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Abstract  An analytical, numerical and experimental investigation was carried out to determine fracture 

criteria for piezoceramics with poling parallel and perpendicular to the crack faces.  The asymptotic 

expressions of stress, strain, electric flux density and electric fields were derived.  For a piezoelectric material, 

in addition to the usual three modes of fracture, there is a fourth mode associated with the electric field.  The 

asymptotic expressions were used for determining the energy release rate and extending a conservative 

interaction energy or M-integral for calculating the intensity factors associated with piezoelectric material for 

energetically consistent boundary conditions on the crack faces.  Tests were performed on four-point bend 

PZT-5H fracture specimens with the poling direction parallel to the crack faces.  The specimens were analyzed 

numerically by means of the finite element method.  Finally, a mixed mode fracture criterion for piezoelectric 

ceramics was developed.  This criterion is based upon the energy release rate and two phase angles, 

determined from the ratio between the intensity factors KIV and KI, for the first, and KII and KI, for the second.  

This data and that taken from another source for poling perpendicular to the crack faces were used to produce 

failure criteria for each case. 
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1. Introduction 

  

Piezoelectric ceramics are in widespread use as sensors and actuators in smart structures, despite the 

absence of a fundamental understanding of their fracture behavior.  Piezoceramics are brittle and 

susceptible to cracking.  As a result of the importance of the reliability of these devices, there has 

been tremendous interest in studying the fracture and failure behavior of such materials.  To 

understand failure mechanisms of piezoelectric materials and maintain the stability of cracked 

piezoelectric structures operating in an environment of combined electromechanical loading, analysis 

of the mechanical and electrical behavior is a prerequisite. 

 

There have been many fracture tests carried out on piezoelectric material [1–12].  Fracture criteria 

have been presented in [10-17].  Each of these is based on the energy release rate.  In fact, in [17] 

the energy was separated into its mechanical and electrical parts.  Assuming impermeable crack 

face conditions, it was concluded in [17] that crack propagation of poled piezoelectric material is 

governed by the mechanical energy release rate.  However, crack growth driven by purely electric 

fields in poled ferroelectrics has been observed in experiments [18,19].  A local energy release rate 

criterion was presented in [14] and [15] based on electric nonlinearity caused by a domain 

switching zone ahead of the crack tip.  Impermeable crack face boundary conditions were also 

assumed there.  The energy release rate obtained in [13] was used in [10] as a fracture criterion for 

analyzing results obtained with four-point bend specimens.  This expression is based upon the load 

and electric current measured during the experiment.  For an applied field of 0.5 MV/m, the 

energy release rate was zero or negative, which is not physically reasonable. Fracture curves of 
I
K  

versus 
IV
K  were presented in [16] using impermeable and permeable assumptions.  For both 
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conditions, there were discrepancies between the measured and calculated curves.  A recent review 

article may be found in [20]. 

 

 

2. Fracture Criteria 

 
A generalized fracture criterion for piezoelectric ceramics requires the development of a unified 

theory, which consists of mixed mode behavior, together with application of the energetically 

consistent crack face boundary conditions.  In [11], the derivation for the energy release rate 

begins with the expression [21] 
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where k  is the intensity factor vector given by 
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and the superscript T  represents transpose.  In Eq. (1), the 44×  matrix L  is one of the 

Barnett-Lothe tensors whose components are related to material properties. 

 

For the numerical calculations, the intensity factors were normalized so that 
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A
E  is Young's modulus in the poling direction, 

T
G  is the shear modulus perpendicular to the 

poling direction, 
26
e  is a contracted piezoelectric constant and L  is a geometrical length 

parameter.  The Barnett-Lothe tensor 
1−

L  is normalized as 
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In this way, the diagonal and off-diagonal elements of 
1−

L  are the same order of magnitude 

contributing to the accuracy of the intensity factor calculation [22].  Note that the units of 
1−

L  are 

N/m. 

 

The criterion presented in [11] with mode III deformation omitted is given by 
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and 

.ˆˆ
2

1 21

22 IcIc
KL

−=G                                   (8) 

 

To obtain 
Ic

G , values of 
I

G  given by 

21

22
ˆˆ

2

1
II
KL

−=G                                    (9) 

are obtained at failure for each test and averaged.  In Eq. (7), the parameters 
1ˆ−
ij
L  ( 4,...,1, =ji ) 

are found from Eq. (5).  The phase angles are defined as 
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Eq. (6) represents a three-dimensional failure surface for the case in which the crack faces are at an 

angle to the poling direction (which is in the plane) and in which the critical energy release rate 
c

G  

is a function of the phase angles ψ  and φ .  There is an assumption that the crack propagates in 

a self-similar manner. 

