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ABSTRACT. The main purpose of this paper is to examine the influence of the critical plane orientation on the 
estimated fatigue strength of metals under multiaxial loading.  The algorithm employed to evaluate fatigue 
strength implements the criterion of maximum normal and shear stress on a suitable damage plane (critical 
plane).  The angle   defining the critical plane orientation is measured with respect to the direction that 
maximises the applied normal stress.  Eleven (11) structural materials under combined bending and torsion 
cyclic loading are examined.  For each analysed material, the value of   angle is selected so that the value of the 
scatter, defined by a root-mean-square value, is minimum.  On the basis of such a calculation, an empirical 
expression for   is proposed, that takes into account the values of bending and torsion fatigue strengths at a 
reference number of loading cycles.  According to such an expression,   is constant for a given material. 
  
KEYWORDS. critical plane; fatigue strength; multiaxial loading. 
 
 
 
INTRODUCTION 
 

tructural components of machines and devices are subjected to service loads which often include multiaxial load 
conditions.  The complex nature of the fatigue processes has produced several fatigue criteria which, implemented 
in algorithms, constitute a basic tool for estimating fatigue strength/life.  These criteria generally reduce the spatial 

stress state to an equivalent uniaxial one.  Among all multiaxial fatigue criteria, it is possible to distinguish a group based 
on the critical plane concept, which assumes that material fatigue failure is caused by stresses (strains) related to the critical 
plane.  In 1935, Stanfield suggested the use of the critical plane to describe multiaxial fatigue [1].  Currently, such a 
concept gains an increasing interest. 
The paper presents both a model for estimating fatigue life and the analysis of the influence of the critical plane 
orientation on such an estimation.  Particular attention is paid to the proposal of a new function to determine the critical 
plane orientation, based on both the analysis of scatters and the ratio between the fatigue strength for bending and that 
for torsion, at the given number of loading cycles.  The calculation employs the criterion of maximum normal and shear 
stresses acting on the critical plane [2]. 
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FATIGUE STRENGTH EVALUATION 
 

enerally, the estimation of fatigue strength consists of several stages.  The first step includes measurement, 
generation or calculation of the stress tensor components according to the following equations, in the case of 
biaxial fatigue (for example, cyclic bending and torsion): 

 
 )(sin)( tt axx             (1) 

 
 )(sin)(   tt axy            (2) 
 
where )(txx  refers to stress induced by bending, and )(txy  refers to torsion-induced stress.  Further: 

- a amplitude of normal stress induced by bending; 

- a  amplitude of shear stress induced by torsion; 
-   pulsation; 
-   phase shift; 
- t  time. 
Then, the following step involves the computation of the critical plane orientation, which can be performed by using one 
of three established methods: weight functions, damage accumulation, variance.  One damage accumulation method to 
determine the critical plane is that proposed by Carpinteri et al. [3], according to which the normal to the critical plane is 
defined by the angle  :  
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measured with respect to the direction of the maximum normal stress, and being: 
 

 
af

afB



2             (4) 

 
where af  and af  are the fatigue limits for fully-reversed bending and torsion, respectively.  
As far as the multiaxial fatigue criteria based on the critical plane concept are concerned, Macha [2] formulated the 
criterion of maximum normal and shear stress in fracture plane for random loading, which can be generalised for different 
loading conditions.  The general form can be written as follows: 
 
 )()()( tKtBt seq              (5) 
 
where KB  ,  are constants used for a specific criterion form [4], )(t  is the normal stress and )(ts  is the shear stress, 

both acting on the critical plane: 
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                (8) 
 
being   the angle defined by the direction of the maximum normal stress if the above damage accumulation method [3] 

is applied.  An alternative method is that to determine the direction for which the normal stress variance reaches its 
maximum [5,6]: 
 

    dtt
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where 0T  is the observation time interval. 
The criterion proposed by Macha (see Eq. (5)) is here employed on the critical plane, where the determination of the 
critical plane orientation is performed according to the above damage accumulation method.  The weighted factors B  and 
K  can be determined by equating Eq.(1) to af  and Eq.(2) to af : 
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By substituting Eq. (10) in Eq. (11), we get: 
 

 
af

afK



 2                       (12) 

 
According to Eq. (12), we can notice that the parameter K  is a constant depending on the material fatigue properties. 
The final step is the calculation of the fatigue strength.  For constant amplitude cyclic loading, the fatigue strength is 
evaluated by using Basquin’s fatigue characteristics ( A  and m ) in compliance with the relevant ASTM standard [7].  The 
formula for strength calculation under cyclic loading is expressed as follows: 
 

 aeqmA
Ncal

,lg
10


                      (13) 

 
where aeq ,  is the amplitude of the equivalent stress related to the critical plane (Eq.(5)). 

