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ABSTRACT

The paper present:s the general theory of longterm fatigue frao-
ture and some applications to the fatigue behaviour of elastic
zolids with initial cracks or stress concentrators. The regime
of high cyclic loading is consiiereu when the maximum stressin
2 cycle :oes not exceed the yielid point ani the main solic mass
is ceforme:t lineer-elastically. The high cyclic fatigue problem
is firset formulsted within the framework of Jeformsble Zolil
Mechanics. The fracture moliel Ls based on the joint cmsilerstim
of the bouniary-value problem of the elasticity theory ani of
the fatigue -lamage kinetics problem of the continuum damage the-
ory. Fatigue fracture is ccnsidered as the crack propagation
stege. Home dproblems of longterm fatigue fracture of thin iso-
tropic plates with different stress concentrators are solved.
Theory predictions are in goo.. agreement with test results.

KEYWORDS
Fatigue fracture, high cycle fatigue, crack initistion, crack
provagation,.lzmage kinetics,thin plates, stress concentrators.

INTRODUCTION

The prcblem of the modielling of high cycle fatigue frascture is
of important thecretical ani prsctical significance anu it is
extensively discussed in scientific ani engineering literature.
The study of the fatigue proce: : one of seversl eerly rese-—
arch efforts in fracture mechanic:. Over the years, en enor-
mous boly of experimental (ata has been accu: ulated in this
area of investigstionaz. lests ere highly numerous an.i cover
veriouz classes of materials, different structural elements,

a wide temperature and loszling -uretion range.

A large number of empiricel relations to represent fatigue

crack growth eni fatigue frescture :isgrsms hes been formulate.
on the basis of experimental :ata obtained. Various aspectz of
this problem are covered in an exhaustive literature (Frost and
Juglale, I®57; Hoeppner an:i srupp, 19743 Panesyux et al..I277;
an. others). The well-known Paris ani Zrdcgan’s equation (19672)
igs most often usec smeong them in practical applications. Howe=-
ver, all empirical relationsc satisfy only approximate! experi-
mental dszta an! cannot be extended to different loe:dling condi-
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tions ani structural elements.

Only ~ingle Tesults have been obtained in the endeavour of the
theoretical modelling of fatigue fracture processes. In fact
only solutions proposel by Belotin (I3%92), Golub ani Panteleyer
(I992), Golub and Plashchinskaya (I934) cean be conciderei as
such models. However, the solutions have been obtained in the
case of infinite plates if the analytical expression for the
atress distribution in the neighborhood of the crack tip is
xnown. In case of finite Jimension solias, the aifficulties
are connectel with the necessity of the determination of the
current stress-strain state taking time depenient boundary con—
Jitions into esccount.

The objective of this pesper is the further ievelopment of the
theoretical approach in high cycle fatigue problems and the
rocelling of fatigue fracture for finite iimension solids al-
lowing for crack initiation an.. propagation stages.

TWO-STAGE FATIGUE FRACTURE THEORY

The fatigue fracture process is considered from the phenomeno-
logicel point of view and it is solved as the coupled bounds—
ry-value oprcblem anc lamage kinetics problem.

Assumed Relations. As an example of the plane stress state,
consider the problem of the fatigue fracture processes mocel-
ling under high cyclic loading. Let a thin isotropic plate
(see Fig.I) of 2a in length snd 2b in width is subjected to a
uniaxisl symmetrically varying

Y l ~ cyclical stress
RERRELE St

which is applied slong the 2b
length. Here §o is the alter-
neting stress and N is thenum-
ber of cycles change in load
that will be trested as conti-
nuous time from now on. The
plate may be weekened with open
stress concentrator or pointed
crack. The crack can be an in-
cipient defect and it can ori-

‘ ‘ 4 } ‘ 6 ginate during cyclic losding.

1 It will be also assumed that
8ll stresses cycle at samefre-
quency and that their amplitu-

Fig.I. Scheme of a thin plate des do not change during the
cyclic loaling with crack. cycling.

We examine the high cyclic loading regime when the maximum

atresses do not exceed the raterisl yield point, so that the

main body of the plate is deformed linear-elastically. In this
case, fatigue fracture is first determined by the damage ac-
cumulation process given with an evolutionary equation

d—dwrf=3<f%)m, (2)
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whereb% is the scaler (smage parameter, and B , Il are materi-
al constants.

