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ABSTRACT. A three-dimensional crack propagation simulation is performed by the Dual Boundary Element 
Method (DBEM). The Stress Intensity Factors (SIFs) along the front of a semi elliptical crack, initiated from the 
external surface of a hollow axle, are calculated for bending and press fit loading separately and for a 
combination of them. In correspondence of the latter loading condition, a crack propagation is also simulated, 
with the crack growth rates calculated using the NASGRO3 formula, calibrated for the material under analysis 
(steel ASTM A469). The J-integral and COD approaches are selected for SIFs calculation in DBEM 
environment, where the crack path is assessed by the minimum strain energy density criterion (MSED). In 
correspondence of the initial crack scenario, SIFs along the crack front are also calculated by the Finite Element 
(FE) code ZENCRACK, using COD, in order to provide, by a cross comparison with DBEM, an assessment 
on the level of accuracy obtained. Due to the symmetry of the bending problem a pure mode I crack 
propagation is realised with no kinking of the propagating crack whereas for press fit loading the crack 
propagation becomes mixed mode. The crack growth analysis is nonlinear because of normal gap elements used 
to model the press fit condition with added friction, and is developed in an iterative-incremental procedure. 
From the analysis of the SIFs results related to the initial cracked configuration, it is possible to assess the 
impact of the press fit condition when superimposed to the bending load case. 
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INTRODUCTION 
 

he crack growth analysis of flaws is one of the most important parts for structural integrity prediction of metallic 
components in the presence of initial and accumulated in-service damages. The problem of residual fatigue life 
prediction with non-linear loading conditions in structural elements is complex and analytical solutions are 

generally not available.                          
In the present study, the Dual Boundary Element Method (DBEM) [1], as implemented in the commercial software 
BEASY [2], is used to simulate the stress scenario on a hollow cylinder, loaded with non-linear boundary conditions.  
The Stress Intensity Factors (SIFs) are calculated by both the COD (Crack Opening Displacement) [3-5] and the J-integral [6-
11] approaches for different load cases: pure bending, press-fit (involving nonlinear contact conditions at the interface 
between hub and axle) [12] and a combination of them, to understand the impact on the crack of each load case (bending 
and press fit). Then, the growth of the semi-elliptical crack, initiated from the axle surface, is simulated considering the 
simultaneous application of bending and press-fit and using the Minimum Strain Energy Density (MSED) criterion for 
crack path assessment [13]. When considering the crack propagation the SIFs from J-integral approach are adopted.  
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From the analysis of the SIF results related to the initial cracked configuration (for such scenario also SIF results obtained 
by the FEM code ZenCrack have been added for cross comparison), it is possible to assess the impact of the press fit 
condition when superimposed to the bending load case. Due to the symmetry of the problem a nearly pure mode I crack 
propagation is realised (KII and KIII turn out to be negligible) with no kinking of the propagating crack. The crack growth 
analysis is nonlinear because of normal gap elements used to model the press fit condition with added friction, and is 
developed in an iterative-incremental procedure. 
 
 
PROBLEM DESCRIPTION AND DBEM MODEL 
 
Introduction 

he case study, designed by Sander et Al. [14], represents a four point bending hollow axle in a symmetric 
configuration (Figs. 1, 2), so that just half axle needs to be modeled in the DBEM environment.  
Three different load cases have been considered: 

- bending load case; 
- press fit load case; 
- combined load case with simultaneous allowance for bending and press fit. 

 

 
Figure 1: Drawing of the hollow axle and hub, with highlight of the symmetry plane. 

 

Symmetry plane 

 
Figure 2: Drawing of the cracked hollow axle with detail view of crack and fillet double radius. 

 
Uncracked DBEM model 
The DBEM model is made up of two different zones, one for the axle and the other for the hub; the mesh is based on 
quadrilateral or triangular elements with quadratic shape functions and is not needed on the symmetry plane (Fig. 3). 
The bending load is obtained by applying a uniform traction distribution on one axle side, whose resultant force is equal 
to 200 kN, and a point force, equal to 200 kN, in the hub; springs of negligible stiffness are added (on the internal 
diameter, close to the symmetry plane) in X, Y, Z directions to apply the rigid body constraints (Fig. 3).   
The modelling of press fit loading due to an interference of 0.28 mm related to the axle’ diameter, comes from the use of 
gap elements (the corresponding normal gap value is equal to 0.14 mm) at the axle-hub interface (Fig. 3); moreover a 
frictional contact is considered with friction coefficient μ = 0.6. The latter kind of nonlinear loading involves an 
incremental-iterative solution procedure. 
 

T 

Symmetry plane 
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Figure 3: DBEM un-cracked model with highlight of mesh, yz symmetry plane, load introduction (tractions and point force) and 
modelling strategy, based on two distinct zones with normal gap (highlighted in red) at the axle-hub interface. 
 
Cracked DBEM model 
Subsequently to the DBEM stress analysis on the uncracked axle-hub coupling, a semi-elliptical crack has been inserted on the axle in 
the position shown in Fig. 4. After the crack insertion (that is fully automatic together with the inherent local remeshing), the number 
of quadratic elements and dofs increases from 2512 and 31650 to 3134 and 48621 respectively.  
 

