystalline solids in wide ranges of their structural parameters. In the work of Ovid’ko et al. 
[26], the cooperative grain boundary sliding and migration process near crack tips has been 
described, and its effect on the fracture toughness of nanocrystalline materials has been theoretically 
analyzed. The results show that the mechanism considerably enhances the fracture toughness of 
nanocrystalline materials.  
  The previous works have lots of experimental and theoretical results suggest that the cooperative 
grain boundary sliding and migration serving as a special deformation contributes to the toughening 
of nanocrystalline materials [20, 26]. But the effect of the cooperative grain boundary sliding and 
migration on the emission of lattice dislocations from crack tips has not been well quantitatively 
studied. Considering nanocrystalline solids with cracks, if the stress intensity near the crack tip is 
large enough, the crack can induce plastic shear through the emission of lattice dislocations from 
the crack tip. The emission of dislocations from cracks causes effective blunting of cracks, thus 
suppresses their growth, improves the toughness of nanocrystalline materials. So the crack blunting 
and growth processes are controlled by dislocation emission from crack tips. In the context 
discussed, there is large interest in the effect of the cooperative mode on lattice dislocation emission 
from crack tips. The main aim of the paper is to study the effect of the cooperative grain boundary 
sliding and migration on lattice dislocation emission from the crack tip using a theoretical mode. 
 
2. Model and problem formulation 
  Let us consider a deformed nanocrystalline solid with a crack under remote mode I loadings and 
remote mode II loadings. The solid is supposed to be an elastically isotropic solid characterized by 
the shear modulus μ  and Poisson’s ratio ν . For definiteness, referring to the approximation in 
Ovid’ko et al. [26], we will focus our analysis on the situation where the crack is flat and plane, and 
characterized by the length L . For simplicity, we assume that the defect structure of the solid is the 
same along the coordinate axis z  perpendicular to the xy  plane. This assumption will allow us to 
simplify the mathematical analysis of the problem in our study, reducing it to the consideration of a 
two-dimensional structure. At the same time, the two-dimensional description definitely reflects the 
key aspects of the problem. 

The applied loadings and high stress concentration near the crack tip can induce both grain 
boundary sliding and migration near this crack tip. And the geometry of the cooperative grain 
boundary sliding and migration deformation is schematically presented in Fig. 1. Fig. 1a depicts a 
deformed nanocrystalline solid with a flat crack. The formation of two disclination dipoles CD  
and BE  results from the cooperative grain boundary sliding and migration process and the 
dislocation emission is shown in Fig. 1b [26]. 

Within the model, the vertical grain boundary AB  is assumed to be normal to the crack growth 
direction and make an angle ϕ  with the grain boundaries 1AA  and 2BB . Let the triple junction 
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A  lie at a vertical distance p  and a horizontal distance p′  from the crack tip and the length of all 
grain boundaries in the initial state be denoted as d . The disclination dipole CD  of wedge 
disclinations is characterized by the strength magnitude ω  and the arm x y− . The disclination 
dipole BE  is characterized by the strength magnitude ω  and the arm y . And x , y  denote the 
distances of the grain boundary sliding and migration. 

Let us introduce a Cartesian system ( ),x y  and a polar coordinate system ( ),r θ  with the origins 
at the point O . Then, the coordinates of the disclinations located at the points D , C , E  and B  
can be described as 1z ( )1i

1er θ= , 2z ( )2i
2er θ= , 3z ( )3i

3er θ=  and 4z ( )4i
4er θ= , respectively. And the 

coordinates ( ),j jr θ  are calculated as follows: 

( ) 2 2
1 2 cosr y y p yp ϕ= + − , ( ) 2 2

2 2 cosr x x p xp ϕ= + − , ( ) ( ) ( )22
3 2 cosr y y p d y p d ϕ= + + − + , 4r p d= + ; 

( ) ( )1 1arccos siny y rθ ϕ= − , ( ) ( )2 2arccos sinx x rθ ϕ= − , ( ) ( )3 3arccos siny y rθ ϕ= − , 4 π 2θ = − . 
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Fig. 1 The cooperative grain boundary sliding and migration in a deformed nanocrystalline solid with a crack 
(a) General view. (b) The formation of two disclination dipoles CD  and BE  results from the cooperative 

grain boundary sliding and migration process, and the dislocation emission from the crack tip. 
  Now, let us calculate the stress fields produced by the cooperative grain boundary sliding and 
migration in the deformed nanocrystalline solid with a flat crack. 