 
 
MATERIALS EXAMINED 
 

atigue test results related to 11 selected construction materials are analysed.  According to the ASTM 
recommendations [7], such results are also used to calculate the regression equation for fully-reversed bending (or 
uniaxial push-pull):  

 

af mAN  loglog                       (14) 
 
and for fully-reversed torsion: 
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af mAN  loglog                       (15) 

 
being  mAmA  , , ,  the coefficients of the regression equations for bending and torsion, respectively. 
The values of coefficients of the above regression equations for each analysed material are listed in Tab. 1.  Eq. (3) 

proposed by Carpinteri et al. involves only fatigue limits, and can be applied for 2B  ranging from 1  to 3 . 

By analysing the values of coefficients m  and m  listed in Tab. 1, all materials can be noted to be characterized by 

values of m  different from those of m , which means that such materials have non-parallel mutual fatigue 
characteristics.  Therefore, a dependence of   angle on the ratio between bending strength and torsion strength in 

correspondence to a given number of loading cycles, fiN , is proposed in next Section. 

 

Material Bending Torsion )(Tmin  fiN  
)(

)(
2

fia

fia

N

N
B




  Number  
of  tests 

 A  m  A  m  [°] [cycles]   
D30 [8] 30.50 10.75 25.40 9.20 8 2000000 1.496 6 

GGG40 [9] 32.39 10.95 35.48 12.41 1 1000000 1.110 15 

10HNAP [10] 30.88* 9.50* 25.28 8.20 45 2000000 1.874 108 

PA4 (6082) [11] 23.80 8.00 21.40 7.70 45 2000000 1.680 45 

30CrNiMo8 [12] 27.54 8.05 69.56 24.62 0 100000 1.500 9 

CuZn40Pb2 [13] 19.99 5.86 45.30 17.17 16 1000000 0.920 55 

GTS45 [9] 53.00 19.40 35.50 12.80 20 250000 1.265 11 

Cast Iron IC2 [8] 23.7 8.80 44.00 19.50 0 1000000 1.155 4 

Hard Steel 982FA [8] 36.60 12.10 49.50 18.60 14 1000000 1.550 11 

SM45C [14] 31.10 10.30 49.40 18.60 0 100000 1.402 5 

SUS304 [15] 19.8* 7.04* 22.5 8.7 5 2500 1.379 18 

    *push-pull 
Table 1: Coefficients of regression Eqs. (14) and (15) and fatigue properties of the examined materials.  The number of tests is also 
reported. 
 
 
FATIGUE STRENGTH SCATTER CALCULATION 
 

n order to analyse how the fatigue life is influenced by the value of   angle, simulation studies are carried out by 
assuming   ranging between 0° and 45°, with an increment equal to 1 °.  For each of the 46 angle values, the 
parameter B  is computed according to Eq. (10), whereas the parameter K  is a constant according to Eq. (11) and 

depends only on the fatigue material properties.  
Fig. 1 shows the value of the parameter B  against the   angle (Fig. 1(a)) and that of the parameter K  (Fig. 1(b))  for 
10HNAP steel [10]. 
In order to perform a suitable analysis of the fatigue strength scatter, the logarithmic dependence of the ratio between the 
experimental and calculated fatigue strength should be examined.  A new method to determine such a scatter has been 
proposed by Walat et al. [16], who have defined the root mean square error: 
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Therefore, the scatter can be determined as follows: 
 

ET 10                       (17) 
 

Fig. 2 shows the relationship between the scatter value T  and the angle  , for two selected materials. 
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Figure 1: Dependence of the parameter B  on (a) the angle   and (b) K  value for 10HNAP steel. 
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Figure 2: Relationship between the scatter T  and the angle   for: (a) 10 HNAP steel [10]; (b) PA4 aluminum alloy [11]. 

 
Scatters are computed only for experimental tests under combined bending and torsion.  The angle   corresponding to 
the minimum scatter value is registered for each examined material and listed in Table 1.  
The present authors propose a new expression for  : 
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where   is a function of the fatigue strength ratio 2B : 
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fiN  is the number of loading cycles computed from Eq. (18) by inserting the value of   that minimises the scatter T .  

fiN  is considered as a material constant, and such a value is listed in Table 1 for each analysed material. 

In Fig. 3, the angle   corresponding to the minimum scatter value is plotted against 2B  for each examined material.  Eq. 

(18) is also plotted in Fig. 3 (see the dashed curve).  Note that such a relationship can be applied to a range of 2B  larger 

than  3 ;1 . 
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Figure 3:   against '

2
B  by employing Eq. (18).  The value of   in correspondence of the minimum value of the scatter is also 

plotted. 
 