The alternating stress 5, does not exceed the material yield
point 6y under high cyclic loading, SO that the mein bdoiy of
the plate is deformed linear-elastically. All nonlinear ef-
fects are concentrated into & thin olastic zone having & spa=-
ce scale f, which is formed in the vicinity of the fatigue
crack tipf(see Fig.I). The lew of changing .in the plastic zo=-
ne length ] cen be given by Rice’s (I€7) relstion

A A T

where Omay 15 the maximum stress,&,is the initial, and i is
the current length of a fatigue crack.

Main Solving %guations. Surinz loading conditions {I), in the
smooth part of a plate the uniaxial stress state anid in the
neighbourhood cf a stress concentrator the plane stress state
are realized. With81™* end 60" to denote the maximum and mi=-
nimum smolitudes of %.cyclic‘stress component, the alternative

stress G% is defined by

a i max min . P
o= = .= e 1,2, )
6y 5 (665 6‘! b= %
The problem of the long-term fatigue fracture modelling con-
sists in the finding of the function

k 6?5- (x4 by p‘: 0

which establishes the relationship between stress tensor com-
ponents 6% (), the current fatigue creck length f, , the fa-
tigue cratk growth rate {5 and the number of lcosling cycles Rl .
The initial plate geometTyl. is known (see Fig.I) and can in-
clude the initial crack of {, length.

The fatigue fracture phenomenon is interprete! as a two-stage
process including the incubation stage and the stage of the
crack propagation. The function Fp is determined for each cta-
ge from the joint solution of the boundary-velue problem of
the elasticity theory and of the fatigue fracture kinetics
problem of the continuum Jdamage theory. The condiitions of the
fatigue crack initiation and of the fatigue fracture front mo-
vement tsking the continuum damage mechenics as a basis are
written as follows

max{(s)f(x*,n*ﬁ:i and max{w,,( ;.“)

Here Xi sre cooriinates of a maximal loaded point, ﬂ* is the
duration of the incubetion stage, and.ii; ies the fatigue frec-
ture front, which moves.

We define the incubation stage as a period while the material
is damaged without failing in the sence of the fracture front

Vi =T, ()

=1 (e)
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formation and propagation. The initial crack ovens only btut not
moves during the incubation stage. In this case the stress ste—
te of & plate varies only by means of change in external load.
5o, the fatigue fracture model for the incubation stage is gi-

ven by the set of governing equations N
( {St,g‘J(XL):O ‘/‘).:i'z
v26i; (%) =0

6y (X )=8(n); 6,0 1=0 X(€L01(x-‘t8)
(@) GIZ(Xl:):Sm(Xé):G X(E’Loz(ta;g)
6ej (Xu)V; =0 0 & B
(¢) Geqr=T6+(-T)Toct
Jy [ AW = B (Beqy)™(4-Wy)"dn

(e) max{[w{(x*,n*)[] =

T

(7

consisting of the elasticity thecry equations (a), the bounda-
ry cconditions (b), the equivalent stress (c) chesen in the form
of a mixed invariant between the main principle stress §4 ana
the octaheiral shear stress Qo.t . the fatigue Camage evolutio-
nary equation with the initial condition (3), and the conditi-
on of the fracture front fornation (e).

The solution cf the set cf Hgs.(7) gives the value of Ns. At
the incubation stage the plate boun.ary L, @oes not :lepend on
the number of losiing cycles [l bacsuse the damasge state does
not influence the stete of stress, the set of Eqs.(?7) is not
coupleu, ani its solution may be obtained in an analyticel form.

The stage of the fatigue crack propagation is connectea with
the formation of new free surfacez. As a result the extermel
contour of & plate changes, the bounilery conditions vary over
time., an. the stress-strain state varies not only in view of
the variation of loais, but slso by means of the crack move-
ment. The chenge in the stress state leeds to the change in the
iemage kinetics. (n the other heni, the damage accumuletion
process gives rise to the crack growth, to the change in the
bouniary coniitions ani to the change in the stress state res-
pectively. o, the fatigue fracture model for the crack propa-
gaticn stage is written in the form

(a) {Gca-,j()(c)=0 (f=12 l
V260 (X )=0
611“&):6—'(?1)}612()('1):0 X{€Ekoy (X,t%)

(8) | 622(%;)=624(xi)=0 Xi€Loz (+a:y) (8)
6¢j(xi)V; =0 Xi€ by ()

() ()“ea,v =§6 +(L-¥)Coct
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d dw{, = B(Geq,v)m“"wf)‘mdn
( )wa()(t\”):%
(e) max{\wf(x;‘mlk =4

where L {n) is the current crack surtfeace contour lepending
on the number of loading cycles.