For the plane strain problem, stress fields ( xxσ , xyσ  and yyσ ) and displacement fields ( xu  and 

yu ) may be expressed in terms of two Muskhelishvili’s complex potentials ( )Φ z  and ( )Ψ z  in the 
complex plane iz x y= + : [31] 

( ) ( )( )2xx yy z zσ σ Φ Φ+ = + ,                                 (1) 

( ) ( ) ( ) ( )iyy xy z z z z zσ σ Φ Φ Φ Ψ′− = + + + ,                            (2) 

( ) ( ) ( ) ( ) ( ) ( )2 3 4x yu u z z z z zμ ν Φ Φ Φ Ψ′ ′ ′+ = − − − − ,                       (3) 
where x xu u x′ = ∂ ∂ , y yu u x′ = ∂ ∂ , ( ) ( )d dz z zΦ Φ′ = ⎡ ⎤⎣ ⎦ , the over-bar represents the complex conjugate. 
  And the stress fields can be written as 

( ) ( ) ( )Re 2xx z z z zσ Φ Φ Ψ′= − −⎡ ⎤⎣ ⎦ ,                              (4) 

( ) ( )Imxy z z zσ Φ Ψ′= +⎡ ⎤⎣ ⎦ ,                                  (5) 
( ) ( ) ( )Re 2yy z z z zσ Φ Φ Ψ′= + +⎡ ⎤⎣ ⎦ .                              (6) 

  The boundary condition of the crack for the present problem can be expressed as 
( ) ( )i 0yy xyt tσ σ− = , crackt ∈ .                                (7) 

  According the Romanov and Vladimirov [32], the elastic stress fields produced by a wedge 
disclination characterized by strength ω , located at the point kz  ( ik kx y= + ) in an infinite 
homogeneous medium may be expressed as follows: 
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( ) ( ) ( )( ) ( )
( ) ( )

2
2 2

2 2
1 ln

2π 1 2
k

xx k k
k k

y y
x x y y

x x y y
μωσ

ν

⎛ ⎞−
= − + − +⎜ ⎟

⎜ ⎟− − + −⎝ ⎠
,                  (8) 

( )
( ) ( )

( ) ( )2 22π 1
k k

xy
k k

x x y y
x x y y

μωσ
ν

− −
= −

− − + −
,                            (9) 

( ) ( ) ( )( ) ( )
( ) ( )

2
2 2

2 2
1 ln

2π 1 2
k

yy k k
k k

x x
x x y y

x x y y
μωσ

ν

⎛ ⎞−
= − + − +⎜ ⎟

⎜ ⎟− − + −⎝ ⎠
.                 (10) 

  Assume that the elastic fields produced by the cooperative grain boundary sliding and migration 
in an infinite homogeneous medium can be evaluated by using two complex potentials ( )0 zΦΔ  and 

( )0 zΨΔ . 
  Substituting Eqs. (8) and (9) into formula (1), Eqs. (9) and (10) into formula (2), referring to the 
work in Muskhelishvili [31], Fang et al. [33] and Liu et al. [34], the complex potentials ( )0 zΦΔ  and 

( )0 zΨΔ  can be taken in the forms: 

( ) ( ) ( )
4

0
1

ln
4π 1 k k

k
z s z zμωΦ

νΔ
=

= −
− ∑ ,                            (11) 

( ) ( )
4

0
14π 1

k
k

k k

zz s
z z

μωΨ
νΔ

=

= −
− −∑ .                            (12) 

where ks ( )1,2,3,4k =  denote the sign of a specified disclination and are defined as 1 4 1s s= = , 

2 3 1s s= = − . 
  From Eqs. (11) and (12) together with formulae (1) and (2), we obtain the stress fields which are 
identical to the results in Eqs. (8)-(10). Eqs. (11) and (12) are singularity principal parts of complex 
potentials on the problem of the cooperative grain boundary sliding and migration in an infinite 
homogeneous medium without the crack. 
  For the problem shown in Fig. 1, the complex potentials ( )zΦΔ  and ( )zΨΔ  can be written an 

( ) ( ) ( )*
0z z zΦ Φ ΦΔ Δ Δ= + ,                                (13) 

