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ABSTRACT 

According to the mathematical formalism of the eigenfunction expansion method, the problem of stress-
singularities arising from multi-material junctions is addressed. The wedges are composed of isotropic 
homogeneous materials and are in a condition of plane stress or strain. The order of the stress-singularity is 
provided for tri-material junctions, paying special attention to the role played by Mode-I and Mode-II 
deformation. The effect of cracks inside either the softer or the stiffer material is also investigated. Numerical 
results can be profitably used for establishing optimum material configurations.  
 

1 INTRODUCTION 
According to Linear Elastic Fracture Mechanics, stress-singularities occur in multi-material 
junctions. Such problems have been extensively studied in composite plates since the pioneering 
papers by Williams [1,2], Bogy [3,4] and Theocaris [5].  
 The aim of the present paper is to investigate, from the theoretical point of view, on the order 
of the stress-singularity arising from tri-material junctions. These boundary-value problems in 
plane elasticity have been mainly solved by using either the Mellin transform technique [6,7] or 
the Muskhelishvili complex function representation [5,8,9]. In the present paper, the general 
problem of multi-material junctions is formulated within the framework of the eigenfunction 
expansion method [1]. Numerical examples concerning several tri-material configurations will 
show the effectiveness of the approach. On the basis of the proposed method, the order of the 
stress-singularity for different material combinations is provided. According to the criterion of 
minimum singularity [9], optimum configurations can be determined. Eventually, the influence of 
initial defects is taken into account by considering the limit cases of cracks inside either the softer 
or the stiffer material. 
 

2 MATHEMATICAL FORMULATION 
The geometry of a plane problem consisting of n dissimilar wedges of arbitrary angles perfectly 
bonded along their interfaces which converge at the same vertex O is depicted in Fig. 1a. Each of 
the material regions is denoted by Ωi with i =0…n–1, and it is comprised between the interfaces Γi 
and Γi+1. The first and the last interfaces, corresponding respectively to θ = 0 and θ = 2π, coincide 
and are referred to as Γ0.  
 According to Williams [1], it is possible to assume, for the i-th subregion, the following 
separable form for the bi-harmonic stress function Φi: 
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where λj and fi,j are referred to as eigenvalues and eigenfunctions, respectively. The summation 
with respect to j is introduced in eqn (1), since it is possible to have more than one eigenvalue for 
each problem. The bi-harmonic condition requires fi to be of the form: 
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where Ai, Bi, Ci and Di are undetermined constants. For each eigenvalue λ the corresponding stress 
and displacement fields are given by: 
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where primes denote differentiation with respect to θ. In the above equations, Gi is the shear 
modulus and κi, in terms of the Poisson’s ratio, is given by either 1+νi for plane stress or 1/(1–νi) 
for plane strain.               
 

                

                                                                 (a)                                                                                (b) 

Figure 1: Scheme of (a) a general multi-material problem and of (b) a tri-material junction 
configuration investigated in the present paper.  

 
     The following boundary conditions at the interface Γi can be written in the case of perfect 
bonding: 
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paying attention to the fact that the interface Γ0 must be defined by γ = 0 for region 1, and γ n+1= 2π  
for region n. This method yields to a set of 4n equations in 4n+1 unknowns Ai, Bi, Ci, Di, and λ, 
which can be symbolically written as: 

                                                                    0v =Λ ,                              (5) 

where Λ denotes the coefficient matrix which depends on λ, and  represents the vector which 
collects the unknowns A