The lsw of fatigue crack growth (5) is the soluticn of the set
of Fgs.(7). Thie set is a counled ani essentizlly nonlinear oOne
ani can be solved numerically only.

Basic Mechanical Effects. Ine formulation of the initisl conii-
Tons for the starting of the crasck stage propagation from the

solution obtainei at the incubation stage is the fundamental

moment of the apprcach sugegestec. The coniitions are given by
the value of nq- which connectd the set of Egs.(7) to the set

cf Fgs.78).

Ohe sszlient feature of the spprosch is thst it aleo takes into
account the influence of iamage accumulatel slong the crack nro-

vagation frent ¥ on the crack grcwth rate. Inueeu, {ifferenti-
ating ¥q.(G) as a complex function. we have

dy . oWy (’O(Of )"1 )
a4 - =2 | — r3
dn on 0X )
where X ic the coor:inete of an arbitrary ooint shead of the
propageting crack front. Jo, if 6& i not . >veni on X ani we-

re & constant. the crack growta rate woul. obeyZ=r0 » beceuse
VW /00X = 0. In tais event +he crack opening time woull coin-
ciie with the time of comdlete fracture, ani the crack growth
stege woull not even exist.

Another iistinctive sttribute of the sbeve-formulates: mod: le is
that the Tetigue crack growth rate alwno strongly devenis on the
law of veriaticn ~f the leneth of the plastic zcne suring crack
propagestion in a center-crecke.l infinite plate. &0, using tae
approximete asymptotic stress Sistribution in the neighbourho-
o of the crack tip (¥ , = ), proposei by Williems {I057).
zni taking the placstic zoéL nf length A into account. we have
the reletion for 6“5

6o = 6a s(n) (I0)
E A P T TARATS
which is interprete. graphically by the =oli. curve in Fig.l

ani in fsct i the solution of Egs.{7a) anc (7b). &ubstituting
Tgn.{IT) into (71) eni teking into account the condition of

fracture front movement (€). ani epdnlying simole transformati-—
onn, we obtainethe following fcr the fatigue crack growth rate

Al g 1y ™€) L dl (4 B (AK)™
dn"(i i B Q)"2* 7 dn '(“?n”) 2 (28

=
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Here AR = 26a/me, is the peak—to-pesk amplitude of the stress
intensity factor, enl it is also assumed, thset (’1 - C& (n) and

(%3* Af.

So, using the first relation from Zqn.(Z) for the plastic zone
length | end substituting is into Eqn.(II). the fatigue crack

growth rate written as follows

i (T T

an using the second reletion from Egn.(?), the fetigue crack
growth rate is written in the form

SRR (2 e

It can be seen from Eqn.(IE) that, in the case of a constant=-
length plastic zone the crack growth rate essentizlly lepenis
on the coefficient IM , which csn varies from 2 to I(0-I2 when
the material becomes more btrittle.

In the case of a variable-length plestic zone, the crack growtn

i

n.’I7)) is given by a square-law Cepenience on the

e inten=ity factor A . Such Jevendence is typical for mo-
re plastic materieals. The crack growth rate decreases as the
plastic zone length increaces during the crack propagation.

CAICULATION RESULTS AND DISCUSSION

within the framework of the theory suggesteil some vproblems of
longterm fatigue fracture of 'thin_isotropic vlates conteining

Jlifferent stress concentrators ani subjecting to uniaxial high
cycle loading are solveil.