( ) ( ) ( )*
0 +z z zΨ Ψ ΨΔ Δ Δ= ,                                (14) 

where ( )0 zΦΔ  and ( )0 zΨΔ  indicate the terms due to the presence of the cooperative grain boundary 
sliding and migration located in infinite medium, and ( )* zΦΔ  and ( )* zΨΔ  refer to the terms 
resulting from the interaction of the cooperative grain boundary sliding and migration with the 
crack, which are holomorphic in the region. 
  By using Riemann-Schwarz’s symmetry principle, we introduce a new analytical function 

( ) ( ) ( ) ( )z z z z zΩ Φ Φ ΨΔ Δ ΔΔ ′= − − − .                           (15) 
  The substitution of Eqs. (13) and (14) into Eq. (15) yields 

( ) ( ) ( ) ( )
4

*

1
ln

4π 1
k

k k
k k

z zz s z z z
z z

μωΩ Ω
νΔ Δ

=

⎛ ⎞−
= − − + +⎜ ⎟− −⎝ ⎠

∑ ,                   (16) 

where ( )* zΩΔ  is holomorphic in the region. 
  Considering the above complex potentials, the crack boundary condition (7) can be written an 

( ) ( ) ( ) ( ) 0t t t tΦ Ω Φ Ω
+ −

Δ Δ Δ Δ− + − =⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ , crackt ∈ ,                    (17) 

( ) ( ) ( ) ( ) 0t t t tΦ Ω Φ Ω
+ −

Δ Δ Δ Δ− − − =⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ , crackt ∈ ,                    (18) 
where the superscripts “ + ” and “ − ” denote the boundary values of the physical quantity as z  
approached the crack from the upper half plane and the lower half plane. 
  Without loss in generality, we assume that two ends of the crack are located at points a  and c  
on the x -axis. Therefore, the complex potentials ( )zΦΔ  and ( )zΨΔ  have the following forms: 
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( ) ( )
4

1
ln

8π 1
k k

k
k k k

z z z zz s
z z z z

μωΦ
νΔ

=

⎛ ⎞− −
= −⎜ ⎟− − −⎝ ⎠

∑  

( ) ( ) ( ) ( ) ( ) ( )
4

0
1 0 0

1 1ln ln
8π 1

k
k k k k k

k k k k

z zX z s z z z z z z
X z X z z z

μω
ν =

⎛ ⎞⎛ ⎞−
+ − − + − + −⎜ ⎟⎜ ⎟⎜ ⎟− −⎝ ⎠⎝ ⎠

∑ ,          (19) 

( ) ( )
( )

( ) ( ) ( ) ( ) ( )
( )

( )

4 4

02 2
1 1 0 0

3 31 1
8π 1 8π 1

k kk k k k
k k

k kk k k k k kk k

z z z z z zz z z z z zz s X z s
z z z z X z z z X z z zz z z z

μω μωΨ
ν νΔ

= =

⎛ ⎞⎛ ⎞ ⎛ ⎞− −− −⎜ ⎟= − − − + −⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟− − − − − −− −⎝ ⎠ ⎝ ⎠⎝ ⎠

∑ ∑

 

( ) ( ) ( ) ( ) ( ) ( ) ( )
4

0
1 0 0

1 1ln ln
8π 1

k
k k k k

k k k k

z zX z s z z z z z z z z z
X z X z z z

μω
ν =

⎛ ⎞⎛ ⎞−′− − − − − + −⎜ ⎟⎜ ⎟⎜ ⎟− −⎝ ⎠⎝ ⎠
∑ ,        (20) 

where ( ) ( ) ( )0 1X z z a z c= − − , ( ) ( )0 0d dX z X z z′ = . 
  Substituting Eqs. (19) and (20) into formulae (4), (5) and (6), we obtain the stress fields due to 
the cooperative grain boundary sliding and migration. 
 
3. The emission force of lattice dislocations 
  Let us consider the emission of lattice dislocations from the crack tip. For simplicity, we focus on 
the situation where the dislocations are of edge character and their Burgers vectors lie along the slip 
plane that makes an angle θ  with the x -axis. 

For the first dislocation located at 0i
0 0ez r θ=  in the coordination system, the elastic fields can be 

evaluated by using the complex potentials ( )zΦ⊥ , ( )zΨ⊥  and ( )zΩ⊥ . 
  Referring to the work in Fang et al. [35-37], the complex potentials can be expressed as: 

( ) ( ) ( )*
0z z zΦ Φ Φ⊥ ⊥ ⊥= + , ( ) ( ) ( )*

0z z zΨ Ψ Ψ⊥ ⊥ ⊥= + , 

where ( )0
0

wz
z z

Φ⊥ =
−

 and ( )
( )

0
0 2

0 0

wzwz
z z z z

Ψ⊥ = +
− −

. 

