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ABSTRACT

A crack of total length 2c lying on the interface between two half-planes of isotropic mate-
rial with differing material moduli is considered. Applying Fourier integral transforms to
Lame equations of plane elasticity problem and satisfying boundary conditions, a system
of two singular integral equations with Cauchy kernels is obtained. The unknown func-
tions are the shear stress over the fixed part of boundary and the derivative of normal
displacement with respect to z over crack faces. Thin yield zones ahead of the crack con-
tinuation are assumed. The nonlinear system of singular integral equations is solved for
this purpose and yield zone length is found for various values of v and external load.
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INTRODUCTION

Much attention has recently been focused on the interface crack problem which is of great
importance in nonhomogeneous and composite material investigation. Particularly inter-
face crack model (see bibliography in the paper of Rice (1988) and contact model by
Comninou (1977, 1978) have been developed for elastic materials. Plastic zone at the tip
of interface crack has been studied in the papers of Shih and Asaro (1988a, 1988b) and
Zywicz and Parks (1989).

Plastic strip model by Leonov and Panasyuk (1959) and Dugdale (1960) for homogeneous
materials is actively used now in fracture mechanics. A similar approach has been applied
to the interface crack by Bastero and Atkinson (1988) where jump of tangential displace-
ment has been taken into account.

In this paper an interface crack along the edge of a half-infinite plane is investigated. A
thin yielding strip ahead of the crack tip is assumed and the corresponding mathematical
model is formulated and analysed. The length of yield zone is found.

DERIVATION OF BASIC EQUATIONS

The plane deformation of an interface crack |z| < ¢ which is situated on the fixed boundary
y = 0 of an elastic semi-plane y > 0 is considered. The lower half-plane y < 0 is absolutely
rigid. The crack is loaded with uniform pressure of intensity P . Let E and v be the Young’s
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modulus and Poisson’s ratio of the upper half-plane. The boundary conditions for y = 0
can be written as:

a'yy(I,O):—P, Gzy(.’l:,o):(], II| <g, (1)

u(z,0) =0, v(z,0) =0, |z| > c. (2)

In order to obtain the solution of the problem the following unknown functions are intro-
duced:

ov
01(2) = on(2,0,  9a(z) = 5o(2,0). 3)
The Fourier transforms are applied to the Lame plane elasticity equations. In consequence,
the expressions for the derivative of normal displacement u and the normal stress o,, at
y = 0 are obtained:
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2n0yy(z,0) = /;Tydy + nzg/ ;—2_—ydy, (5)

where

_ 3-4v _ E _ 1= 6
7}:1—72#(1_’/), N22 = —l—tﬂ’ Tz = N21 = - ( )

i is the shear modulus.
Satisfying the boundary conditions (1) and the derivatives with respect to = of the bound-
ary conditions (2), we obtain the following system of singular integral equations:

h c
it /K(I,y)yl(y)dy + mz/K(I,y)gz(y)dy =0, [z|<g (7)
c 0

h c
mr [ K@ u)audy +ma [ K(z,n)oto)dy = =27P, Ja] > <, (8)

e 0

where
K(z,y) = L (9)
’ T—y zT+y

When we formulate the system of singular integral equations the symmetry of stress-strain
field with respect to y is taken into consideration. The value & is used for the convenience
of numerical analysis. The assumption

02y(2,0) =0, v(z,0)=0, |z|> h. (10)
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is not a major one and according to St.Venant’s principle will not influence the stress
state near the crack, provided h >> b .
The system (7),(8) must be supplemented by the consistency conditions

h c
c—- €—
nu/ln C+z gl(y)dy+mz/ln Ty g2(y)dy = 0, (11)
c 0
[oxtwyas =0 (12)

—C

The unknown functions g;(z) are assumed to have integrable singularities at the points c
and d as follows:

% ___ 9 13

91(1")_ \/h_——z(:c—c)‘” 92(-73) \/E(C—.’E)“’ ( )
where gi(z) € H , H is a class of functions which satisfies the Holder condition.
The method of determining a has been discussed by Muskhelishvili ( 1953 ). Using this
method we find the order of singularity a = 0.5+18 . Thus, the singularity oscillates near
the crack tip. The stresses gy, (z,0) and o,y(z,0) therefore tend to infinity, and the crack
faces overlap.

YIELD STRIP MODEL

To avoid material overlap, assume that thin yield zones ahead of the crack tips. We model
these zones by crack continuations where displacement arise jumps take place. Namely,
normal stress acts on the part ¢ < |z| < b of the crack continuation which is equal to
yield stress o, = 27, , and shear stress 7, acts on the section b < |z]| < d . Therefore, the
boundary conditions can now be written as

oyy(z,0) = =P, 0(z,0) =0, lz] < ¢ (14)
oyy(z,0) = 05, 0zy(z,0) =0, c<|z| < b, (15)
oy(z,0) = F15, v(z,0) =0, b < |z| < d, (16)

u(z,0) =0, v(z,0) =0, d<|z| < h. (17)

