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Abstract. Dealing with the notch stress intensity approach applied to the fatigue 
assessment of welded joints, the weld toe is modelled as a sharp V-notch. While 
the Notch Stress Intensity Factors (NSIFs) evaluation requires a very accurate 
mesh in the vicinity of the point of singularity, which is the weakness of the 
approach in the presence of complex structures, the mean value of the elastic 
Strain Energy Density (SED)  on the control volume can be determined with high 
precision by using a coarse mesh. This property of SED is analysed in the present 
paper by using a number of FE models with very different mesh refinements. 
Both bi-dimensional and three-dimensional welded details have been considered.  
 
1. Introduction 
The current approaches for the fatigue strength assessment of welded joints can 
mainly be divided into categories depending on the type of the stress analysis 
performed [1]. One can distinguish criteria based on nominal stress, structural 
stress, local stress or local strain as well as other approaches based on linear 
elastic Fracture Mechanics [2,3]. These approaches are separately summarised in 
the most recent Recommendations [4]. 

The main problems occurring in the application of local criteria are tied to the 
degree of arbitrariness in precisely defining the geometrical parameters [5]. The 
Effective Notch Stress method [6,7], suggests the introduction of a fictitious notch 
radius at the critical point of the structure. On the contrary, in the notch stress 
intensity approach [8-10], the concept of notch rounding is not applied and the 
weld toe is modelled as a sharp V-notch. Thus, the mode I and mode II Notch 
Stress Intensity Factors (NSIFs) can be used to quantify the magnitude of the 
asymptotic stress distribution [11]. In principle NSIFs are used to describe crack 
initiation at sharp notches [12, 13] just as stress intensity factors (SIFs) at crack-
like notches. Afterwards it was shown that the use of  S-N curve in terms of 
NSIFs is possible in the medium life regime. In fact a large amount of the fatigue 
life is spent with a short crack fully embedded in a zone governed by the V-notch 
singularity. For its application the NSIF approach requires the knowledge of the 
elastic stress field in the region very close to the point of singularity. With this 
aim FE meshes must be very refined in the neighbourhood of the notch tip. The 
refinement required is far from easy to obtain in plane cases and very difficult and 
time expensive in three-dimensional cases. Some different approaches have been 
proposed to overcome the difficulties tied to mesh refinements [14-19].  Among 
the others, the structural stress method releases the requirements of small mesh 
size [16]. In Dong’s model [17] the intensity of the structural stress distribution at 
the weld toe is obtained by considering a combination of bending and membrane 
stress on a surface normal to the applied load and located at the distance from the 
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weld toe equal to the main plate thickness. Dong’s method and other calculation 
methods for structural stress at welded joints have been revisited by Doerk et al. 
[18] and by Poutianen and Marquis [19]. The conventional structural stress 
method was modified [16] by considering the stress in the weld for partial and 
full-load carrying fillet weld. It was highlighted that welds of different types (butt 
or fillet) or with different geometries may have different fatigue strengths even 
though the structural stress is the same. To overcome this problem, a method 
based on a multi-linear stress distribution that depends on the stress in the weld, 
the weld size and the plate thickness was proposed in Ref. [16]. The semi-
empirical thickness correction, such as that used in the conventional structural 
stress method is no longer necessary. Good agreement was found between fatigue 
assessment based on the new criterion, LEFM-based results and many 
experimental data. The main advantage is that a relatively coarse mesh is required 
for the application of the method. 

Dealing with local approaches and coarse meshes an extension of the Nisitani and 
Teranishi’s method [15], successfully formalised for cracked components, has 
been recently proposed for welded structures by Meneghetti and Lazzarin [14]. 
After a calibration process, it was possible to give a closed-form expression able 
to estimate the NSIF from a fictitious peak stress on the point of singularity by 
means of a coarse mesh pattern with a constant element size.  

Following the local approach philosophy and not the method based on a structural 
stress, the present paper deals with the use of the mean value of the elastic Strain 
Energy Density (SED) on a control volume for the assessment of fatigue strength 
of welded structures.  The main hypotheses remain those at the basis of the NSIF 
approach and the weld toe is modelled as a sharp V-notch. Varying the toe angle 
the direct comparability of the NSIFs is no longer possible and the stress intensity 
factor of the slit end at the weld root has a different unit of measure from that of 
the NSIF at the weld toe. A direct comparison can be performed by using the SED 
averaged over a control volume surrounding the weld root or weld toe as fatigue 
relevant parameter. In some previous papers [20-22], this parameter was 
expressed in closed form on the basis of the relevant NSIFs, and the radius R0 of 
the averaging zone was found to be 0.28 mm and 0.12 mm for welded joints made 
of steel and aluminium alloy respectively [20- 22]. The main aim of the present 
paper is to demonstrate that, as opposed to the direct evaluation of the NSIFs, the 
mean value of the elastic SED on the control volume can be accurately 
determined by using relatively coarse meshes. This fact is of major importance for 
the application of the method to components of complex geometry [23]. 

