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ABSTRACT

Failureof concretein tensionandcompressionis simulatedby meansof a local (with fractureenergy adjuste-
ment)and a nonlocaldamage-plasticityconstitutive model. A three-pointbendingtest, representingtensile
failure, anda prism subjectedto eccentriccompression, representingcompressive failure, areanalysed.The
meshsizeis variedto study, whetherthe local andnonlocal modelarecapableto describethe failureprocess
independentlyof themeshsize.

The resultsfor tensilefailure areindependent of the meshsizefor both models.Compressive failure,on
theotherhand,cannotbedescribedby thelocal model.Theresultsof this model arepollutedby pathological
meshsizedependence,sincethesizeof theregionof localizedstrainsdoesnotdependon theelementsize.The
nonlocalmodel,however, is capableto describecompressive failureindependentlyfrom themeshsize.

1 INTRODUCTION

Failureof plain concretein tensionandcompressionis characterized by softening, which is accom-
paniedby thedevelopmentof regions of highly localizedstrains. In thepresentpapera local and
nonlocal damage-plasticityconstitutive model is usedto simulatetensileandcompressive failureof
plain concrete.It is investigatedwhetherthesemodelsarecapable to describethefailureprocessin
anobjectiveway.

Theconstitutive modelis basedon three-dimensional elasto-plasticitywith theyield condition
written in ternsof theeffective stress,combinedwith a scalardamagemodelwith thedamage evo-
lution driven by theplasticstrain.This modelwasdevelopedin anearlierstudyby theauthors [1].
The plasticity model is characterized by a pressure-sensitive yield condition, non-associatedflow
andpressure-dependenthardening. Softening is described by thedamagemodel,usinganequivalent
strainmeasurebasedonthevolumetricplasticstrain,whichlinks, for instance,theplasticvolumetric
expansion in compressionto theevolution of damage. Thedamage historyvariable definedasthe
maximum equivalentstrainreachedin thehistoryof thematerial,is relatedto thedamagevariable
by anexponentialsofteninglaw.

In thecontext of thestandardcontinuumtheory, aconstitutive law with softeningleadsto local-
izationof inelasticstrainsinto a layerof width

���
. For tensilefailure,

���
is relatedto thesizeof the

finite elements.Therearetwo mainapproachesto overcometheresultingpathologicalsensitivity of
thenumericalresultsto thediscretization:� Adjustment of thesoftening law with respectto

���
, sothatthedissipatedenergy is independent

of thesizeof thefinite elements,see[2].� Application of alocalization limiter, whichleadsto asizeof thelocalizationzoneindependent
of thediscretization.



Thefirst approach,denoted aslocal,assumesanumerically representedfractureprocesszoneof
width

���
, which is meshsizedependent. In the presentstudy, the value

���
wasdetermined asthe

projection of theelementsizenormal to thedirection of themaximumprincipal strain.
Thelocalizationlimiters enforcea specificsizeof theregion of inelasticstrainsindependentof

thediscretization. We usetheintegral-typenonlocalmodel,whichachievesthis by weightedspatial
averaging of a suitablestatevariable. In thepresentstudytheequivalent strain 	�
 wasaveraged, as
proposedby Pijaudier-Cabot andBažant[3] for nonlocal damage:�	�
������ ����� 
����������	�
����! "� (1)

where
�	 
 is the nonlocal equivalent strain,

�
is the weight function and # is the spatialdomain

representing thebody. Theweightfunctionis definedas� 
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Thefunction
� '

is thebell-shaped truncatedpolynomial function�4' 
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Theenergy perunit areadissipatedby thenonlocal model in a uniaxial tensiontestis J,KL�NM3FPO6K
where F is thenonlocal interaction radius, O�K is theareaunderthe local stress-straincurve and M
is a proportionality factor, which rangesbetween1.6and2 dependingon theshapeof thesoftening
curve,see[4].

In the following, both the local andthenonlocal approachesareusedto modelthe tensileand
compressive failureof plainconcrete specimens.

2 STRUCTURAL EXAMPLESOF TENSILEAND COMPRESSIVEFAILURE

Two structural examples of tensileandcompressive failureareusedto studytheperformanceof the
local andnonlocal damage-plasticitymodel.Of specialinterestaretheregions of localizedstrains,
in which eitherthe damagepart or the plasticity part or both areactive. Therefore,we call them
active regions. Triangular plane-strainfinite elementswith linear displacement interpolation were
usedto discretizethespecimens. Themeshsizewasvaried.

Thefirst exampleis athreepoint bending testof asingle-edgenotchedbeamtestedbyKormeling
andReinhardt [5], seeFig. 1a. ThematerialparametersaretheYoung’s modulus QR�TS H GPa, the
Poisson’s ratio UV� H!WYX

, thetensilestrengthZ � � X3W [
MPa andthefracture energy J�K\� ;<; S J/mC .Thenonlocal interaction radius wassetto F]� X�^ mmandtheproportionality factorto M�� ; W _ .

Threemeshesof different elementsizewereused.Theload-displacement curvesof thelocaland
nonlocal analyseswith the coarsemesharecomparedto the experimentalbounds in Fig. 1b. The
load-displacementcurves for theanalyseswith the threedifferent meshsizesareshown in Fig. 2a
andb for thelocal andnonlocal model, resp.Thecorrespondingactive regionsareshown in Fig. 3
andFig. 4.