Using the same method in the section 2, we can obtain 

( ) ( )
( )

0 0
2

0 0 0

1
2

w z zw wz
z z z z z z

Φ⊥

⎛ ⎞−
= − −⎜ ⎟

⎜ ⎟− − −⎝ ⎠
 

( ) ( ) ( ) ( )
( )

( )
( ) ( )0 0 0 0 0

0 0 02
0 0 0 0 0 0 0 0 00

1 1 1 1
2

w z z wz z zw wX z X z
X z z z X z z z X z z zz z

⎛ ⎞− −
+ + + +⎜ ⎟

⎜ ⎟− − −−⎝ ⎠
,         (21) 

( ) ( )
( )

0 0
2

0 0 0

1
2

w z zw wz
z z z z z z

Ω⊥

⎛ ⎞−
= − −⎜ ⎟

⎜ ⎟− − −⎝ ⎠
 

( ) ( ) ( ) ( )
( )

( )
( ) ( )0 0 0 0 0

0 0 02
0 0 0 0 0 0 0 0 00

1 1 1 1
2

w z z wz z zw wX z X z
X z z z X z z z X z z zz z

⎛ ⎞− −
− + + +⎜ ⎟

⎜ ⎟− − −−⎝ ⎠
,         (22) 

( ) ( ) ( ) ( )z z z z zΨ Φ Φ Ω ⊥⊥ ⊥ ⊥′= − − − ,                           (23) 

where 
( ) ( )i

4π 1 y xw b bμ
ν

= −
−

. 

  The above complex potentials ( )0 zΦ⊥  and ( )* zΦ⊥  are consistent with the complex functions dφ′  
and ( )i zφ′  in Zhang and Li [38]. 
  Then, the force acting on the edge dislocation consists of three parts: the image force, the force 
produced by the cooperative grain boundary sliding and migration and the external force. 
  Firstly, using the Peach-Koehler formula [39], the image force can be written as 

)
( )

)
( )

)
( )

)
( )0 0 0 0i ixy yy xx xyx y x y x yf f f z b z b z b z bσ σ σ σ⊥ ⎡ ⎤ ⎡ ⎤= − = + + +⎣ ⎦ ⎣ ⎦  
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( )
( ) ( ) ( ) ( )* * * *2

0 0 0 0 0

1
z z z z zb

w w
Φ Φ Φ Ψμ

π κ
⊥ ⊥ ⊥ ⊥

⎛ ⎞′+ +
⎜ ⎟= +
⎜ ⎟+ ⎝ ⎠

                     (24) 

where 
)

xxσ , 
)

xyσ  and 
)

yyσ  are the components of the perturbation stress, and  

( ) ( ) ( )( )
0

*
0 0lim

z z
z z zΦ Φ Φ⊥ ⊥ ⊥→

= − , ( )
( ) ( )( )

0

0*
0

d
lim

dz z

z z
z

z
Φ Φ

Φ ⊥ ⊥
⊥ →

−′ = , ( ) ( ) ( )( )
0

*
0 0lim

z z
z z zΨ Ψ Ψ⊥ ⊥ ⊥→

= − . 

  Then, the force produced by the cooperative grain boundary sliding and migration can be written 
as [39] 

( ) ( ) ( ) ( )0 0 0 0i ix y xy x yy y xx x xy yf f f z b z b z b z bσ σ σ σΔ ⎡ ⎤ ⎡ ⎤= − = + + +⎣ ⎦ ⎣ ⎦  

( )
( ) ( ) ( ) ( )2

0 0 0 0 0

1
z z z z zb

w w
Φ Φ Φ Ψμ

π κ
Δ Δ Δ Δ

⎛ ⎞′+ +
= +⎜ ⎟⎜ ⎟+ ⎝ ⎠

,                      (25) 

where xxσ , xyσ  and yyσ  are the components of the stress fields produced by the cooperative grain 
boundary sliding and migration. 
  Lastly, the external force acting on the edge dislocation can be written as (Fang et al., 2012) 

2
I II

1 3sin cos cos sin cos
2 2 2 2 22

app app
r

bf b K K
rθ

θ θ θ θσ θ
πΓ

⎛ ⎞⎛ ⎞= = + +⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
,                (26) 

where rθσ  is the in-plane shear stress due to the applied model I and mode II stress intensity 
factors, I

appK  and II
appK  are the generalized mode I and mode II stress intensity factors produced by 

the remote loadings. 
Then, the dislocation emission force acting on the edge dislocation can be written as 

[ ] [ ]cos sin Re cos Im sinemit x yf f f f f f f f fθ θ θ θΓ ⊥ Δ ⊥ Δ Γ= + + = + − + +                (27) 
  Substituting Eqs. (24), (25) and (26) into the Eq. (27), we have the expression of the dislocation 
emission force. 
 