 
 

Figure 4: DBEM cracked model with close up of the re-meshed area surrounding the crack and details of the initial crack geometry 
(for the initial crack A=B=3.8 mm and C=1.9 mm).  
 
 
DBEM (AND FEM) RESULTS  
 
Uncracked DBEM model 

or each of the three aforementioned load cases the Von Mises stress scenarios are presented (Figs. 5-7), in order to 
highlight the impact of each load case on the axle level of stress. The bending load case is responsible for high 
level of stresses in correspondence of the (red colored) area that will be selected for crack insertion (Fig. 5). Such 

area is clearly impacted by the press fit condition (Fig. 6) becoming a highly stressed area when the simultaneous 
application of both load cases is considered (red colored area to the left of hub insertion area in Fig. 7). 
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Figure 5: Deformed plot (scale factor 100) with Von Mises stresses [MPa] calculated for the bending load case.  
 
 

 
 

Figure 6: Deformed plot (scale factor 100) with Von Mises stresses [MPa] calculated for the press fit load case. 
 
 

  
 

Figure 7: Deformed plot (scale factor 100) with Von Mises stresses [MPa] calculated for the coupled load case (press fit + bending).  
 
Cracked DBEM model 
From the previous analysis on the uncracked model the most critical area is pointed out and consequently the area of crack insertion 
can be effectively defined (Fig. 4). Again, the stress scenarios are calculated for the three aforementioned load cases (Figs. 8-10) and 
the SIF variation along the initial crack front for the combined bending+press fit load case is showed (Fig. 11a-c): a comparison is 
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displayed between SIFs calculated by DBEM when using COD or alternatively J-integral approaches; the comparison is extended to 
FEM (Finite Element Method) results obtained by the authors using the code ZENCRACK [15].  
The DBEM results obtained by COD are less accurate as expected, because based on "standard" discontinuous elements along the 
crack front [2], with no use of quarter point elements as done in FEM crack modeling. 
 

                  
 
Figure 8: Deformed plot (scale factor 100) with Von Mises stresses [MPa] for the bending load case and close up of the cracked area.  

 

 
 

Figure 9: Deformed plot (scale factor 100) with Von Mises stresses [MPa] for the press fit cracked model and close up of the crack. 
 
 

 
 

Figure 10: Deformed plot (scale factor 100) with Von Mises stresses [MPa] for the combined bending + press fit load case and close 
up of the cracked area.  
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Figure 11a-c: SIF results along the initial crack front for the bending+press fit load case, calculated by COD and J-integral using the 
DBEM code BEASY and the FEM code ZENCRACK (ZC). 
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Figure 12: SIF results along selected crack fronts for the combined bending + press fit load case. 

 
DBEM Crack propagation for the combined bending + press fit load case 
The crack propagation simulation is splitted in 16 steps, with an average crack advance at each step equal to 0.5 mm, and 
with a fully automatic remeshing at each crack advance. SIFs along the crack fronts for the combined bending + press fit 
load case are plotted in Fig. 12: if initially there is a faster crack growth in the depth direction, after few steps the reverse 
happens with a faster crack advance at breakout points. 
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The crack growth rates are calculated with the NASGRO formula (Eq. 1) whose calibration parameters are reported in 
Tab. 1, whereas results in terms of crack sizes vs cycles are shown in Fig. 13. The crack shape variation during growth is 
shown in Fig. 14. Von Mises stresses on the final cracked scenario are showed in Fig. 15: it is possible to observe that as 
expected the propagation proceeds under nearly pure mode I with no appreciable crack kinking due to the prevailing 
bending load case. 
  

 

 

1

1
1

p
n th

q

c

K
C K

da K
dN K

R K

     
 
   

         (1) 

 
 
 

Parameter Value 

C 1.23085 E-12 

n 2.8 

p 0.5 

q 0.5 

thK   152.89 

cK   5097.242 
 

Table 1: NASGRO3 parameters (SIF units [MPa*mm0.5] and growth rates units [mm/cycle]). 
 
 

 
 

Figure 13: Crack sizes (mm) vs cycles: A and B are the crack length measured at break through points whereas C is the crack depth. 
 
 
CONCLUSIONS 
 

he impact on the crack behavior, and specifically on the SIF values along its front, of the superposition between 
the main bending loading case and the secondary axle-hub coupling interference is showed. A relevant impact of 
the press fit loading condition on the overall SIFs along the initial crack front is evident, suggesting the designer to T 
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accurately plan the level of interference values to be adopted when coupling hubs and axles. 
There are some advantages when using DBEM rather than FEM for this kind of non-linear fracture problems: simplified 
modelling of the cracked area and accurate crack growth simulation especially when tackling contact loadings.  
Further developments of this work will be devoted to resolution of the same problem by FEM in order to benchmark the 
two methodologies with reference to preprocessing effort, accuracy and runtimes, even if some results have already been 
anticipated in this paper showing a satisfactory level or correlation. 
 
 

 
 

Figure 14: Crack shape during growth with highlight of J-paths along the crack front. 
 
 

 

    
 
Figure 15: Deformed plot (scale factor 100) with Von Mises stresses [MPa] for the combined bending + press fit load case; close up of 
the cracked area with external (up) and internal views (down).  
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