2. The link between SED and NSIF 

The degree of the singularity of the stress fields due to re-entrant corners was 
established by Williams [11] both for mode I and mode II loading (see also Ref. 
[1]). When the weld toe radius ρ is set to zero, NSIFs quantify the intensity of the 
asymptotic stress distributions in the close neighbourhood of the notch tip. By 
using a polar coordinate system ),r( θ  having its origin located at the sharp notch 
tip, the NSIFs related to mode I and mode II stress distributions are [24]: 
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Under plane strain conditions, the total elastic strain energy density averaged over 
a sector of radius R0 is 
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where the parameters e1 and e2 depend on the notch opening angle 2α and the 
Poisson’s ratio ν [20]. When the V-notch angle 2α is 135 degrees, a typical value 
for fillet welded joints, the mode I stress distribution is singular (1−λ1=0.326) 
whereas the mode II distribution is not (1−λ2= −0.302). Consequently eq.(2) can 
be simplified in the form: 
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where the circular sector with radius R0 should be fully included in the zone 
governed by the mode I singularity. Parameter e1 is 0.1172 for 2α=135° and a 
Poisson’s ratio ν=0.3 [20]. When the von Mises criterion is applied instead of the 
Beltrami criterion, the value for e1 changes and becomes independent of ν [20]. 
An application of the mean value of the deviatoric strain energy density over a 
control volume was reported in Ref. [25], where the fatigue behaviour of welded 
components under multi-axial loading was analysed.  
Dealing with the strain energy density, it is necessary to mention Sih’s criterion 
based on the strain energy density factor S [26]. The parameter S is the product of 
the strain energy density and a small distance from the point of singularity. 
Failure is thought of as controlled by a critical value of S, whereas the direction of 
crack propagation is determined by imposing a minimum condition on S. 
However, as highlighted by Yosibash et al. [27], who also proposed the SED 
approach to assess the static strength of V-notched components made of brittle 
materials, Sih’s criterion is a point-related criterion: the minimum of S, correlated 
to a material-dependent parameter, is the failure criterion. Conversely, the area- or 
volume-related averaged value of the SED does not predict the direction of crack 
propagation, but predicts only failure initiation at a specific critical value, which 
is independent of the V-notch angle. 

The ΔW−N scatterband already proposed by Lazzarin et al. [21] on the basis of 
about 280 fatigue data was applied to 650 fatigue data mainly from fillet 
cruciform welded joints (non-load carrying and load-carrying) with final fractures 
originating from the weld toe or the weld root [22]. In all those cases, the weld toe 
(or the weld root) was modelled like a sharp notch, ρ = 0 (V-notch or crack). The 
scatter index TW, related to probabilities of survival PS=2.3% and 97.7 %, is 3.3. 
However, it becomes 1.50 if converted into an equivalent local stress range with 
probabilities of survival PS=10% and 90%, in agreement with Haibach’s 
normalised S-N curve [28]. Recently, the scatterband has been successfully 
applied to butt welded joints made of structural steels [29].The control radius 
shown was evaluated by using the following expression [20-22]: 
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where the values of the parameters 1AKΔ and ΔσΑ  (both referred to  NA=5x106 
cycles to failure and to a probability of survival Ps=50%) were determined by 
using data taken from the literature. In particular, 1AKΔ = 211 MPa(mm)0.326 is the 
mode I NSIF range as initially determined from fillet welded joints with a V-
notch opening angle equal to 135° at the weld toe [10] whereas ΔσΑ is the stress 
range from butt-welded joints ground flush to plate [30]. 

3. The use of a coarse mesh to evaluate SED in 2D and 3D welded joints 

3.1 Bi-dimensional models 
In order to demonstrate some interesting features of the local SED-based 
approach, a number of different geometries related to transverse non-load-
carrying fillet welded joints have been considered (Figure 1). The geometrical 
parameters listed in Table 1 match those characterizing the welded joints analyzed 
in the past by Maddox [2] and Gurney [3], who determined experimentally the 
fatigue strength properties and compared experimental data and theoretical 
predictions carried out on the basis of Linear Elastic Fracture Mechanics. The 
same set of experimental data was used by other researchers to check the NSIF 
approach [8, 10] and a modified structural stress approach, as recently formulated 
by Poutianen and Marquis [16]. 

