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ABSTRACT

A vertical circular rigid punch with friction on a semi-infinite plane acted by arbitrarily located
concentrated forces with one end smoothly contacting the matrix and another end of sharp
corner to initiate an oblique edge crack in the matrix is studied in an analytical way in the present
paper. The edge cracked semi-infinite matrix is mapped into a unit circle by a rational mapping
function. The problem is classified into the Riemann-Hilbert type, and solved by dividing the
whole problem into two parts, one is the edge cracked semi-infinite plane acted by the
concentrated forces, the other is the problem solved by substituting the solution of the first part
into the R-H equation of the whole problem. The position of the end with corner is fixed while
the position of the sliding end is changed with other conditions. After the position of the sliding
end is determined by the condition that the stresses at this end are not singular, the stress
intensity factors of the crack and resultant moment on the contact region are calculated with
different positions of the concentrated forces in the matrix.
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INTRODUCTION

Punch problem is an important branch in contact mechanics. Many classical problems have been
solved (Muskhelishvili, 1963, England, 1971, Gladwell, 1980). It is noticed that crack problem is
often connected with punch problem owing to the existence of stress concentrations on the
contact region and defects in the matrix (Hills and Nowell, 1994). There generally exist two
types of contact for a punch with curve shape, one is called complete contact, i.e. the length of
the contact region is given, and there exist two corners for the punch coming into the matrix; the
other is called incomplete contact, i.e. one or both ends of the punch slide on the matrix, and the
length of the contact region is undetermined. When a punch on a matrix with edge defect is
referred, some inherent difficulties will appear in computation. Though the problem is possible to
be dealt with by some numerical methods such as FEM and BEM, the contact interface and
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semi-infinite property of the matrix as well as the singularity of edge crack will result in much
inconvenience in computation by FEM, and owing to the lack of the fundamental solution of
punch problem, it is also no convenient to analyze the problem by BEM. Therefore it is
important to present an analytical or semi-analytical method to solve the punch problem with
edge crack, and it is also important to derive the fundamental solution of punch problem so that
the boundary element method or boundary integral method can be used effectively to analyze the
punch on a matrix with edge and inner defects.

A circular rigid punch i complete contact with an edge cracked half plane has been
studied ( Hasebe and Qian, 1995), and the fundamental solution of the problem has also been
derived (Qian and Hasebe, 1996). Since there exists incomplete contact for circular punch
problem, the problem of circular rigid punch with one end in smooth contact and the other end
with a sharp corner on an edge cracked half plane acted by concentrated forces at an arbitrary
point in the matrix is considered in the present paper. Coulomb’s frictional force is assumed to
exist on the interface which is balanced by a horizontal force on the punch. The vertical load on
the punch is usually eccentric to keep the punch vertical, and the eccentric distance of the vertical
load on the punch is determined by the resultant moment on the contact region. The position of
the end with sharp corner is fixed while the sliding end is changed with the environments such as
the magnitude, direction and location of the concentrated forces in the matrix, the frictional
coefficient on the contact region, the length, inclined angle and position of the edge crack, the
material properties of the matrix and radius of curvature of the circular punch as well as the
magnitude of the vertical load on the punch. To solve the problem in an analytical way, the
semi-infinite matrix with the edge oblique crack is mapped into a unit circle by a rational
mapping function so that the Riemann-Hilbert equation of the problem can be solved explicitly
by making use of the solution of the semi-infinite plane with the edge oblique crack acted by the
concentrated forces, With the explicit expressions of complex stress functions of the problem,
the position of the sliding end of the punch can be decided by satisfying the finite stress condition
at the sliding end, and the stress intensity factors of the crack and resultant moment on the
contact region can be calculated with different positions of the concentrated forces.

PRESENTATION OF THE PROBLEM

stresses on the contact region about the origin. The right end with sharp corner has a distance of
a/2 from the origin, while the left sliding end is undetermined. Besides the loads on the punch,
it is assumed that a pair of concentrated forces acts at point z; in the matrix. To solve the
problem in an analytical way, the semi-infinite matrix with the edge oblique crack is mapped into
a unit circle by the following rational mapping function (Hasebe and Inohara, 1980):
7 N
z-(:)(§)=£+2 £ + I (1)
1- C = CA- _,;
where /5, [5 and €, are known coefficients, and E, is decided by the distance from the edge
crack to the punch.
The loading and displacement conditions of the problem can be described as
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The stress components on the boundary can be expressed as ( Hasebe and Qian, 1996b)
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Fig.2 The length of the contact region

LENGTH OF THE CONTACT REGION
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Substituting (4a) into (7). it is obtained that
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where ¢,(0), f,(0) and g, (o) are listed in Appendix 1.

It is found from (8) that the stress components become infinite when o tendsto o or B.
the coefficient of

+

In order to satisfy the finite stress condition at the sliding end (o=B).
1 (0-P) in (8) must be vanished. Therefore the restraining condition is established as follows:

ey (=m0
If the values of Ga®/(PR) and o are given, B satisfying (9) can be determined by
iterative calculation. After B is determined, a'can be simply decided.
Ga® | PR is a parameter which gives the relation among shear modulus G, punch width a
(see Fig.1), radius of the circular punch R and vertical force P, here R is supposed to be

gion.
d forces are typically assumed to be acted on

sufficiently larger than the length of the contact re
n=05,b/a=05c/a=0,y =60°

In the following calculation, the concentrate
the surface of the half plane in x and y directions, x =2,
and Ga®/ PR =1 are selected.

Fig.2 shows a' with different d, where d
concentrated force on the surface of the half plane. It is shown that a' increases

stable value with the increase of d.

denotes the distance from the crack to the
and tends to a
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Fig.3 The stress intensity factors of the crack

STRESS INTENSITY FACTORS OF THE CRACK

The stress intensity factors of the crack are calculated by
: rexof -2, ¢ ()
K, -iK, =2 'Jrexp(-~l)—\ (10)
1 u \ \m

where & = (1-25+7)/(1-25_ i) is T on the unit circle corresponding to the tip C of the crack,

§=y/180 and O =-iyr/180.
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Fig.3 shows I and F,, with different d. I, decreases with the increase ofd, and F;, is on

the contrary. Both 7, and I, tend to stable values which are due to the punch without

concentrated force with the increase of

e crack are defined as

RESULTANT MOMENT ON THE CONTACT REGION

The problem is analyzed on the condition that
moment R about the origin of the coordinate

vertical load P on the punch which applies at
Pe =R, (see Fig. 1).

the punch does not incline, Thus the resultant
s can be used to determine the position of the

the distance e away from the y-axis satisfying

The non-dimensional resultant moment is defined as

M, = R,
al
where R, is calculated by
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Fig.4 The resultant moment on the contact region
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CONCLUSIONS
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APPENDIX I

¢ (o). f,(o) and g (o) in equation (8)
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