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ABSTRACT 

A problem of forced vibrations of a finite elastic cracked body under unilateral contact with a 
punch is considered. A non-stationary two-layer numerical algorithm for computational 
solution of the problem based on the Fourier transformation and boundary element method is 
proposed. Numerical results have been obtained. 
 

1 INTRODUCTION 
Problems of forced vibrations of elastic systems with unilateral contact interaction of 
crack edges and a body with a punch are nonlinear problems. A distinctive feature of 
the problem is that its statement includes boundary conditions expressed in the form 
of inequalities. Consequently, capabilities of analytical methods for the considered 
class of problems are limited to discrete systems with few degrees of freedom and 
the principal role in solving such problems belongs to numerical methods. 
There are two basic approaches to the computational algorithm development for the 
problems of forced vibrations of elastic systems under unilateral constraints. The 
first approach is based on reduction of a hyperbolic system of differential equations 
to a system of ordinary differential equations with respect to the time coordinate by 
sampling the source problem with respect to the space coordinates using either the 
finite difference method or the finite element method [1, 2]. The second approach is 
based on usage of a variety of algorithms to reduce the source contact problem to a 
sequence of problems with given contact forces, which are solved using the Fourier 
transform with respect to the time coordinate. The obtained boundary problem in 
Fourier transform space can be solved by a variety of numerical methods and, in 
particular, by the boundary element method (BEM). The same approach was used 
for investigation of diffraction of harmonic waves on a crack taking into account 
contact interaction of the crack edges [3]. 
A procedure for a joint usage of the Fourier transformation and BEM for analysis of 
forced vibrations of finite cracked elastic bodies under unilateral contact with a 
punch is considered in the present paper. 
 

2 FORMULATION OF A PROBLEM 
Let a homogeneous isotropic body occupies a finite area Ω  with the border Γ  and 
has a crack in the form of the open two-way Lyapunov curve tΓ . Under ),( txui , 

),( txijε , ),( txijσ  we understand the components of the displacement vector, the 

deformations and stresses tensors respectively in the Ω∈x  point at the time 



moment t . Let us consider that the displacements and deformations are small, the 
stresses in initial undeformed condition and volume forces are absent. The spreading 
velocities of longitudal and transverse waves in the area Ω  are marked as 1C  and 

2C  respectively. 
The body surface Γ  consists of three uncrossed parts pqu Γ∪Γ∪Γ=Γ . The 

displacements ),( txg
r

 are assigned on part uΓ ; the efforts ),( txq
r

 are assigned on 
part qΓ . The collection of largest possible contact zones of the body Ω  with a punch 

is marked as pΓ . The punch shape and position are described by the 

function ),( txΦ , the function value in px Γ∈  point is a distance measured along 

external normal direction )(xν
r

 of the body Ω  at the time moment t  from this point 
to the punch surface. The distance ),( txΦ  is calculated relatively to undeformed 
condition of the body Ω . 
Contact interaction of the elastic body Ω  with the punch is described by linearized 
conditions of ideal unilateral contact: 
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and contact interaction of the crack edges tΓ  is described by conditions: 
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where τν σσ ,  – are normal and tangent components of the surface stresses vector; 

νu  –  is a normal component of the displacements vector; νδ  – is an initial crack 
opening; signs “+”and “–“ are pertained to displacements and stresses of opposite 
crack edges. 
Functions ),( txg

r
, ),( txq

r
 и ),( txΦ , which describes the external influence on the 

body Ω , are T-periodic functions: 
),(),( Ttxgtxg +=

rr
;   ),(),( Ttxqtxq +=

rr
;   ),(),( Ttxtx +Φ=Φ . 

The problem is to determine displacement ),( txui , deformations ),( txijε  and 

stresses ),( txijσ  that satisfy the motion equation 
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as well as the correlation of Cauchy and Hooke’s law and periodicity conditions 
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and boundary conditions on the surface Γ  and crack edges tΓ . 



