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Abstract

A moving polarization saturation (PS) model is proposed to study the anti-plane Yoffe-type crack with
constant velocity in ferroelectric materials. Based on the extended Stroh formalism, the model is solved
using complex function method. The closed-form expressions for the electroelastic fields are obtained in a
concise way. Results are shown to converge to known solutions for static PS model and the moving linear
piezoelectric model.
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1 Introduction

Ferroelectric materials always endure dynamic loads, such as mechanical impact or pulse-like
electric loading in application [1]. Since their instinct low fracture toughness, the reliability
concerns and optimal design of smart devices using ferroelectrics call for a better understanding of
the fracture behavior. Compared with the well developed static piezoelectric fracture mechanics,
few investigations on the dynamic fracture mechanics of piezoelectric and ferroelectric materials
have been reported.

The crack propagation problem is always the popular point of study among the theoretical
dynamic fracture mechanics. Freund [2] classified the problems of crack propagation into three
classes (1) The first type is the steady state crack growth. Chen and Yu [3] studied the anti-plane
moving crack problem in piezoelectric materials. They found that the intensity factors are
independent of the velocity of the crack. Soh et al. [4] researched the generalized plane problem of
a finite Griffith crack moving with constant velocity in an anisotropic piezoelectric material. (2)
The second type is self-similar crack growth. (3) The third type is the crack growth due to
time-independent or time-dependent loading. In this case, Li and Mataga [5, 6] obtained the
transient closed-form solutions for dynamic stress and electric displacement intensities and dynamic
energy release rate of a propagating crack in homogeneous hexagonal piezoelectric materials
dynamic anti-plane point loading. To et al. [7] studied propagation of a mode-Ill interfacial
conductive crack along a conductive interface between two piezoelectric materials. Chen et al. [8]
researched the problem of dynamic interfacial crack propagation in elastic—piezoelectric
bi-materials subjected to uniformly distributed dynamic anti-plane loadings on crack faces.

All the aforementioned studies on the problems of crack propagation are mainly about the
linear dynamic fracture mechanics. However, when the electrical load is not weak, ferroelectric
materials exhibit strong electrical nonlinearity, Gao et al. [9] proposed a strip polar saturation (PS)
model of electrical yielding. It is convenient to propose some simplified models or approximate
analyses. Shen et al. [10] developed a strip electric saturation and mechanical yielding model for a
mode |1l interfacial crack of Yoffe type between ferroelectric-plastic bi-materials.

In this paper, the static PS model is extended to the moving PS model for studying the
anti-plane crack propagation problem of ferroelectric materials. The plan of the rest of the paper is

-1-



13th International Conference on Fracture
June 16-21, 2013, Beijing, China

as follows. Section 2 introduces the governing equations and the boundary conditions. Section 3
proposes the moving PS model and solves the problem using the complex function method. And the
explicit expressions of the electroelastic fields are obtained. Section 4 discusses the anti-plane case.
Finally, Section 5 gives the conclusions.

2 Statement of the problem

Consider an infinite ferroelectric medium containing a Yoffe-type crack of fixed length
2a,which moves through an otherwise unbounded ferroelectric materials at speed v, with the crack
opening at the leading crack tip and closing at the trailing crack speed. The ferroelectric solids are
considered as a class of mechanically brittle and electrically ductile solids. The electrical
polarization is assumed to be saturated only in a line segment in front of the crack. And the medium
is subjected to remote uniform electro-mechanical loads as shown in Fig.1.
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Fig.1. Schematic representation of the moving PS model
2.1 Basic equations

Our earlier work [4] has proposed the governing equations of the piezoelectric material and
given the solutions using the Stroh formalism method in details. For the reason of a self-contained
presentation, the basic equations and the solution method are also summarized as follows.

