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AN EQUIVALENT INCLUSION METHOD FOR A THREE-DIMENSIONAL
LENS-SHAPED CRACK IN ANISOTROPIC MEDIA

T. Mura and P. C. Cheng*

INTRODUCTION

Micro cracks in materials sometimes take a three-dimensional lens-shape.
In tnis paper crack opening displacements, crack extension forces, stress
concentration factors for a; # 0 and stress intensity factors for az = 0
are developed through the use of the equivalent inclusion method for an
isolated three-dimensional lens-shaped crack under simple tension and pure
snhear, where a3 is the smallest principal axis of the ellipsoid.

CRACK OPENING DISPLACEMENT

A three-dimensional lens-shaped crack is given by Figure 1 or by
Q2 x3/ai + x3/af + x3/a% < 1 (1)

wnere az is smaller in comparison to a;, az. The elastic constants of
domain { are zero. An applied stress (0}; at infinity) becomes o}; + 95
in the neignbourhood of .. Tne stress diSturbance 0j; is equivalent to
the stress caused by eigenstrains €f. (phase transformation strains) de-

1
fined in §, assuming the elastic conStants of (. to be the same as those

of the matrix (denoted by ngkl)' Eij are determined from
0 = = o _ g* i
Oij + Oij 0, Oij cijk2<;k,2 €k£) in Q, (2)
where u; is the displacement field due to €¥;. We found by Green's func-
tion technique [1] that when e{j are constant and a; << a,, as,
. 0 * &
u; s (l/4n)Cj2mnemn[énGijkl(O,O,l) a;Hiij (3)

where

Gijkl(zl,az,éa) N Nij(g)zkél/D(g)

ajap £3 3 = =
- =. ds
nijki-'/‘ Gijkl(g) &) ()

(alcos?6+a3sin?8) # (1-£3)Y2 3E,

SZ

€1 = (1-83)"cos 0, E; = (1-E3)"*sin 6, dS(§) = d6dEs.
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< 0 z B
£ determinant of matrix (Cipjqépéq)
5 2 D are the cofactor and the dete t 7
?éségzéivégi and S? is the unit sphere €;6; = 1. Equation (3) gs linear

with respect to as.
: : : 1

when ol; = 033 (simple tension) and the cry§ta111ne qlrectlons areopzziile

toethelﬂrincipal axes direction of {, equation (2) gives a non-zer

ponent of E;j as

0 CO 11 (5)

' 0
a e* = 4Tr(733/C33mn pq3s mpng

3 33

i directions are parallel to
9. = 0%, (pure shear) and the crystalline . .
. ol A ¥, ned
gg:npri%cipal axes directions of (I, a non-zero component of ey is obtai
as

0 o (6)

0
a_e* = 2“031/C31mncpq31 mpnq.

3 31

i i for
i i 2], the crack opening displacements us
From the dislocation Fheory [2], _ Pl ST Ty
(5) and u; for (6) (dlsplacemenFS on.Q).are given by eljh, whe
half thickness of € in the x3 direction:

7
ho=as(l - xi/al - x3/a3)’e 7

Since the right hand sides in (5) and (6) do not contain as, €f; > for
az > 0.

CRACK EXTENSION FORCES
i i iven b
The interaction energy between oij and the crack is g y

2 * 0 (8)
AU = - g'ﬂalazaseijoij 4

the crack is expanding in the x; direction, keeping ai, aﬁ copstizt,
ggzncrack extension force G is given by G = -9(AU)/da;. For the simp

tension it becomes

0 (9)
G = 8“281(Oga)z(f/g)/cgamnCPQB3nmpnq
where
£ g ) } a3sin?6 ds(g)
- co 0 —{—G. ., ,(E) -
f' C“ikcj‘“s/ (1-&%)‘”{353 LK) (a3cos?ovadsin?0) ™
52
(10)

, . i ds ()
_ 0 0 —_—{—G..,, (&) ;
. C“ikcﬂ“f (1—&%)”2{353 HKEY (afcos?eradsin’e) ®
SZ

E
S

and f/g - 1 for a; - «.
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A similar calculation can be done for the pure shear case.
The above result can be applied to a flat ellipsoidal crack (a; + 0) since

(9) does not contain az. For the slit-like crack (ay * ©), G agrees with
that given by Barnett and Asaro [3].