There are a number of models that describe the fading vibrations process of 
mechanic systems. However, in most cases internal resistance, especially internal 
friction in materials, has the dominant role. There are two approaches used to 
describe phenomenological standpoint of internal friction forces in materials under 
cyclic deforming. The first of them is based on a viscous damper concept and 
consists of a usage of models of viscoelastic bodies of Kelvin, Maxwell etc. The 
second approach is based on a usage of nonlinear dependencies between components 
of stresses and displacements tensors that reflect the loop hysteresis presence under
cyclic deforming. We dispensed with rendering loop hysteresis form upon 
investigation unresonance modes viscosity and used to describe diffusing energy so-
called conditional-viscous scheme in accordance with value internal resistance 
forces cF  was proportional to velocity u&  

ucFc &= , 
where c  – was viscous damping coefficient. 
 

3 SOLUTION METHOD 
Direct application of the Fourier transformation to the problem (1)-(4) is not 
possible because of the nonlinear boundary conditions of unilateral contact (1)-(2). 
A special iterational algorithm is used for this problem solution which allows 
reduction of the problem with unilateral contact to a sequence of problems with 
contact stresses ),( txpp  and ),( txpt  given on a possible contact surface and crack 
edges correspondingly. The two-layer iterational algorithm with a variable parameter 
was suggested for definition of unknown contact pressure ),( txpp and ),( txpt

value: 
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where ),( txpn , ),(1 txpn+  – are contact pressure on n and (n+1) iterations, ),( txun
v

– are contact displacements, ),( txΦ  – is a function that describes the punch shape

and position, )(⋅Η  – is the Heaviside function, nρ  – is a variable parameter of the 

iterational process. Let approach ),( txpn  and value nρ  are defined. Two following 

approach are calculated by scheme (5)-(6) in supposing to nnn ρ=ρ=ρ ++ 12 . 
Hereinafter define 
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where ),( ** tx  – is a point, where normal displacement components ),( txun  reach
the most absolute value meaning. If following condition is satisfied 

2
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where 10 <α<  – is an iteration process compression coefficient, then next two
steps are successful and iterational process continues. If the left part of inequality (7) 
is positive then the parameter nρ  can be increased assuming nnn βρ=ρ=ρ ++ 34 , 
where 1>β  - is an increase step coefficient of the iteration process. If the condition
(7) is not satisfied then it is necessary to repeat the calculation of (n+1) and (n+2) 
approaches assuming nnn γρ=ρ=ρ ++ 12 , where 1<γ  – is a reduction step
coefficient of the iteration process. 
The condition 
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is used as a completion of iterational process, where ε  – is a parameter, that
characterize inaccuracy of the approximate solution. The left part of the inequality is
the largest value of two consequent approach differences and does not depend on
parameter value nρ . 
Hereinafter the Fourier transform with respect to the time coordinate and together 
with the BEM was used for solution of the problem sequence with given contact
efforts. Fundamental singularity solutions of motion equations in Fourier transform 
space were used to construct a system of boundary integral equations (BIE) [4]. Two 
methods of BIE system construction, one corresponding to direct and the other one 
to indirect BEM formulation were considered. The crack is prototyped by double 
layer potential in both cases. 
The BEM sampling equation by a collocation method was used for numerical 
solution of the BIE systems. One-knot elements with constant approximation of 
unknown functions were used as boundary elements. The linear algebraic equations 
system obtained as a result of sampling was solved by the Gauss method. 
Boundary potentials kernels in Fourier transform space are presented by complex 
correlations containing cylindrical functions. Thus, the regular integrals were 
calculated numerically with the aid of squaring Gauss formulae during sampling 
problem while the integrals having singularity were calculated analytically. The 
integrals with a weak logarithmic type singularity were calculated as improper 
integrals, the integrals with a strong singularity were defined in the sense of the main 
value by Cauchy and hypersingularity integrals were understood at present work as 
the finite part by Hadamard. 
 

4 NUMERICAL REALIZATION 
The designed calculating algorithm was realized as a software package. Numerical 
solutions of a number of problems were obtained and convergence of the calculating 
algorithm with vibration frequencies close to resonance was investigated. It was 
determined that contact interaction of crack edges and body under a punch 
significantly influenced the stress intensity factors (SIF). SIF were calculated 
utilizing direct methods. Maximum SIF value greatly changes in the case of contact 



interaction. The influence of damping on the solution behavior was investigated. It 
was determined that damping substantially changes the problem solution in areas 
close to resonance domains. 
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