In a rectangular coordinate system x; (i =1, 2, 3), the momentum balance equations and quasi
static Maxwell equation for quasi-electrostatic piezoelectricity are as follows

Gij,j =p 52Ui /5t2 ' Di,i =0 (1)

where p is the density of the material, u;, o; and D; are the elastic displacements, stresses, and
electric displacements, respectively, and a subscript comma denotes partial differentiation with
respect to one of the coordinates x;. The constitutive relations are

Gij = CijlaU1 + &P » Di =gl 1 — i P (2)

where @ is the electric potential, the electric fields E; are related to ¢ as E; = - &,;, Ciju, exj and &;
are the elastic stiffness, piezoelectric and dielectric constants, respectively.
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For a two-dimensional problem, all the variables are independent of x3, Egs. (1) and (2) can be
expressed in the following compact form:

hitt, = pgt® 3)
t,=QU,+RU,, t,=R'U,+TU, 4)
where U =[u),up, U3, 81", t5=[04,047.045.D51" (B=12), and g=diag[l, 1, 1, 0]. The matrices Q, R
and T are related to the material constants by
0- |:Ci-1rk1 i1 } CR- |:Ci_lrk2 €2 } T :{Ciikz €2i2 } 5)
k1 —n €x1  ~é12 €x2
Substituting Eq. (4) into Eqg. (3) leads to

QUi +(R+RT U, +TU 5, = pgd’Urat’ (6)

2.2 Yoffe-type crack

As shown in Fig.1. (x, y, z) is a moving coordinate system fixed on the crack with the center as
its origin. It has the relation with the fixed coordinate system (xi, X2, x3) as follows
X=X1—Vt, Y=X5, Z=Xg (7)
Then

Sl (8)
Thus, Eq. (6) can be written as
(Q-pV°8)U o +(R+RT)U,, +TU =0 (9)

Eqg. (9) is the governing differential equation for the steady-state electroelastic fields. Note that
the structure is identical to that of the static case when (Q — pv°g) is identified with Q.

2.3 Boundary conditions

The medium is subjected to remote uniform electro-mechanical loads given

by t; =[o31,05.05,D51" . The crack surfaces are traction-free and charge-free, with electrical

yielding along strip a<s|x|<b.
The full set of boundary conditions for the moving PS model considered in this paper can be
summarized as

th=t =17, at [x<a (10a)
u'=u;, i=1, 2, 3, D, =D, =-D;y +D,, at a<|x<b (10b)
t=0 at y—>oo (10c)
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where Dy is the electrical saturation limit.

3 Solution of the problem
3.1 Full field solution
Adopting Stroh formalism for anisotropic elasticity, a general solution to Eq. (9) can be sought
in the form
U=af(z), z=x+py (11)

where x and a are a constant and a constant vector respectively; and f(z) is an arbitrary function of
variable z subject to the twice-differentiable requirement. Substitution of Eq. (11) into Eq. (9)
results in

[Q—PV29+ﬂ(R+RT)+y2T]a:O (12)

This is a nonlinear eigenvalue problem. A nontrivial solution of a requires that the determinant
of its coefficient matrix must be zero, i.e.,

det[Q—pv2g+ﬂ(R+RT)+y2T}=o (13)

This is a polynomial of degree 8 for w. If 1, (=1, 2, 3, 4) are assumed to be the four distinct
roots with positive imaginary parts, and a,are the associated eigenvectors, the general solution can
then be expressed as

U=2R) a,f,(z,) (14)

where R denotes the real partand z, =X+, Y.

Substituting Eq. (14) into Eg. (4) and by using Eq. (3), the stress and electric displacement
vectors can be expressed as

h=—®, +pvigl, , t,=0, (15)
in which
4
@ =2RY b,f,(z,) (16)
a=1

where @ = [p 1, ¢ 2, ¢ 3 ¢ 4] is called the generalized stress function vector, and b, can be
determined from a,, by the following relation:

b, =(R"+u,T)a,=-|(Q-pv’g) 1, + R |a, (17)
Introducing two 4x4 matrices, i.e.,
A:[al’az’as"h]’ B:[bl’bz’bs'b4] (18)

and a function vector, i.e.,
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£@,)=[12) (@), (), f,(2)] (19)
Then Egs. (14) and (16) can be rewritten as
U=2R[Af (z,)], ®=2R[Bf(z,)] (20)

Egs. (15) and (20) together with the relations given by Eq. (17) are the main results of this
section. In these expressions, the only unknown is the function vector f{z.). The appropriate form of
f(z..) depends on the boundary conditions.