4. The critical stress intensity factors for the dislocation emission 
  A commonly accepted criterion for the emission of dislocations from a crack tip is, when the 
force acts on them, is equal to zero. Moreover, the dislocation distance to the crack surface must be 
equal to, or larger than, the dislocation core radius [40]. Combining expressions (24)-(27) and 

0emitf =  yields the critical stress intensity factor IC
appK  and IIC

appK  for the dislocation emission as 
follows. We discuss the effects of the cooperative grain boundary sliding and migration on the 
emission of lattice dislocations from the crack tip. 

II 0appK = , 
( ) [ ] [ ]( )0

IC
2 2π

Im sin Re cos
sin cos 2

app r
K f f f f

b
θ θ

θ θ ⊥ Δ ⊥ Δ= + − + , 

I 0appK = , 
( ) ( ) ( )( ) [ ] [ ]( )0

IIC 2

2π
Im sin Re cos

cos 3 2 sin 2 cos 2
app r

K f f f f
b

θ θ
θ θ θ ⊥ Δ ⊥ Δ= + − +

+
, 

where 
( )

( ) ( ) ( ) ( )( ) ( ) ( )* **2 0 0 0 0 00 0
+ +2 Re +

1

z z z z zz zbf f
w w

Φ Φ Ψ ΨΦ Φμ
π κ

⊥ Δ ⊥ Δ⊥ Δ
⊥ Δ

⎛ ⎞′ ′ +⎡ ⎤⎜ ⎟⎣ ⎦+ = +⎜ ⎟+ ⎜ ⎟
⎝ ⎠

. 

Let us calculate the critical stress intensity factors IC
appK  and IIC

appK  in the situation, where the 
cooperative grain boundary sliding and migration forms near the crack tip, as shown in Fig. 1. We 
define the critical normalized stress intensity factors (SIFs) as 0

IC IC
appK K bμ=  and 0

IIC IIC
appK K bμ= . 

We use the following typical values of parameters of the nanocrystalline material Ni: 73Gpaμ = , 
0.31ν =  [41]. We assume that the crack tip located at the coordinate origin, the Burgers vector of 

the edge dislocation 0.25nmb =  and the dislocation core radius 0 2r b= . 
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Fig. 2 Dependences of the critical normalized SIFs 0

CK  on the disclination strength ω  with different crack 
lengths L  ( 2π 3ϕ = , 0 π 6θ = , 15nmd = , 0p = , 0.3x d = , 0.1y d = ) 

With different crack lengths L , the variations of the critical normalized stress intensity factors 
(SIFs) 0

ICK  and 0
IICK  with respect to the disclination strength ω  are respectively shown in Fig. 2. 

We found that the critical normalized SIFs 0
ICK  and 0

IICK  both decrease with the increment of the 
disclination strength ω . With the same crack length L , the critical normalized SIFs 0

ICK  and 0
IICK  

have an intersection at the critical point 0ω , where the critical normalized SIFs equal to zero. When 
the disclination strength is larger than the critical value 0ω , the dislocation can emit from the crack 
tip without any external loadings. And the critical value 0ω  will increase with increasing of the 
crack length L . So the cooperative grain boundary sliding and migration can promote the 
dislocation emission from the crack tip, thus improve the toughness of the nanocrystalline materials. 
We can also see that, with the same disclination strength and the same crack length, the critical 
normalized SIF 0

IICK  is much smaller than 0
ICK , which means the mode II loadings are easier than 

the mode I loadings to make the dislocation emit form the crack tip.  
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Fig. 3 Dependences of the critical normalized SIFs 0

ICK  on the edge dislocation emission angle 0θ  
( 2π 3ϕ = , 100 nmL = , 15nmd = , 0p = , 0.3x d = , 0.1y d = )  