 

Tests were carried out in [10] on four-point bend specimens fabricated from the piezoelectric 

ceramic PIC-151.  This material is similar to PZT-5H.  In these experiments, the crack faces were 

perpendicular to the poling direction and both mechanical loads and electric fields were applied.  

The electric field was perpendicular to the crack faces.  Those experimental results were analyzed 

in [11].  In the analyses, 
II
K̂  was found to be zero implying that φ  in Eq. (10)2 is zero.  Hence, 

Eq. (6) may be rewritten as 
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The experimental results and the failure curve of Eq. (10), shown as the solid line, are presented in 

Fig. 1.  Note that a is crack length.  The value of 
Ic

G  was found as 8.6 N/m.  There is good 

agreement between the experimental data and the failure curve.  To this end, the root mean square 

error (RMSE) given by 
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Figure 1. Failure curve and experimental results (PIC-151) [10] obtained in [11].  The crack is     

perpendicular to the poling direction. 

 

was calculated to be 0.89 N/m.  In Eq. (12), 
experiment

c
G  is the experimental value or the point 

plotted in Fig. 1, 
ltheoretica

c
G  is the value on the curve of 

c
G  for the experimental value of ψ  as 

calculated from Eq. (11) and N  is the number of tests.   

 

As a result of the coupling between the first and fourth modes of fracture, which is expressed by the 

second term in parentheses of the right hand side of Eq. (11), the fracture curve in Fig. 1 is not 

symmetric with respect to 0=ψ .  Furthermore, it should be emphasized that the apparent 

fracture toughness 
Ic

G  should not be used to predict catastrophic failure.  Only the mixed mode 

fracture curve presented in Eq. (11) and Fig. 1 should be used to predict failure.  To interpret the 

failure curve for a structure fabricated from the same material and containing a crack perpendicular 

to the poling direction, values of 
c

G  below the curve are considered safe; for those above it, 

failure may be expected.  Of course, a probabilistic analysis should be carried out.  

 

Next, a fracture criterion for tests carried out in [12] on four-point bend specimens fabricated from 

PZT-5H (Morgan Electro Ceramics, Wrexham, UK) with poling parallel to the crack faces is 

presented.  In that study, modes I, II and IV were present.  Since poling is parallel to the crack 

faces, 0
21
== aa  in Eq. (7).  Hence, the fracture criterion in Eq. (6) becomes 
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Note that during the tests, the electric field was applied perpendicular to the crack faces.  The 

value of 
Ic

G  was found to be 20.3 N/m.  In Fig. 2, the three-dimensional failure surface in Eq. 

(13) is plotted.  The points shown are the experimental values obtained by analyzing the results 

from the four-point bend tests. 

 

In order to have a better view of the scatter, the phase angle φ  in the criterion of Eq. (13) was 

assumed zero resulting in  
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Figure 2. Two views of the three-dimensional failure surface from Eq. (13) with the test data     

shown.  The crack is parallel to the poling direction. 

 

This curve is plotted with 3.20=
Ic

G N/m in Fig. 3.  The test values 
c

G , recalculated with 

0ˆ =
II
K , together with the values of ψ  are plotted as points in Fig. 3.  This may be justified 

since the values of 
II
K̂  are small with respect to 

I
K̂  and 

IV
K̂  except for one specimen.  The 

root mean square error in Eq. (12) was calculated as 1.10 N/m for the three-dimensional surface and 

1.05 N/m for the two-dimensional curve. 

 

Finally, the crack propagation angle θ  measured from a line extending ahead of the crack was 

obtained for each test.  The angle varied between
01 and

010 .  Points for 
00 10 9 ≤θ≤  showed 

the greatest scatter from the theoretical curve, although even for
05 and

06.5  there was some 

scatter.  Generally, smaller propagation angles led to less scatter in the test results as compared to 

the theoretical curve.  There seemed to be no apparent correlation between large values of 
II
K̂  or 

 

 
Figure 3. Two-dimensional failure curve from Eq. (14) with test data shown.  The crack is parallel to the 

poling direction. 
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IV
K̂  and θ .  Theoretically, larger values of 

II
K̂  imply larger values of θ .  Recall that the 

fracture criteria were developed for self-similar crack propagation.  For these small propagation 

angles, the results appear to be acceptable.  But if one has a substantial value for θ , the criteria 

presented here may not be used. 
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