Thelocal model overestimatesthe loadcapacityandductility observed in theexperiments,see
Fig. 1b. This might be explained by the shapeof the active region, which is not a straightlayer,
but is forcedto follow the unstructured meshlines. The resultsof the nonlocal modelis in better
agreement with theexperimentalbounds,sinceheretheactive zoneis not influencedby themesh
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Figure1: a)Geometryandloadingsetupof thethreepointbending test.b) Comparisonof thelocal
andnonlocal FEanalyseswith theexperimentalbounds.
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Figure2: The loaddisplacement curvesfor different meshsizesfor a) the local model andb) the
nonlocal model
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Figure3: Theactive regions of the3 point bending testfor thelocal model at 1/10of thepeakload
in thepost-peakregime.
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Figure4: The active regions of the3 point bending test for the nonlocal model at 1/3 of the peak
loadin thepostpeakregime.

lines.Nevertheless,bothmodelsgiveanalmostmeshsizeindependent descriptionof tensilefailure
(Fig. 2), wheretheloaddisplacement curves convergeto a lowerbound with decreasingmeshsize.

Thesecondexample is a concreteprismloadedin eccentriccompressiontestedby Debernardi
andTaliano[6]. Thegeometryandloading setupis shown in Fig. 5a.
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Figure5: a) Geometry andloading setupof theeccentriccompressiontest. b) Comparisonof the
loadmeancurvaturecurvesof thelocalandnonlocal model with theexperimentalones.

ThematerialpropertieswerechosenastheYoung’s modulus Q8�TS H GPa, thePoisson’s rationUL� H!WYX
, thecompressive strength ZB`a� ^6_

MPa, thetensilestrengthZ � � [
MPa andthefracture

energy in uniaxial tensionJbKc� ; H<H J/mC . Thenonlocal interaction radiuswassetto Fd� H!W H�X�^
andtheproportionality factorto M�� ; W _ .

Theresultsarepresentedby meansof load-meancurvaturerelationsin threedifferentregionsof
thespecimens;seeFig. 5a,.Themeancurvatureis defined astheaveragestrainmeasuredontheleft
andright boundaryof theregion dividedby thedistancebetweenthetwo edges.Theexperimental
resultsarepresentedin Fig. 5b. Theresultsof thefinite elementsarenot directly comparedto the
experimentalresults,sinceplanestrainfinite elementswereusedin theanalyses.Thecompressive
responseof concretein plain strainis characterizedby a significantlygreaterductility thanin plane
stress,which wouldbettercorrespondto theexperimentalsetup.However, a planestressversionof
the constitutive model is not yet available. Two meshesof different element sizewereused. The
load-mean curvaturecurveswith thecorresponding active region plotsarepresented in Fig. 6 and
Fig. 7 for thelocalandnonlocal model,resp.
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Figure6: a) The load-meancurvature curvesof the local modelfor threedifferentmeshsizes.b)
Theactive region plotsof thecoarseandmediummeshat 170kN in thepostpeakregime.
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Figure7: a) Theload-meancurvaturecurves of thenonlocal model for two differentmeshsizes.b)
Theactive region plotsof thecoarseandmediummeshat 170kN in thepostpeakregime.

The general behavior is well captured by the analyses.The strainsin the compressive zone
localize in region 2, which is manifestedby a reduction of the load accompaniedby increasing
curvature. Regions1 and3, onthecontrary, show anunloading responsein form of decreasingload
accompaniedby decreasing curvature.A similar responsewasobservedin theexperiments.

Theresultsof theanalyseswith thelocalmodelfor thedifferentmeshsizes(seeFig. 6a)show a
clearmeshdependence:thefiner themesh,themoreductiletheresponse.This trendwasconfirmed
by an additional analysiswith a very coarsemesh. The resultsof the analyseswith the nonlocal
model,onthecontrary, show almostnomeshdependence.Thetwo meshesresultin almostthesame
responsein form of the load-meancurvature relations,depictedin Fig. 7a. Themeshdependence
of the local modelcanbeexplainedby theactive regionsplottedin Fig. 6b. Thesizeandshapeof
theactive regionsin thecompressive zoneis almostmesh-sizeindependent. Thus,thefundamental
assumptionof a mesh-dependent active region is violatedandthelocal model exhibits pathological
meshdependence. The nonlocal model,on the otherhand,relieson an mesh-independent active



region. Thus, this modelgives mesh-independent results,whenmodeling compressive failure of
plainconcrete.

3 CONCLUSIONS

Theevaluation of theperformanceof a localandnonlocaldamage-plasticitymodel in describingthe
tensileandcompressive failureof plainconcreteleadsto thefollowing conclusions:� Both thelocal andnonlocal modelsareableto describetensilefailure,exemplified by a three

pointbending test,independentlyof themeshsize.� Compressive failure,exemplified by an eccentric compressiontest,canonly bemodeledby
the nonlocal approach. The resultsof the local model are polluted by pathological mesh
dependence.This meshdependenceis causedby a diffuseregion of inelasticstrains,which
violatestheassumptionof localizationmadefor theadjustmentof thesoftening modulus.

Theseconclusionsneedto beconfirmedby further investigations. In particular, additional example
of compressive failureshouldbestudied.
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