  The critical normalized SIFs versus the dislocation emission angle 0θ  with different disclination 
strengths ω  are depicted in Fig. 3 and Fig. 4. We can see that, the critical normalized SIFs have 
totally different variation tendency compared to the situation that the cooperative grain boundary 
sliding and migration is vanished ( 0ω = ° ). For the model I stress intensity factors in Fig. 3, the 
critical normalized SIF firs decrease then increase with increasing of the edge dislocation emission 
angle when the cooperative grain boundary sliding and migration does not exist ( 0ω = ° ). And in this 
case, the most probable angle for the edge dislocation emission is 70.53° , which is in good 
agreement with the result in Huang and Li [42]. But for the disclination strength 30ω = °  and 45° , 
the critical normalized SIFs 0

ICK  sharply decrease with increasing of the dislocation emission angle, 
and transfer the positive dislocations emission to the negative dislocations emission. And the most 
probable angle for the dislocation emission is 26.25°  for 30ω = °  and 20.25  for 45ω = ° , 
respectively. For the disclination strength 60ω = ° , the critical normalized SIFs 0

ICK  first increase 
then decrease with the increment of the dislocation emission angle. There are two most probable 
angle for the positive dislocation emission, and they are 0.95°  and 15.75° . 
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Fig. 4 Dependences of the critical normalized SIFs 0

IICK  on the edge dislocation emission angle 0θ  
( 2π 3ϕ = , 100 nmL = , 15nmd = , 0p = , 0.3x d = , 0.1y d = )  

  For the mode II stress intensity factors in Fig. 4, when the cooperative grain boundary sliding and 
migration does not exist ( 0ω = ° ), the critical normalized SIFs increase from a finite positive value 
to infinity with increasing of the edge dislocation emission angle, then switch to negative value. 
And the most probable angle for the positive dislocation emission is 0° , that for the negative 
dislocation is 123.75° . In other cases, the critical normalized SIFs decrease from finite negative 
values to infinity, then switch to positive values with the increment of the dislocation emission 
angle. And the most probable angle for the negative dislocation emission is always 0° , that for the 
positive dislocation is 144.25°  for 30ω = ° , 141.25°  for 45ω = ° , and 139.75  for 60ω = ° . 
  The dependences of the critical normalized SIFs on the dislocation emission angle with different 
ratios x d  and y d are shown in Figs. 5-6. We can see that, the critical normalized SIFs versus the 
dislocation emission angle have different variation tendency depending on the values of the ratios 
x d  and y d . It is not only we described above. 
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Fig. 5 Dependences of the critical normalized SIFs 0

CK  on the dislocation emission angle 0θ with different 
ratio x d  ( π 6ω = , 2π 3ϕ = , 100 nmL = , 15nmd = , 0p = , 0.3y d = )  
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Fig. 6 Dependences of the critical normalized SIFs 0

CK  on the dislocation emission angle 0θ with different 
ratio y d  ( π 6ω = , 2π 3ϕ = , 100 nmL = , 15nmd = , 0p = , 0.2x d = )  

  The critical normalized SIFs 0
ICK  versus the grain size d  with different angles ϕ  between 

grain boundaries are depicted in Fig. 7. It indicates that the critical normalized SIFs first increase 
then decrease with the increment of the grain size d , but decrease with increasing of the angle ϕ  
between grain boundaries. There is a critical grain size making the critical normalized SIFs equal to 
zero. And when the grain size d  is larger than the critical value, the dislocation can emit from the 
crack tip without any loadings. The critical value also decreases with increasing of the angel ϕ  
between grain boundaries.  
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Fig. 7 Dependences of the critical normalized SIFs 0

ICK  on the grain size d  with different angles ϕ  
( π 6ω = , 0 π 6θ = , 100 nmL = , p d= , 0.3x d = , 0.1y d = )  
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Fig. 8 Dependences of the critical normalized SIFs 0

ICK  on the ratio p d  with different angles ϕ  
( π 6ω = , 0 π 6θ = , 100 nmL = , 15nmd = , 0.3x d = , 0.1y d = )  

  Fig. 8 plots the variations of the critical normalized SIFs with respect to the ratio p d  with 
different angles ϕ  between grain boundaries. We found that the critical normalized SIFs first 
increase then decrease to constants with the increment of the ratio p d  for 90ϕ = °  and 120° , but 
just increase to a constant for 150ϕ = ° . And in this situation, if the angle ϕ  between the grain 
boundaries is large enough, the critical normalized SIF is always negative, which means the 
dislocation emission from the crack tip is very easy. 
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Fig. 9 Dependences of the critical normalized SIFs 0