In order to obtain the function vector f{z.), following the same procedure [11, 12], the
continuity of #(x) on the whole real axis is

Bf*(X)+Bf (X)=Bf (\)+Bf (X), —o0<x<+w (21)

A new complex function vector h(z) is defined as

n(z)=Bf (2)=Bf (2) (22)
And it should satisfy the boundary conditions (10) along the crack faces
B (X)+h (x)=-t;, [ <a (23)
We also have
i0 (X) = HBf " (X) — HBf ~ (X) (24)

where ¢ (x) ={u, —u, ,u; —u,,u; —u;, 4" — ¢ }is the generalized opening displacement, In addition,
other two matrices are defined by
H=2R[i4B'], H' =4 (25)
Introduce a new complex function vector

g(z) = HBf (2) (262)

f(@)=B"Hg(2) (26b)

And the next task is to determine the unknown complex function vector g(z). The g1(z), g2(2)
and gs(z) are holomorphic functions in whole z plane with a cut (-a, a). g4(z) is holomorphic in
whole z plane with a cut (-c, c).

Thus, using the Egs. (23) and (10), we have the following equations

A5 (97 () + 95 () + A4, (95 (X) + 94 (X)) = =03, X|<a (272)
;07 () + 97 (0) + A (0 () + 95 (X)) =—07,,  [x|<a (27b)
4597 )+ 95 () + A, (9, () + 9, () =-0%,  [x|<a (27¢)

A,5(95 00 + 97 () + 4, (9: () + 9, (x)) =-D;, X|<a (27d)
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A;(9; () +9; (X)) + 4, (9, (x) + 9, (x)) =-D; + Dy, aS|X| <b (27¢)

where the Einstein summation convention for repeated indices is adopted, and j ranges from 1 to 3.
Solving the Egs. (27a), (27b), (27¢) and (27d) gives the following equation

A(g;(0)+9;00) =1, [x/<a (28)
where A=A —A A 1A, G =t -t A, [ A, m, j=1,2,3.

Thus, we can obtain [12]

Ag@D)=6"1,2), g @)=(A)""f(2), |x<a (29)
where

A = [/l;” ]3><3 (303)
g =[0,(2).9,(2), g, (2T (30b)
=l G T (30c)

. 1 z
fo(2) == ( -1 (30d)

2 72 _32

Solving Egs. (27d) and (27¢), we have
94(2) ={~4,;09,(2) +t;, T, (2)}/ A, + D9, (2) | A, (31)

where go(z) has the same property as the function g4(z), which is holomorphic in whole z plane with
a cut (-c, c).

. 1 Z

f(z2)== -1 32a
O (32a)

z b2—a2+i

1|z 1 a /72 —_p? Z a

Z)=—<——-—1lo - arccos(— 32b
9%(2)="15"% O N ) (32b)

5 ZZ_bZ |

Furthermore, go(z) has the following property on the crack faces

9o (X)+9,(x)=0, [x<a (33a)
9o (X)+9,(x) =1, a<|x|<b (33h)

Wang [12] gave the method to calculate the function Iogz—+!.
Z—i



13th International Conference on Fracture
June 16-21, 2013, Beijing, China

log 2! - Iog:—2+ i(6,-6) (34)

Z—i g

where r; and r; are the modulus of the complex variables z+i and z -i respectively. ¢, and ¢, are the
inclined angles of the complex variables z +i and z -i with respect to the negative imaginary axis.
From Egs. (29) and (31), the unknown complex function vector g(z) has been obtained. Then

substituting the result into Eq.(26b), we can derive the unknown function vector £ '(z), which

provides the full-field solutions of the problem using Eq. (15).
3.2 Electric saturation zone size

From Eqg. (15), we obtain the electric displacement ahead of the crack tip
D, = 4,;(97 (X) + 95 (X)) + A4, (9, (X) + 9, (X))

_ 2T, ,0)+ D, (g2 ()+ 4; () (35)