 
CONCLUSIONS 
 

he following conclusions can be drawn: 
1. In the present paper, the influence of the critical plane orientation on the fatigue strength estimation is analysed.  
2. An empirical expression of the angle   used to define the critical plane orientation is proposed, the idea 

starting from the observation of experimental fatigue test results under combined cyclic bending and torsion. 
3. Such an expression is a function of the ratio 2B  between bending and torsion fatigue strengths at a reference number 
of loading cycles, and is a constant for a given material. 
4. The dependence of   on the above strength ratio 2B  (instead of the fatigue limit ratio) is here proposed for those 

materials characterised by m  different from m . 

5. This expression of   can be used for a 2B  range larger than  3 ;1 . 

 
 
REFERENCES 
 
[1] Stanfield, G., Discussion of The strength of metals under combined alternating stresses, in: H.Gough, H.Pollard 

(Eds.), Proc. Inst. of Mechanical Engineers., 131 (1935) 93. 

T 



 

                                                                M. Kurek et alii, Frattura ed Integrità Strutturale, 37 (2016) 221-227; DOI: 10.3221/IGF-ESIS.37.29 
 

227 
 

[2] Macha, E., Generalization of fatigue fracture criteria for multiaxial sinusoidal loadings in the range of random loading, 
in: M. Brown, K.J. Miller (Eds.), Biaxial and Multiaxial Fatigue, Mechanical Engineering Publications, London, (1989) 
425–436. 

[3] Carpinteri, A., Spagnoli, A., Vantadori, S., Multiaxial Assessment Using a Simplified Critical Plane-Based Criterion, 
Int. J. Fatigue, 33 (2011) 969-976. DOI:10.1016/j.ijfatigue.2011.01.004 

[4] Łagoda, T., Ogonowski, P., Criteria of multiaxial random fatigue based on stress, strain and energy parameters of 
damage in the critical plane, Mat.-wiss. u. Werkstofftech, 36 (2005) 429-437. DOI: 10.1002/mawe.200500898 

[5] Kluger, K., Łagoda, T., Fatigue life of metallic material estimated according to selected models and load conditions, J. 
Theoret. Appl. Mech., 51 (2013) 581-592. 

[6] Walat, K., Kurek, M., Ogonowski, P., Łagoda, T., The multiaxial random fatigue criteria based on strain and energy 
damage parameters on the critical plane for low-cycle range, Int. J. Fatigue, 37 (2012) 100-111. DOI: 
10.1016/j.ijfatigue.2011.09.013 

[7] ASTM E 739–91, Standard practice for statistical analysis of linearized stress–life (S–N) and strain life fatigue data, in: 
Annual Book of ASTM Standards, Vol. 03.01, Philadelphia (1999) 614–628.  

[8] Nishihara, T., Kawamoto, M., The Strength of Metals under Combined Alternating Bending and Twisting, Memoirs 
of the College of Engineering, Kyoto Imperial University, Japan, (1941). 

[9] Muller, A., Zum Festigkeitsverhalten von mehrachsig stochastisch beanspruchten Gußeisen mit Kugelgraphit und 
Tempergu, Fraunhofer – Institut fur Betriebsfestigkeit, Darmstadt, (1994). 

[10] Pawliczek, R., Badanie wpływu parametrów obciążenia i geometrii karbu na trwałość przy zmiennym zginaniu i 
skręcaniu, Rozprawa doktorska, Politechnika Opolska, Opole (in Polish) (2001). 

[11] Niesłony, A., Łagoda, T., Walat, K., Kurek, M., Multiaxial fatigue behaviour of AA6068 and AA2017A aluminium 
alloys under in-phase bending with torsion loading condition, Mat.-wiss. U. Werkstofftech., 45 (2014) 947-952. 

[12] Sanetra, C., Untersuchungen zum Fetigkeitsvwrhalten bei mehrachsiger Randombeanspruchung unter Biegung und 
Torsion, Dissertation, Technische Universitat Clausthal, (1991). 

[13] Kohut, M., Łagoda, T., Badania zmęczeniowe mosiądzu MO58 w warunkach proporcjonalnego cyklicznego zginania 
ze skręcaniem, in: Seweryn, A. (Ed.), III Sympozjum Mechaniki Zniszczenia Materiałów i Konstrukcji, Dział 
Wydawnictw i Poligrafii Politechniki Białostockiej, Poland (2004). 

[14] Lee, S.B., A Criterion for Fully Reversed Out of Phase Torsion and Bending, in: Miller, K.J, Brown, M.W. (Eds), 
Multiaxial fatigue, ASTM STP 853, Philadelphia, USA, (1985) 553-568. 

[15] Sakane, M., Ohnami, M., Sawada, M., Fracture Modes and Low Cycle Biaxial Fatigue Life at Elevated Temperature, J. 
of Engineering and Technology 109 (1987) 236-243. DOI:10.1115/1.3225970 

[16] Walat, K., Łagoda, T., Lifetime of semi ductile materials through the critical plane approach, Int. J. Fatigue, 67 (2014) 
73-77. 

 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