                                               
Figure 1: Geometrical parameters for transverse non-load carrying fillet welded joints  
Modulus used for the geometries with h>t/2 (b); modulus used when h<t/2 (c) 

While taking advantage of the double symmetry, only a quarter of the geometry 
could be modelled. In particular, the highly stressed region ahead of the weld toe 
has been modelled by means of the mesh patterns shown in Figure 1. In a limited 
number of cases (series 1, 5 and 8) the height h of the bead was greater than t/2. 
For these three series the modulus shown in Figure 1b was used. An additional 
row of finite elements completes the geometry up to the longitudinal axis of 
symmetry. One should note that the row 1 (the line closer to the V-notch tip) 
decides the mesh patter whereas the row 2 adapts itself as a function of the row 1. 
The modulus includes 15 linear or quadratic finite elements. In particular, 
considering plane strain conditions, Plane 82 or Plane 42, as implemented in the 
ANSYS® code, were used. With the aim to reduce the number of degrees of 
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freedom in the FE models a control radius R* = 1.0 mm is assumed. It is possible 
to reconvert the local strain energy density (as directly obtained from the FE 
model) to the ‘actual’ control volume by using the expression: 
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where β=2.293 for 2α=135 degrees. The radius R* in eq. (5) should not exceed 
the size of the zone governed by the mode I singularity. Precise information about 
this topic was given in Ref. [8] as a function of the main plate thickness t and the 
weld height h. When 2α=0 one should introduce β=3.571 in eq. (5). In the other 9 
series, the condition h < t/2 was assured and h becomes the parameter that 
controls the modulus size (Figure 1c). Like in the previous models, another row of 
finite elements is typically used to complete the geometry.  
  

    Fine mesh Parabolic FE (Coarse mesh) 

Series t 
 [mm] 

h 
 [mm]  

L  
 [mm] 

K1 
 [MPa mm0.326] 

W  
[N mm/mm3] 

K1 
[MPa mm0.326] 

Δ % 

1 13 8 10 265.0 4.28×10−2 274.3 3.5 
2 50 16 50 396. 9.07×10−2 399.3 0.7 
3 100 16 50 413.0 9.94×10−2 417.9 1.2 
4 13 5 3 228.8 3.25×10−2 238.9 4.4 
5 13 10 8 267.5 4.23×10−2 272.8 2.0 
6 25 5 3 231.0 3.32×10−2 241.6 4.6 
7 25 9 32 329.5 6.11×10−2 327.7 -0.5 
8 25 15 220 405.0 9.08×10−2 399.4 -1.4 
9 38 8 13 296.7 5.21×10−2 302.5 2.0 

10 38 15 220 476.0 1.25×10−1 469.0 -1.5 
11 100 5 3 228.1 3.28×10−2 240.2 5.3 
12 100 15 220 589.5 1.87×10−1 573.0 -2.8 

Table 1. Comparison between the values of the NSIFs evaluated with very fine meshes 
and coarse meshes taking advantage of eq. (6) linking the local SED and the mode I 
NSIF. Geometries according to Maddox [2] and Gurney [3], see Fig.1. The remotely 
applied nominal stress is equal to 100 MPa. 
 
Two rows were necessary only for two models with h<t/6 (model 3, where h=16 
mm and t=100 mm, and model 11 where h=5 mm and t=100 mm). As far as the 
transverse plate is concerned, only a column of finite elements was usually used 
when L was equal to or less than 50 mm. Two or three columns of FE was used 
only when L= 220 mm, depending on the main plate thickness. The total number 
of FE ranges from 35 to 56. Differently from the NSIF evaluation, which needs a 
very fine mesh in the vicinity of the point of singularity it will be shown that the 
mean value of the local SED is substantially independent of the mesh size. It has 
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to be noted that the SED is available in the postprocessor of ANSYS and other 
codes as an easy-to-call function. 
In the present paper, for direct comparison with coarse models, all the geometries 
have also been analysed by using very fine meshes, as it is usually done when the 
main aim of the research is the direct evaluation of the NSIFs. Once the SED 
values from the coarse models have been determined, due to the non-singularity 
of the mode II stress components, the mode I NSIF can be derived by using the 
following relationship: 
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1
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1
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where, for a V-notch opening angle 2α=135 degrees, 1-λ1=0.326 and e1= 0.1172 
(see Refs.[20-22]). Obviously, the coefficient 2.921 reported on the right hand 
side of eq.(6) is valid only for R*=1.0 mm, i.e for the control radius suggested 
herein. However, the coefficient can be easily updated for different values of 2α 
and R*. The values of the NSIFs obtained by means of eq. (6) for all the joints are 
reported in table 1 and are compared to those obtained by means of very fine 
meshes. By using quadratic elements the maximum error between the K1 values as 
determined by means of very fine meshes and those from coarse meshes is 5.3 
percent (see Table 1, series 11). The error decreases to about 4.5 percent for the 
series 4 and 6. Note that these three series present a very small value of the 
transverse plate thickness, L=3 mm.  In all the other geometries the error is really 
very small, being usually less than 3 percent.  