(o -2p, arccos(%))L— Dz +D, 2%~ Liog
T

x% —p? ‘|2 2i X

In order to ensure the non-singularity of the electric displacement at|x| =b, Eq. (35) only has a

solution if the coefficient of the singular termﬁvamshes. The following equations must be
X“—=Db

satisfied

0

a 7 D,
— =C0S(——= 36
. (2 5 ) (36)

S

From the above equation, we can calculate the size of the electric saturation zone

7 D)
r=b-a=asec(=——%)-a 37
SR (37)

S

Under small-scale yielding conditions, r<<a, Eq. (37) can be approximately reduced to

a, D).,
r=—(=—=2).
2(2 DS)

3.3 Electroelastic fields near the crack tip

From Eqgs. (15) and (20), the stresses and electric displacements can be obtained
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L2 3 (e, (2,) - b (1) ®)

(= Zi}%{iba £ (2 )} (39)

It is obvious that the distributions of the electroelastic fields near the crack tip are of great
interest to us. By introducing a polar coordinate system (r, 6) with the origin at the crack right tip,
we have

z,—a=r(cosf+u,sing) (40)

When r is small compared to the half-length a of the crack, z, = a. Egs. (30d), (32d) and (34b)

can be expressed as

: 1 |a 1
f,(z,)==(,|— -1 41a
0(2:) 2(V2r \JCos @ + 1, sin @ ) (412)
: 11 a
f()==C——-1 41b
(D=56 5= (41b)
log 2 i(r—2tan"a) (41c)
z—i
From Eq. (39), the stress in front of the crack tip on the x-axis is calculated
* X A .
. :too_ +D 14 :1, 2, 3 42
O3 = hj \/Xz—az A, J (42)
By using the definition of dynamic intensity factor vector
K :[KH!KlyKH[!KD]T = |im\/27f(x_a)tz (43)

4 Crack perpendicular to the poling axis, anti-plane problem

In this situation, the infinite plate only subjects to o> and Dy’ . The present authors have studied

the anti-plane moving PS model using the continuous distribution dislocation method. In this article,
some results will be verified using the complex function method.
From Eq. (A.13), we obtain

K =[Ky, Kpl' =+/ra[oz +£D§cv o' (44)
&1

where Ky, is independent of the crack propagation velocity.
From Eqgs. (15), (16) and (A.13), we have
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1
Oy = \/ZEiR|:(G§C3 +il—5 D5 )(cos 8 + g sin 0) 2
11
(45)

r
a, » €5 0
=,|—(0y+—D;)cos—
‘ZZr( 23 & 2) >

If the ferroelectric material is such that a crack propagates in a direction the maximum shear
stress, it can be seen that the maximum shear stress o,,0ccurs at #=0 for all the crack speeds. It

means the crack remains in its straight line path for all the crack speeds.

5 Conclusions

The transient response of a anti-plane Yoffe-type crack moving with constant velocity in
ferroelectric materials is investigated in this paper. The dynamic intensity factors of stress, electric
displacement are obtained in explicit forms. When the velocity of the crack v—0, the moving PS
model will reduce to the static PS model. When the size of the electric saturation zone r—0, the
moving PS model is in agreement with the moving linear piezoelectric model. For the case of
anti-plane problem, it is concluded that the crack remains in its straight line path for all the crack
speeds.
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Appendix

The matrices Q, R and T are

Q:|:C44 915}’132[0 0} T:[CM els} (A1)
€5 —én 00 €5 —én

The eigenproblem given by Eq. (12) becomes

[044 - pv? +(;44ﬂ2 €5 (1+ ﬂzz) ][al:| ~0 (A.2)
€51+ u%) & (L+ %) |[ %2
Similar to the static case, two characteristic roots are z1=i,. #-,=i 5.
in which
p=@1-v*/c?)"* (A.3)

where c=(544/ p)’? is the speed of the piezoelectric stiffened bulk shear wave,

Cas =C,, + €%, | &, is the piezoelectric stiffened elastic constant.

The matrix H is then
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2
én €15 e

B S VS T (A4)
BCuey, | &5 ———fCu 2
& €5 —é11

As f —1i.e.v=0, H will reduce to the static value [12].
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