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AN EMPIRICAL STRENGTH THEORY FOR COMPACT BONE

W. C. Hayes* and T. M. Wright**

INTRODUCTION

Mammalian compact bone, like wood, is a naturally occurring composite
material. At both an ultrastructural and a microstructural level, it
resembles many of the modern engineering composites. The bone ultrastruc-
ture consists of collagen fibers arranged within an amorphous phase which
includes proteoglycans and glycoproteins. Closely associated with the
fibers are nexagonal crystals of hydroxyapatite aligned with the fiber
axes [1]. At the microstructural level, compact bone also exhibits a
composite structure. Two common microstructural patterns observed in
bovine and humane bone are referred to as laminated and Haversian [2, 3, 4].
Laminated bone consists of bone layers with well-oriented collagen fibers
alternating with layers in which the collagen fibers are randomly oriented
[2]. Haversian bone consists primarily of longitudinally oriented, cylin-
drical structures known as osteons. FEach osteon, in turn, consists of
concentric layers within which the collagen fibers exhibit preferential
orientations [2, 5].

Much of the work done to characterize the mechanical behaviour of this
complex composite has been concerned with describing bone tissue as a
material [6, 7]. Reilly and Burstein [8], for example, recently reported
measurements on human and bovine bone which demonstrated the validity of a
transversely isotropic model for the elastic behaviour. The marked aniso-
tropy in bone tissue strengths was also demonstrated by these as well as by
many other workers [7]. While some work has also been done on whole bone
strength [7], there is much scatter in the reported data and it is not at
present possible to relate the strength properties of bone as a tissue to
the failure of a bone as a structure.

The purpose of this investigation is to propose an empirical strength theory
for compact bone which incorporates the observed differences in compressive
and tensile strengths [8, 12] and the reported anisotropy in strength values
[8, 13, 14, 15], and also allows for interaction effects in biaxial stress
states [9, 10]. Experimental methods for determining the biaxial strength
characteristics of bone are also described and pilot experiments aimed at
evaluating the interaction effects are reported. These experiments and

the theoretical framework within which they are conducted represent a first
step in an effort to relate multiaxial strength data to the structural char-
acteristics of whole bones.
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STRENGTH THEORIES FOR ANISOTROPIC MATERIALS

th early studies of the strength of anisotropic materials were performed
prlmarily on wood and single Crystals. In the wood industry, empirical
interaction equations were developed to describe the uniaxial strength of
vood as a function of grain orientation, Typical of these formulations is
that due to Hankinson [16]. Further interaction equations of this type
ire reviewed by Sendeckyj [17]. Early work on the anisotropic strength
characteristics of crystals and textured metals was based on von Mises
Lsotropic yjeld criterion. Hill [18] generalized the von Mises criterion
tQ account for material anisotropy. Azzi and Tsai [19] adopted the Hill
yleld criterion to develop a strength theory for composites capable of pre-
dicting strength under combined stresses. While this Tsai-Hill theory
adequately described off-axis Strength data for composites and allows for
normal stress interactions, it does not allow for differences in tensile
and compressjve Strength. The interaction effects are also described only
N terms of the uniaxial strength in one of the principal material direc-
tions. To avoid these shortcomings, several variations of the Tsai-Hill
thepry have been Proposed. Rosen [20] adopted the more general yield cri-
terion of Erickson [21] and Ashkenazi [22] to develop a failure criterion
which describes interaction effects based on uniaxial strengths in both
the 1- and 2- directions. Hoffman [23] extended the Hil] anisotropic
yield criterion to include terms which are odd functions of J1, Oz and 0,4,
and Fhus arrived at a fracture criterion which incorporates differences in
tensile and compressive strengths. The Criterion contains nine constants
wh}ch may be determined from three uniaxial tensile strengths, three
uniaxial compressive strengths, and three shear strengths,

