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1. Introduction 
 
Most of previous analyses of cracks have been concerned with straight ones; 
however, under complicated boundary conditions, cracks do not propagate 
straight but show various propagation patterns.  For example, it is well known that 
regular wavy crack patterns appear as shown in Fig.1 when a uniformly heated 
glass plate is quenched by lowering it into cold water gradually in in-plane 
direction [1] and in recent years, related research reports can be appreciated [2], 
[3].  Furthermore, it is also well known that a sinusoidal crack pattern is often 
observed when a high pressure gas pipe fractures [4], [5].  Figure 2 shows a 
sinusoidal crack path after rapid crack propagation in polyethylene pipe (British 
Gas full-scale test) [5] and Fig.3 is an example of fractured glass tube due to 
internal water high pressure [6].  Thus, sinusoidal cracks are sometimes observed 
in actual fractured solids.  The final objective of this study is to elucidate the   
 
 

 
 

Descent direction 
 
Fig.1  Sinusoidal cracks running in a thermally quenched glass plate with the 
width 6 cm, the length 18 cm and the thickness 2 mm.  This plate was heated to 
160°C and lowered into cold water gradually in the in-plane direction. 
 
 

 
 
Fig.2  Sinusoidal crack path after rapid crack propagation in polyethylene pipe 
(British Gas full-scale test) [5]. 
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Fig.3  A sinusoidal crack running in an internally pressurized glass tube with the 
length 40 cm, the external diameter 18 mm and the thickness 1.2 mm.  The 
internal water pressure on fracture was 0.23 MPa [6]. 
 
 
generating mechanism of such sinusoidal cracks as shown in Figs.1-3.  However, 
it is very difficult to achieve this final objective and it is unclear whether the 
generating mechanisms of these sinusoidal cracks are common to Figs.1-3 or not.  
In either case, detailed elastic analyses of sinusoidal cracks are needed regardless 
of the actual sinusoidal cracks shown in Figs.1-3.  Regarding the elastic analysis 
of sinusoidal cracks, Lu & Comninou [7] analyzed a single wavelength sinusoidal 
crack with a small amplitude under the mixed mode loading (modes I and II) 
considering the contact of both crack surfaces.  In this paper, basic problems of 
sinusoidal cracks with various lengths are analyzed and the direction of crack 
propagation is discussed in terms of the stress intensity factors ratio K I I /K I  using 
the maximum tangential stress criterion proposed by Erdogan & Sih [8]. 
 
 
2. Model of Sinusoidal Cracks 
 
In this study, a single sinusoidal crack shown in Fig.4 and an array of periodically 
situated sinusoidal cracks shown in Fig.5 are analyzed.  In both models, σ 2  in the 
x-direction as well as σ 1  in the y-direction is applied simultaneously at infinity.  
The model shown in Fig.4 is related to neither of the actual sinusoidal cracks 
shown in Figs.1-3 because the boundary condition of Fig.4 does not agree with 
either of Figs.1-3.  However, the model shown in Fig.5 is regarded as the 
development of the glass tube shown in Fig.3.  σ 1  and σ 2  can be regarded as the 
hoop stress due to the internal pressure of the tube and the axial stress, 
respectively and h corresponds to the circumference of the tube.  Using the 
method of continuously distributed dislocations model, these problems are 
reduced into a set of singular integral equations of the Cauchy type in which 
dislocation densities on the crack surfaces are unknown functions.  Stress 
intensity factors at the crack tip A in Figs.4 and 5 are calculated with changing the 
length αc (c: semi-wavelength of the sinusoidal crack).  As the numerical method 
of the singular integral equations, the method proposed by the author [9] was used. 
 
 
3. Numerical Results and Discussions 
 
Calculated energy release rates G of a single sinusoidal crack (Fig.4) and an array 
of periodically situated sinusoidal cracks (Fig.5) are shown in Figs.6 and 7, 
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Fig.4  Model of a single sinusoidal crack. 
 
 
 
 

 
 
 

Fig.5  Model of an array of periodically situated sinusoidal cracks. 
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(a) σ 2 /σ 1  = 0 
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(b) σ 2 /σ 1  = 0.5 
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(c) σ 2 /σ 1  = 1 

 
Fig.6  Calculated energy release rate of a single sinusoidal crack. 
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(a) σ 2 /σ 1  = 0 
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(b) σ 2 /σ 1  = 0.5 
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(c) σ 2 /σ 1  = 1 

 
Fig.7  Calculated energy release rate of an array of periodically situated 
sinusoidal cracks. 
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(a) σ 2 /σ 1  = 0 
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(b) σ 2 /σ 1  = 0.5 
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(c) σ 2 /σ 1  = 1 

 
Fig.8  Calculated stress intensity factors ratio KII/KI of a single sinusoidal crack. 
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Fig.9  Calculated stress intensity factors ratio KII/KI of a set of periodically 
situated sinusoidal cracks. 
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Fig.10  Propagation direction of crack tip (Maximun tangential stress criterion 
[8]). 
 
 
respectively.  In these figures, G is normalized by G 0, the energy release rate 
when there is a single straight crack (a = 0) with the length 2c.  The energy 
release rate is a very important parameter for investigating crack propagation, but 
as far as only the energy release rate is considered, it is difficult to elucidate the 
generating mechanism of sinusoidal cracks. 
Figures 8 and 9 show the calculated stress intensity factors ratio K I I /K I  of each 
model with letting the stress ratio σ 2 /σ 1  be 0, 0.5 and 1.  As shown in Fig.10, 
according to the maximum tangential stress criterion [8], a crack in a brittle plate 
is likely to propagate to turn to the right when K I I /K I  > 0 and left when K I I /K I  < 
0.  The angle between the propagation direction and the original crack direction 
can be calculated using the value of  K I I /K I .  In the case of the uniaxial tension 
(σ 2 /σ 1  = 0), from Figs.8-(a) and 9-(a), it can be seen that the cracks are forced to 
turn to the direction perpendicular to the tensile direction.  However, in the case 
when σ 2 /σ 1  = 0.5, though a single sinusoidal crack is forced to turn to the 
direction perpendicular to the maximum principal stress (σ 1 ), periodically 
situated sinusoidal cracks are forced to increase its amplitude when the crack tip 
A is at x ≈ 0.5c, 1.5c, 2.5c, ･･･, considering the effect shown in Fig.10.  This 
tendency is remarkable at equi-biaxial tensile state (σ 2 /σ 1  = 1) not only in the 
periodically situated sinusoidal crack model but also in the single sinusoidal crack 
model.  Therefore, it may be possible to say that the biaxial tension plays an 
important role in the generation of the sinusoidal cracks.  However, the snaking 
mechanism is not still clear. 
 
 
4. Conclusion 
 
In this study, sinusoidal cracks were analyzed and the calculated energy release 
rate and stress intensity factors ratio K I I /K I  are shown.  Using the numerical 
results, the direction of crack propagation was investigated by the maximum 
tangential stress criterion.  As the results, it was suggested that there is a tendency 
that the crack is forced to propagate to the direction increasing the amplitude of 

Propagation direction of the original crack 

K I I /K I  < 0; turning to the left 

K I I /K I > 0; turning to the right 
Crack 

Crack tip 
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sinusoidal crack under biaxial tensile state.  However, the reason of the crack 
snaking has not been clarified by this theory based on stress intensity factors. 
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