Satisfying these conditions by means of (4),(5), we obtain the following system of singular
integral equations

h
2
— T
nu/K(z,y)gl(y)dy + nxz/lx'(z,y)gz(y)dy =-mnln|—07yl, d<z<Hh, (18)
d 0
h b
r/n/K(z,y)gx(y)dy+nzz/1&'(z,y)gz(y)dy =
d )
d? — z? —27P, z<c
= — o SN o (Y . ] b . A l
7217, In b2 — z2 {27ra',, c<zc<b, D a=h (122
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with the consistency conditions
h b
/ln (y)dy+ 7]12/111 iy gg(y)dy o
= mlrg((dZa') In(2d) — (d — b)In(d — | b) — (b+d)In(b+ d)), (20)
9:(0)=0. (21)

For arbitrary positions of points b and d, the stresses have square root singularity in their
vicinity. Corresponding stress intensity factors can be introduced as follows:

Ky(b) = lml [2(z — b)]oyy(z,0), Ky (d) = lu;n [2(z — d)]ozy(z,0). (22)
A numerical method which takes into account the singularities of unknown functions is

used ( Loboda ( 1993 ) and Loboda and Steveleva ( 1995 )). This method can be used for
any positions of the points b and d, but their real locations are found from the conditions

Ki(b)=0, Ku(d)=0. (23)

The system of singular integral equations (18),(19) is reduced to a system of linear alge-
braic equations which was solved numerically.

Numerical results have been obtained for various values of v, P, and E = 10*% . The yield
Lone lengths A; = ®=¢ and A; = 2=, displacements u(b,0) and v(c,0) for various values

of are shown in Tables 1 and 2.

Table 1

Yield zone lengths and displacements at the crack tip for » = 0,03
= M A2 u(b,0) v(c,0)

0,20 [ 2,9-107%[2,0-10"2 | —0,1473 - 107% | 0,1079 - 10~
0,25 |6,1-107%[3,0-10"2 | —0,1719 -107% | 0,1585 - 10~
0,33 1,0-1072 [ 4,6 - 10-2 | —0,1989 107¢ | 0,2081 - 1077
0,40 | 5,7 -107% | 5,5 - 102 | —0,2092 - 10 | 0,2520 - 10~7
0,50 | 2,4 -107% | 7,7 - 102 | —0,2274 - 107% | 0,3230 - 1077
0,66 | 3,9-10"2| 1,0 - 10~ | —0,2442 10~ | 0,4170 - 10~7
1,00 | 8,4-107%2 | 1,6 - 10" | —0,2625 - 107% | 0,6355 - 107

Table 2

Yield zone lengths and displacements at the crack tip for v = 0,3
:—: M Az u(b,0) v(c,0)

0,20 [ 4,6 - 1073 (8,6 - 1073 | —0,5660 - 10~7 | 0,1395 - 107
0,25 | 1,0 - 1072 | 1,3 - 1072 | —0,6449 107 | 0,2016 - 10~7
0,33 {1,7-10"2| 1,9 - 10~2 | —0,7230 - 107 | 0,2605 - 10~7
0,40 | 2,4 - 1072 | 2,3 - 10~2 | —0,7448 - 10~7 | 0,3155 - 1077
0,50 [ 3,9-1072|3,1-10"2| —0,7944 - 107 | 0,4070 - 10~7
0,66 | 6,5-1072|4,5-10"2 | —0,8484 -10~7 | 0,5346 - 10~
1,00 | 1,3 -107' | 7,7 - 10~2 | —0,9273 - 107 | 0,7861 - 107
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It is interesting to note that for » = 0,5 the values 71, = 72; = 0 and from the
system (18), (19) we obtain two independent equations with respect to g;(y) and g,(y).
First one have the limited solution at the point d when b = d or 7, = 0 while the second
one attains in this case the following form

b
—-2mP, z<c

- _ ) ) <

v [ KGamar={ ,, 720 TS0 0sa<s (24)

0

with additional condition (21). This equation is similar to the equation used for modelling
of plastic strips at the crack tips in a homogeneous material and its exact solution can
be found. From this solution and condition K(b) = 0 the following analytical expressions

for A\; and v(c,0) were found.

TP
b = csec <m> 5 (25)
v(c,0) = —M{E)(l——uz)ln (%) (26)

Their values calculated for the same E and P/, ratious as in the Tables 1 and 2 are
shown in the Table 3.

Table 3
Yield zone lengths and displacement v(c,0) at the crack tip for v = 0,5

:__: /\l U(C,O)
0,20 [ 1,0 - 1072 [0,2149 - 1077
0,25 |1,5-107% 10,3289 - 1077
0,33 12,5-1072 10,5552 - 10~7
0,40 | 3,5 - 1072 | 0,7945 - 10~7
0,50 | 5,1-10"2{0,1198 - 107
0,66 | 8,1-10"2{0,1980 - 10~
1,00 | 1,6 - 107! | 0,4121 - 10~®
DISCUSSION

It leads from the Tables 1-3 that increasing of p/7, calls of all calculated parameters
increasing. Enereasing of Poison’s ratio v leads to A1, v(c,0) increasing and Aq, u(c,0)
decreasing. Particularly for uncompressed material the zones of shear stresses (b, d) diss-
apeare and considered model is equivalent in mathematical sence to strip slip model for
homogeneous material and obtained results in this case are in good agreement with exact
analytical solution.

It worth to note that due to considered interface crack model an oscillating singularity
was elaminated and due to correct determination of the points b and d positions the
nonsingular crack state was found. The values of u(b,0) and v(c,0) can be used as frac-
ture parameters for considered composite material. To predict the crack propogation they
should be compared with critical values which are to be found experimentally.
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