Qne major problem with the Tsai-Hill failure criterion (and its variations)
Ls that they only apply for specifically orthotropic materials [24]. Inp

llow for more accurate description of composite strength data
and to provide a rational basis for strength transformations, Tsai and Wu
[25] POstulated a strength criterion in tensor polynomial form:

F.o. + F. 5.0, = 1 y (1)

where i, is k=1, 2, ..., 6 and contracted tensor notation is used. Fy
and Fij are second and fourth rank tensors, respectively. The linear terms

quadratic terms in 0j0; allow all possible interactions between the stress
components. The Tsai-Wu tensor has several advantages over the Tsai-Hill
theo?y: (1) it is invariant under rotation of the coordinate system;

(2) 1t can be transformed using existing tensor transformation laws; and
(3) 1t has the same Symmetry properties as the stiffness and compliance
matrices for the material.

PREVIOUS STRENGTH CRITERIA FOR COMPACT BONE

Tgai-H@ll theory and jits variations have been previously applied in several
off-axis Strength studies of compact bone. Margel-Robertson [13] employed
Fhe(Tsai—Hill Criterion to describe the compressive behaviour of laminated
bovine bone. Compression tests were performed on standardized specimens
oriented at various angles with respect to the long axis of the bone. The
cxperimentally Mmeasured compressive strengths versus angle of orientation
were compared to theoretical predictions and good agreement was observed.
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Pope and Outwater [14] applied the Rosen variation [20] of the Tsai-Hill
theory to bovine Haversian bone. Bending tests were conducted on stan-
dardized specimens to determine the mechanical properties as a function of
orientation. The variation in measured strength with orientation was in

choosing uniaxial strengths which gave a best fit between predicted and
experimental values. Again, Tsai-Hill theory gave an adequate description
of the experimentally determined variation in strength with orientation.

Reilly and Burstein [8], in a study of elastic and ultimate properties of
compact bone, collected considerably off-axis strength data for both bovine
and human Haversian bone. The Hankinson Criterion [16] was used to describe
the off-axis ultimate strengths and predictions from this criterion were

A PROPOSED EMPIRICAL STRENGTH THEORY FOR COMPACT BONE

The proposed strength theory for compact bone is that of Tsaj and Wu [25]
as described in equation (1). As with other anisotropic failure criteria,
the Tsai-Wu theory is empirical and is not meant to explain failure mechan-
isms or to predict fracture planes. Rather, it is meant to allow struc-
tural failure predictions based on known strength quantities. For the
general anisotropic case, the strength tensors Fi and Fij in the failure
criterion contain 6 and 21 components, respectively, and are similar in
form to tensors describing the diffusion [26] and elastic [27] properties
of anisotropic materials. From the symmetry properties of a transversely
isotropic material such as bone [8, 28], the tensors F; and Fij contain

2 and 5§ independent components, respectively. By specializing the failure
criterion to plane stress in the 1 - 2 plane, equation (1) becomes:

F101 + F20, + Fyy0,2 + F220% + Fgeoe? + 2F12000;, = 1 . (2)

The components Fi, F,, Fi1, Fz,, and Fge are easily determined from uni-
axial tension and compression tests along the material axes of symmetry
and from a pure shear test:

g2 1 1 e ol 1

1 5 e Y S

XT XC YT YC

1 1
Fi; = Fop = o= (3]
(FXC YTYC
1
Fgg = Tz

where X, X, YT and Yo are the tensile and compressive strengths in the
I- and 2- directions and T is the shear strength. Therefore, except for
Fi2, the components of the Tsai-Wu criterion for plane stress can be
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determined from existing bone strength data [8]

The determination of the interaction term, F,,, requires a combined state
of stress. A combined stress state exists in a composite material when-
ever the applied stress is not coincident with the material axes of symmetry.
The off-axis tensile test, for example, subjects the material to non-zero
7y, 0, and Ti» stresses and many studies of composites have used this test
to determine the interaction term [29 - 31]. Figure 1 is a plot of pre-
dicted and measured strengths versus angle of orientation for off-axis
tensile tests of compact bone. The strength values used for all four
failure criteria were those of Reilly and Burstein [8]: Xp = 144 MPa;