Procedure of Coefficients determination. To solve problems of
Tatigue fracture based on kge.t anl (8), it is necessary to
have two groups of characteristics. The first group includes
the coefficients M and B and epecifies the resistance of & ma-
terial to fetigue Camage accumuletion. The second group inclu-
jes the limith of short-term strengtn 6y eni £y . All the neces
sary material ¢haracteristics are Jetermine:i from stendari emeri-
ments involving the sxial loading of smocth cylindriceal specimens.
The coefficients M and B sre determined fram tests of smooth
cpecimens in fatigue unier symmetrical loading. A1l points of
s smooth solil are equal in strength, the incubation stage es-
sentially coincides with complete fracture, en:i from (7) wecob-
tain the follow’ng expression Drine number of cycles iz fractite

= __—-1——————- (14)
"= Tm)B(Ga)™

Here it iz assumed that [lg= My , and 6a =6eqv- Zqn.{(I4) appro-
ximates experimentel dats on the tatigue frecture by 3 straight
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line in logarithmic coordinates, and the values of M and B de-
termined by the position and slope of this line.

The value of the yield point 6v end the value of the correspon-
ding strain E,Y are letermined from a stress-strain diagram.

Methods of Solution. The main icdea of the sclution methoi pro-
posec. consists in the development of a computationel scheme
which allow to solve the problem about the stress state and the
Cauchy problemn for the -lamage function separately.

Luring the incubaticn stage, as it was mentionedi above, theset
of corresponiing goveming FEgs.(7) is not a coupled one anu the
solution for the incubation stage :iuration N, can be obtained
in the analytical form as

{
n, = ————————L = M =

x (1+m)B(€¢q/\,)m *T (14m)B(BY)™.

Here the first relation is used in the case of smooth initial

stress concentrators and the second one in the case of pointed
initiel cracks.

(I%)

Juring the crack propagestion stage, the set of corresponling
governing Tigs.(8) is coupledi one anu the law of fatigue crack
growth cen be written only in the form

)

= K-,
ﬂ(ef): n,,d'z [?(T_t“t,]‘l i’ (L)TOZ [?(l‘-ift) ( n',c )— ?( (rbk-i)] (16)
BCY

where U is the number of partion points along the crack movent
trajectory {see Fig.I); @ (+) is the operator of the solution
of the elasticity theory equations (8a,b); andlgeis the dama=
ge value accumulatel in an arbitrary point X, at the moment
rLoz N, of the incubation stage termination.

Tqn.{I6) is solved numerically. The cslculation process can be
organizel in the following manner.

- First the initial stress state 6;7- is calculated using one
of the known numerical methods, for example by means of the
Finite Element Metho.l or Bouniary Element Method .

— The most losdei point is Jdetermined, the value of the equi-
valent stress v is computatei anc the incubation stage du-—
ration n’.)e iz calculated.

- The path of a crack movement is divieced into the finite num-
ber of intervaels and starting from the initial stress state
6‘." the value of fetigue aamage To 18 computatel in each
xrbt o partition X, at the moment flo=[lyx -

- A small increment A = X't ~ly-y is given to the current
crack length ¢ , the strese state @ht-t is computate. for
the plate geometry Lzt , and the cottesponiing value of the
equivalent stress git-1 is calculatel.

- The value of fatigue .amage Wg_4ic computatel in each node
of partition X K>{) at the mcment of timeNg-y4 » using the
condition of fracture front movement the moment of time e
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of the crack tip trencfer in the node Xcis jetermined, ano

therefore the value of the number of cycles increment AMge=

= —nT,‘corresponiing to the fatigue crack length increment
AQT is calculatedl.

This algorithem leais to the jump-like law of the fatigue crack
growth that corresponds to the physical nature of the fatigue
fracture process. In case when the number of pesrtition of the
crack movement trajectory will tend to infinity, the cracx law
propegation will be continuocus. :

Comparison with Experiments. The thin isotropic plates with
central slots, with central smooth circular heoles, with cent-
rzl circular hole and small racial cracks growing from it, and
pletes with side notches sre ccnsidered. Fatigue fracture of
thin plates is solved for tyo classes of materials incluiling
britfle (EP7I8 alloy at 2C “C) and plastic (HNSSMVC steel at
75C “C) materials.

The boundary element method is used to sclve numerically the
set of governing FEgs.(8) in case of crack growth.

The calculation results are yielded a3 the fatigue crack lengih
!, vlotted egainst the number of cycles [L with the stress amp-
l{tude 6, 25 a perameter. On the whole, it is shown that the
fatigue crack grow$h more intencively with the increasing of
stresses and of the initial crack length, and with the taking
the dimensions finiteness of plates into account. These results
are supporte:d by known results and experiments.