3.2 Three-dimensional models 

Mesh 1 Mesh 6 

8 38
 

150 

12.7

150 

800 

12.7 

 

Figure 2: Welded joint with a longitudinal stiffener (one quarter of the geometry); detail 
of the control volume with R*=1 mm. 

 
The longitudinal non-load-carrying welded joints represented schematically in 
Figure 2 have been analysed herein in terms of SED over a control volume. The 
same geometry was analysed by Maddox in Ref. [31]. A typical FE model is 
shown in the Figure 2. Very different meshes have been drawn in the FE 
simulations, as documented in Figure 2 with reference only to the control volume 
where the most fine mesh, named ‘mesh 1’ and the coarsest mesh, called ‘mesh 
6’, are shown. In principle, stress gradients can be present not only in the radial 
direction (according to William’s plane solution) but also in the direction parallel 
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to the line drawn by the V-notch tips (i.e. the weld direction). Then, to account for 
these secondary stress gradients, the SED should be determined in a volume 
having a depth approximately equal to R*. Precise information about the number 
of FE used to model the control volume and the degrees of freedom characterising 
the entire models are summarised in Table 2. All analyses have been carried out 
by using 20 node solid finite elements (named Solid95 in the ANSYS® code).  
 

3D  
models 

 

Number of FE 
in the volume  

Degrees of 
freedom 

(complete model) 
W  

[Nmm/mm3]
K1 

[MPa mm0.326] Δ% 

1 1696 8.6·105 0.07937 373.5 0 
2 768 4.6·105 0.07903 372.7 0.21 
3 324 2.5·105 0.07896 372.5 0.26 
4 96 1.7·105 0.07895 372.5 0.26 
5 24 4.5·104 0.07790 370.0 0.93 
6 4 1.1·104 0.07594 365.3 2.18 

Table 2. Results from the 3D models of the welded joint with a longitudinal stiffener 
shown in Fig. 2 (remotely applied nominal stress equal to 100 MPa, R* = 1 mm) 

 
The results of the linear elastic analyses are listed in terms of the mean value of 
SED in Table 2. Here the results are all related to a nominal stress, σnom, equal to 
100 MPa. It is evident that the maximum difference between the models with very 
refined meshes and coarse meshes is 5 percent. Taking advantage of the value of 
the local SED, the NSIF related to the welded detail can be determined a 
posteriori by simply using eq. (6), considering tacitly verified the plane strain 
hypothesis. 
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Figure 3. Fatigue strength of the welded joints made of structural steel in terms of local 

strain energy density; comparison with the scatter band proposed in Refs [21, 22] 
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4. Fatigue strength of complex steel welded joint made in terms of SED 

The main geometric parameters of the welded joints considered here as well as 
the loading conditions are summarised in Ref. [23]. Original data are reported in 
Refs [31-33]. The strain energy has been evaluated by means of three-dimensional 
finite element  analyses carried out with Ansys 9.0® and using as control volume a 
circular sector with R0=0.28 mm.  

In Figure 3 experimental data reconverted in terms of the mean values of the local 
SED are successfully compared with the theoretical scatter band reported in Refs 
[21, 22]. The scatter index TW, related to probabilities of survival PS=2.3% and 
97.7%, is found to be 3.3.  

5. Final remarks and future developments 

The powerful property of SED and the practical application of coarse meshes 
discussed in the present paper were applied also to elastic-plastic V-notched 
plates under tension loading and V-notched round bar under torsion [34] showing 
that also when the material behaviour obeys a power hardening law, the SED over 
a control volume can be precisely determined from a rough mesh. A sound 
theoretical justification of the mesh refinement independency will be proposed in 
a forthcoming publication where other basic, but not ‘trivial’, samples will be 
presented. 
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Figure 4. Total SED under linear elastic and elastic-plastic conditions 
 
The different role played by local and large scale yielding under tension and 
torsion loading  provided an interesting interpretation for the different slopes, 3.0 
and 5.0, reported by Eurocode 3 and other Standards in force for welded details 
subjected to tensile or shear stresses, respectively [34]. A very satisfactory 
agreement was found between the scatterband obtained by considering as main 
failure parameter the averaged SED and Ellyn’s fatigue master life curve based on 
the use of the plastic strain energy per cycle PW~Δ  as evaluated from the closed 



 9

cyclic hysteresis loop and the positive part of the elastic strain energy 
density +eW~Δ [35]. 
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