STRESS CONCENTRATION FACTORS

The stress concentration factor is defined by

= 0 0
K = (Oij + oij(out))/oij (11)
where Og- + 0j;(out) is defined immediately outside the crack. 0;(out)
can be determined by 0ijj in  (denoted by 0i3(in)). The stress jump on Q,
[oij] = 035 (out) - 03j(in), can be written as (see [41 - 7D,
= 0 _co * *
[Oij] cijkl{ cpqmnsmnkaqR(E) * Ekl} (2]

where n is the outward normal vector of the boundary of Q. Since
cgj *+Gj5(in) = 0, (11) is written as

_ 0
K "[OijJ/oij (13)
where e{j are given by (5) and (6) for the two types of applied stress and
are inversely proportional to a3. K at B=7/2 (see Figure 1) is shown in

Figures 2 and 3 with respect to a;/a, for various crystals. a3 is ex-
pressed in terms of Pn from geometry,

a3 = (p a1a2) " (ajcos®B + aisin?g) U (14)

where Pp 1s the root radius of the curve which is an intersection of Q and
the plane containing n and the line parallel to the xj3 axis (see Figure 1).
The values of k/(az2/py) " converge to constant values which agree with the
values expected from Lekhnitiskii [8] for simple tension in the plane
strain case.

STRESS INTENSITY FACTORS

The stress intensity factor is defined when a; + 0 by

K = lim v2p (o?. + o..) (15)
1) 1]
p>0

where p is the distance from the boundary of the crack.

When a, is fixed and a, is changed by da, (small variation), the work
done by the tension on the new crack surface 6A is

2(K/Y20)e%;h6A = 2Ke},a, (x3/a} + x3/a8) ™ ma,6a, (16)
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2 :
—2,.2 . 22,422 = ] and (1 - x3/a% - x3/a3)'? is approximated as

y ai + xz/a2 1 and ( 1/a1
j%%?;%;;é i gg/ag)““_ Equation (16) must be equal to Géa, which can be

written from (5) as

GSa, = 2ma;03;as€3s(f/g)fa,. an
Comparing (16) and (17), we have

K = 0%s(x3/al + X3/ad) "M (£/8) (18)

i i = herefore K is independent
ne slit-like crack (ay > =), f/g 1 and t ;
gzrt;eeelastic constants. The value of K agrees with Barnett and Asaro [3]
for the slit-like crack. Similar discussion can be done for the pure

shear case.

CONCLUSION

We have shown that the equivalent iqclusion method can provide the c?ack
opening displacements, crack extension fo;ces, the stress co?centritl?z
factor when ajz # 0, and the stress 1nt§n51ty fagtor wbep as = 0. . i
also found that some difficulties are 1nvolvgd in deriving the stri§s.t_
intensity factors from the stress concentration factors through af 121 :ng
process. The two concepts of stressllnten51ty and concentration factor
appear to belong to separate categories.

i we considered uniform applied stress fields at inf1n1ty. )
;ngszi,pzpzimilar calculation can be done for a linearly chagglng applied
stress at infinity. Similarly the present method can be appl}ed to.azy
orientation of crystals and any anisotropic material. Comparison wit ;
other results about the stress inten§1ty factors obFalned by Ka§51rban
Sih |9] and Willis [10] will be possible only numerically and will be
reported in this conference.
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APPENDIX

For isotropic materials

4y
0 . = — — E(k
C33mncpq33nmpnq az 1-v (k)

3imn pq3l mpnq az 1-v

- k' 2(E(k
0 ¢® I =t 4nu{_l_ i;— (F(K)-E(K)) + ;Z’(;%Zl = F(ka}

i i tively, and
v are the snear modulus and Poisson's ratio, respec
where M %3/al, ay > az, k'2 = 1 - k%, F(K), E(k) are the complete
elliptic integrals of the first and second kinds respectively.
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Figure 1 Configuration of a Flat Ellipsoid or a Crack
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Figure 2 Tensile Stress on the Boundary of an Elliptical Crack at
R = 90° for Various Ratio of aj/a;
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Figure 3 Shear Stress on the Boundary of an Elliptical Crack at B = 90°
for Various Ratio of a;/a,

RO



User
Rettangolo