ICK  on the crack length L  with different strengths ω  
( 0 π 6θ = , 2π 3ϕ = , 15nmd = , 0p = , 0.3x d = , 0.1y d = )  

  The dependences of the critical normalized SIFs on the crack length with different disclination 
strengths are shown in Fig. 9. The critical normalized SIFs 0

ICK  increase with the increment of the 
crack length, and tend to constants when the crack length is large enough. So the dislocation 
emission from the short crack tip is much easier, and growth of the long crack is easier. We can also 
see that, when the cooperative grain boundary sliding and migration does not exist, the crack length 
just slightly affects the critical normalized SIFs. In comparison, the cooperative grain boundary 
sliding and migration contributes a lot to the dislocation emission and the crack blunting. 
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Fig. 10 Dependences of the critical normalized SIFs 0
ICK  on the distance between crack tip and coordinate 

origin p′  ( 0 π 6θ = , 2π 3ϕ = , 300 nmL = , 15nmd = , 0p = , 0.3x d = , 0.1y d = ) 
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Fig. 11 Dependences of the critical normalized SIFs 0

ICK  on the ratio x d  with different distances p′  
( π 6ω = , 0 π 6θ = , 2π 3ϕ = , 100 nmL = , 15nmd = , 0p = , 0.1y d = )  
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Fig. 12 Dependences of the critical normalized SIFs 0

ICK  on the ratio y d  with different distances p′  
( π 6ω = , 0 π 6θ = , 2π 3ϕ = , 100 nmL = , 15nmd = , 0p = , 0.3x d = )  

If the crack tip is not at the coordinate origin, we define the horizontal distance between the crack 
tip and the coordinate origin is p′ . Fig. 10 plots the dependences of the critical normalized SIFs on 
the distance between the crack tip and the coordinate origin p′  with different disclination strengths. 
The critical normalized SIFs decrease and tend to constants with increasing of the distance p′ . The 
variations of the critical normalized SIFs on the ratios x d  and y d  with different distances p′  
are depicted in Fig. 11 and Fig. 12, respectively. Fig. 11 indicates that the critical normalized SIFs 
first increase then decrease with the increment of the ratio x d  when the crack tip is at the 
coordinate origin ( 0p′ = ), and the change is remarkable. In other cases, the critical normalized SIFs 
just increase with increasing of the ratio, and the distances p′  have slight influence on them. The 
variation tendency of the critical normalized with respect to the radio y d  is just opposite to that 
to the radio x d . 

 
5. Concluding remarks 
  Thus, the interaction of the cooperative grain boundary sliding and migration with the crack is 
investigated by the complex variable method. We have theoretically described the effects of the two 
wedge disclination dipoles produced by the cooperative grain boundary sliding and migration on the 
emission of edge dislocations from the crack tip in deformed nanocrystalline metals and ceramics. 
The critical stress intensity factors for the first dislocation emission are calculated. The influence of 
the disclination strength, the grain size, the location of the two disclination dipoles and the crack 
length on the critical stress intensity factors is discussed in detail. Some conclusions are 
summarized as follows. 
  (1) The cooperative grain boundary sliding and migration can promote the dislocation emission 
from the crack tip, which causes effective blunting of the crack, thus suppresses its growth, and 
improves the toughness of nanocrystalline materials.  

(2) There is a critical disclination strength value making the critical stress intensity factor equal to 
zero and the dislocation can emit from the crack tip without any external loadings. And the mode II 
loadings are easier than the mode I loadings to make the dislocation emit form the crack tip. 
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(3) The critical stress intensity factor has different variation tendency depending on the 
disclination strength and the geometry of the two disclination dipoles. For each situation, the most 
probable emission angles for positive dislocation and negative dislocation are different. 
  (4) The grain size has great effect on the dislocation emission from the crack tip. The critical 
stress intensity factors first increase then decrease with increasing of the grain size. And there is a 
critical grain size making the dislocation can emit from the crack tip without any external loadings.  

(5) The dislocation emission from the shorter crack tip is much easier. So, the shorter crack can 
be easily blunted, and the longer crack tends to grow.  

(6) The location and geometry of the cooperative grain boundary sliding and migration have great 
influence on the critical stress intensity factors. 
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