As sn exemple, Fig.2 showgd 2lso the calculation results (li=-
nes) obtained for infinite {solid line) andi finite (dashed 1li-
nes) size plates with central slot (z) anl with smooth central
hele (b). The plates is symmetrical in geometry anc lealding as

Zf,m Qf,m
2 12 |3
107 / /' 1072 1
, L

/ g Pl
1072 "—2// 1072 o5 O
1073 a 107 , _ 8.

10t 10°  10° neyeles 10° 10 107 n cyeles

Fig.2. dinetics of fatigue crack growth considering dimentions
finiteness of plates (a) and stress variation (b).

shown in Fig.I. It is mede of F 7I8 alloy ( Oy= 700 iPe

= 1,7.70-1¢7wPl Lcyc.;m = 2,€) with a thicknes :
experimental .lata have Teen presented bty circles.

n the whole, as can be seen from Fig.”b, the calculations ag-
ree quite satisfactorily with the experiment. [lhe maximum er-
ror of fatigue crack length is 20 ¥.

Theory of Longterm Fatigue Fracture 1369

SUMMARY AND CONCIUSION

The obroblem of nigh cyclic fatigue fracture mo:ielling has been
considered in terms of Continuum Jamage Mechenics. It is assu-=
med tnat the material undergoes iemage and small elastic strg—
ins. The hypothesis of effective stress is used to oproiuce the
coupling between elasticity and camage. The goncent of e‘th;q
plastic zone in the neighbourhood of the fstigue creck tip which
moves together with the crack is employed.

An constitutive model is formulated to analyze problem of_fetl-
gue fracture with allowance for two-stages DProcess including
the incubation stage and the crack propegation stage. The mo-
del is based on the joint consiceration of the glastlczty the-
orv ani of the continuum Zamage theory. A numerical example is
presented to show the effectiveness of the coupled model u§ed.
A thin plate with a center hole thet is subjected to uniaxial
tension-compression is analyzed using the boundary element me-
thod. The results obtained from the fatigue fracture model are
comparei with experiments.

Let us emphasize that, all calculations have been made using
material coefficients which have been Jeterminel by testing of
smooth cylindrical specimens only.

REF ERENCES
Bolotin V.V. (IS9¢). hkesurs mashin 1 konstrukeciy (in Russian) .
Keshinostrolenije, Mcskve. )
Frost M.E. ani O.85.0uglale (I7%7). Fatigue tests on notcpec
mild steel platee with mezsurement of fatigue cracks. J.iech.
phye.3clids, Vol.%, 7 , IBZ2-I%Z. )
Golub V.P. and T.A.Penteleyev (I22%Z). Fatigue :damage e cyc-
lic lifetime of crecked isotropic plates considering two-sta=-
ge fracture. In: Fatigue 22 Bailon, J.=-P. anc J.I.Jickson,

d .275-081.
g:iaﬂ X?;:I;nﬁpA.3:Plzshchinskaya (Ioc4). Fatigue fracture mo=
del for thin isotropic plates with cracks in axial loading,
Inter.Appl.Mech., Vol.Z0, 7 , c20=522. .
Hoeppner U.W. anu W.E.dATuop (1974). Pyeulctlon of qompogegt
life by Application of Fagigue Crack Growth knowleige. J.znge.
F ol ory U 65 I 47=7C.
%2ﬁzgy§§c$.§.foi.h:And£eykiv nd 6.E.govehick (I977). Metody
ocenki treshchinostoikosti konstrukcionnuch materizlov (in
Russisn). Naukova .Jumka, fyiv. )
P:ri;agga. and F.J.Erdoéan(l@63). A crytical analysis of crack
propagation law.J.Basic Ing.Trans., Vo}.uTBS, 4 ,.5¢8-934.
Rice J.F. (IGE7). Mechanics of creck tip ueformaflgnﬂggd exten
sion by fatigue. In: Fatigue crack propagation, 247=Z09,
Villiams M.T. (I257). On the stress distribution at the bese
of the stationary crack. Tranc. ASME. —er. ©: J.Appl.lMech.,
Vol.24, I , IOO-II4.