v
i, Bi, Ci, Di. A nontrivial solution to the equation system (5) exists only if 



the determinant of the coefficient matrix vanishes. This yields to a characteristic equation which 
has to be solved for eigenvalues λ which are in general complex. According to the present 
purposes, we are concerned only with those values of λ which may lead to singularities in the 
stress field. This fact, together with the condition of continuity of the displacement field at the 
vertex where regions meet, imply that we are seeking for eigenvalues in the range 0<Re λ<1. 
Then, to find solutions to the eigenequations, a numerical iterative technique is employed. 
 Furthermore, as argued by Chen and Nisitani [8], when there exists a geometric symmetry in 
the problem, it is possible to subdivide the elastic field into a symmetric part and a skew-
symmetric part, namely into a part due to the Mode-I deformation, and a part due to the Mode-II 
deformation. In the former case, the following symmetric conditions are applied at θ=0, π, instead 
of eqn (4): 
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In the latter, skew-symmetric conditions are imposed: 
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 In this way, the complete eigenequation of the problem is reduced to two factors: the former 
determines the eigenvalues corresponding to Mode-I deformation, whereas the latter determines 
the eigenvalues corresponding to Mode-II deformation.   
 

3 PERFECTLY BONDED TRI-MATERIAL JUNCTIONS 
A tri-material junction problem schematically depicted in Fig. 1b is investigated. Two materials 
occupying two quarter planes with a specified ratio between their elastic moduli, E3/E1, are joined 
by an intermediate material whose elastic modulus, E2, is varied from E1 to E3. Different 
mechanical configurations characterized by the ratio E3/E1 are considered. Real and imaginary 
parts of the eigenvalues are numerically computed and depicted in Fig. 2 as functions of the 
modular ratio E2/E1. The limit case given by E3/E1=1 corresponds to a bi-material junction whose 
eigenvalues are depicted in Fig. 2a. On the other hand, solutions to tri-material junctions 
characterized by E3/E1=100 and E3/E1=10000 are depicted in Fig. 2b,c, respectively. For such 
problems, the limit cases given by either E2/E1=1 or E2/E1=E3/E1 correspond to bi-material 
junctions whose eigenvalues were provided by Carpinteri and Paggi [10].  
 Thanks to the geometric symmetry of these problems, the roots of the eigenequations 
corresponding to either Mode-I or Mode-II deformation can be separately computed. It is 
interesting to notice that, regardless of the value of the elastic modular ratio E3/E1, there are some 
mechanical configurations admitting only one root of the eigenequation (see Fig. 2b,c). To be 
more specific, when the elastic modulus of the intermediate material is close to that of the softer 
component, no stress-singularities due to Mode-I deformation are found. On the other hand, when 
the Young’s modulus of the intermediate material approaches that of the third material, Mode-II 
stress-singularities are avoided. These trends are completely general for this type of tri-material 
junction and can be observed for any given value of the parameter E3/E1 different from 1.  
 In the case of Mixed Mode deformation, the minimum singularity criterion would suggest that 
the more suitable material configuration is attained for the case corresponding to the minimum 
eigenvalues. As a consequence, for such tri-material junction problems the optimum configuration 



would correspond to a stiffness ratio such that ReλΙ = ReλΙΙ (see Fig. 2b,c). By considering tri-
material junctions with different values of the ratio E3/E1, the value of E2/E1 is computed 
according to the above criterion and depicted in Fig. 2d vs. the ratio between the elastic moduli of 
materials 1 and 3.  From these results, the following regression curve is obtained: 
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 In practice, this condition rules out intermediate materials whose elastic moduli are close to 
that of the stiffer material. Furthermore, it is important to notice that all the roots are necessary to 
describe the stress state in both materials, since it cannot be concluded that any root is somehow 
less dominant.    
 

 
                                                                  (a)                                              (b) 

   
                                                                  (c)                                             (d) 

 
Figure 2: Eigenvalues for perfectly bonded tri-material junctions characterized by (a) E3/E1=1;      

(b) E3/E1=100; and (c) E3/E1=10000. (d) Relation between E2/E1 and E3/E1 according to 
the minimum singularity criterion.  

 
4 CRACKED TRI-MATERIAL JUNCTIONS 

Debonding along interfaces in tri-material junctions have been considered by Pageau et al. [9], 
whereas a little attention was paid to the problem of transgranular cracks. Hence, some of the 
previous results obtained for the order of the stress-singularity are extended to the case of a crack 
placed along the symmetry line inside material 1 or 3.  