Xg = 272 MPa; YT = 46 MPa; Y = 146 MPa; and T = 70 MPa. The curves shown
for the Tsai-Wu strength theory represent the limits in the value of Fi2.
These limits are determined from a stability condition incorporated into
the tensor theory to insure the failure surface will not be open-ended, but
rather will intercept each stress axis in stress space [25]. This condi-
tion can be written in the form of an inequality:

Fi1Fap - F127 > 0 . (4)

Using the above strength values to solve for Fy, yields the limiting values
shown in Figure 1.

One conclusion that may be drawn from Figure 1 is that the off-axis tensile
test is a relatively ineffective way to distinguish between the various

strength theories for compact bone. Due to the possibility of shear coupling

effects, it is also an insensitive test to determine F,» [25]. More relia-
ble and accurate methods for measuring the interaction term have been dis-
cussed by Wu [32]. He showed that the sensitivity and accuracy in mea-
suring F,, is affected by the experimental scatter in measurements of the
other components (Fj, Fii) and by the magnitude of F,, itself. He also
pointed out that the optimum ratio of biaxial stress (0;/02) is often not
attainable by simple off-axis tests. The importance of the interaction
term in biaxial stress fields is emphasized in Figure 2. Tsai-Wu failure
envelopes are plotted in two-dimensional stress space for a range of Fy»
which fall within the stability criterion of equation (4). It is apparent
that both the inclination and the relative size of the failure envelope is
strongly affected by variations in Fj».

PRELIMINARY BIAXIAL STRENGTH EXPERIMENTS

Because of the need for comprehensive data on the strength of compact bone
under biaxial stresses, a thin-walled cylindrical geometry was chosen for
detailed investigation. For these pilot experiments, cylinders were
machined from bovine metatarsi using copious irrigation. The cylinders
were 6.5 cm in length, had an outside diameter of 2.83 cm and a wall thick-
ness of .145 cm. After machining, the specimens were equilibriated in
Ringer's solution and stored at -20°C until testing [32, 33]. Testing was
conducted using internal pressure applied through end plates epoxied to
the bone cylinders (Figure 3). The failure pressures (in MPa) recorded
for four successful tests were 1.59, 1.59, 1.65 and 2.34 (Mean = 1.79 MPa;
Std. Error = 0.18 MPa). All four specimens fractured at a slight angle

to the longitudinal direction (Figure 4). The mean value of pressure and
strength of material relations for end-capped cylinders under internal
pressure were used to calculate average failure stresses of o, = 8.25 MPa
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and 0, = 16.5 MPa. The data of Reilly and Burstein [8] were then used to
calculate Fy, F,,, F, and F;,, resulting (from equation 2) in an average
interaction term of Fi, = +.00267. Clearly, this value does not meet the
stability condition of equation (4) which requires Fi; < +.0000616. Possible
reasons for this discrepancy include both the experimental uncertainties
inherent in tnese pilot experiments and the assumption that the strength
values measured by Reilly and Burstein using tensile specimens from bovine
femora are applicable to cylindrical specimens from bovine metatarsi. This
assumption may be invalid because of the specimen differences and because
significant differences exist for strengths from different bones and dif-
ferent microstructures [6, 7]. The need for further experimentation is
obvious and comprehensive biaxial strength measurements using thin-walled
bone cylinders are presently underway. The advantages of the Tsai-Wu

tensor strength theory in organizing and reporting this data are apparent.
These advantages, coupled with the potential of the theory to reflect:

(1) strength anisotropy; (2) differences in tensile and compressive strengths
and (3) general interaction effects suggest the Tsai-Wu tensor strength
theory as a powerful tool in multiaxial strength studies of compact bone.
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