Considering as a representative case the a tri-material junction characterized by the ratio 
E3/E1=100 as that of the uncracked problem analyzed in Fig. 2b, the Young’s modulus of the 
intermediate material is the independent variable of the problem and it is varied from E1 to E3.  A 
crack is then considered either in the softer (Fig. 3a) or in the stiffer material (Fig. 3b). For each 
case study, real and imaginary parts of Mode-I and Mode-II eigenvalues are computed.  

As a limit case, when the crack lies in the softer material and E2/E1=1, the problem reduces to a 
cracked bi-material junction with E2/E1=1/100. Analogously, when the tri-material junction is 
characterized by E2/E1=100, another bi-material problem is addressed. The same reasoning holds 
when the crack lies in the stiffer material and the limit cases of E2/E1=1 and E2/E1=100 are 
considered. Asymptotic results concerning such bi-material problems are provided in [10]. For a 
direct comparison between cracked and uncracked solutions, eigenvalues for the corresponding 
uncracked problems are depicted with dashed lines in Fig. 3.  

 

 
                                                                            (a)                                          (b) 
 
Figure 3: Eigenvalues for cracked tri-material junctions characterized by E3/E1=100. A crack lies 

either (a) in the softer or (b) in the stiffer material region.  
 

When the crack lies in the softer material (see Fig. 3a), Mode-I and Mode-II eigenvalues remain 
greater than 0.5, as in the uncracked problem. The main difference is represented by the fact that in 
the range 3<E2/E1<4 Mode-II eigenvalues are complex and two real roots are found for Mode-I 
deformation. In this range Mode-II eigenvalues are complex. Furthermore, for E2/E1 approximately 
equal to 3, a transition from two real roots to a complex conjugate pair also occurs for Mode-I 
eigenvalues.  

On the other hand, a completely different behavior has to be noticed for a crack in the stiffer 
material (see Fig. 3b). Computed eigenvalues for this problem are real and two additional roots are 
found in the range 1<E2/E1<4 with respect to the uncracked configurations. Such roots are far 
lower than 0.5, i.e. the corresponding order of the stress-singularity is more severe than that due to 
a crack inside a homogeneous material. For E2/E1>4, the eigenvalues greater than 0.5 disappear 
and the stress state is characterized by the lower roots only.  

As also observed for cracked bi-material junctions [10], these results imply that the asymptotic 
behavior of the singular stress field can be strongly influenced by cracks in the stiffer material. 
Both Mode-I and Mode-II stress-singularities are equally important for the description of the stress 
state in the tri-material regions. 
 

 
 



5 CONCLUSIONS 
In the present paper the formulation of the general problem of multi-material junctions is provided 
according to the mathematical formalism of the eigenfunction expansion method. Numerical 
results concerning tri-material junctions perfectly bonded along their interfaces are obtained. 
Materials are linear elastic, isotropic and are in a condition of plane stress or strain. Thanks to the 
geometric symmetry of the considered problems, singularities due to either Mode-I or Mode-II 
deformation are separated. For some of the above geometries, the influence of transgranular cracks 
on the asymptotic state of stress was investigated.  

From the engineering point of view, the obtained results constitute useful information about the 
variation of the order of the stress-singularity when the stiffness of one material varies with respect 
to the others. Contrarily to the results obtained by Pageau et al. [9] suggesting that an intermediate 
material increases the order of the stress-singularity in tri-material junction geometries when one 
material occupies a half plane region, we have shown that a third material can be favorable for the 
tri-material junctions herein investigated. The criterion of minimum singularity suggests that the 
best choice is given by an intermediate material whose elastic modulus is closer to that of the 
softer component.  

Eventually, results concerning cracked geometries demonstrate that tri-material junctions are 
significantly influenced by cracks in the stiffer material. Numerical results show that all the 
eigenvalues must be taken into account for an accurate elastic stress analysis.  
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