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ABSTRACT. Recent work by de Matos and co-workers has used digital image correlation to examine the surface 
displacements in the near-tip region of a propagating fatigue crack. The primary purpose of the experiments was 
to investigate crack closure, and successful measurements were made.  However, the data collected can also be 
used to investigate the more general in-plane displacement field in the neighbourhood of the crack tip and to 
compare this with alternative models for near-tip displacements.  Experiments were undertaken using CCT 
specimens manufactured from 6082 T6 aluminium alloy.  Three different specimen thicknesses were examined 
(3, 10, and 25mm), in order to examine the effect of this parameter on the measured displacements, closure 
levels, and crack propagation rates. The current paper re-analyses the experimental measurements by evaluating 
crack face displacements as a function of loading for a region close (i.e. within 500 μm) to the crack tip.  These 
provide an excellent means of validating proposed models of crack tip stresses, strains, and displacements.  The 
measurements will be compared to the predictions of classical crack tip models (such as the Westergaard 
solution, together with a recent elastic-plastic model, proposed by Pommier and co-workers, which partitions 
the field into elastic and plastic components.  The results of these comparisons are discussed and 
recommendations made for future experimental work. 
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INTRODUCTION 
 

he characterisation of crack tip stress fields has been a subject of study since the very beginnings of fracture 
mechanics, and an excellent collection of classical papers can be found in the two-volume compilation edited by 
Sanford [1], [1].  Inglis’ paper of 1913 [2] recognises that, in an elastic material, the stress will be singular at a sharp 

crack tip.  Twenty five years later, Westergaard produced the stress solution for a crack in an elastic medium which forms 
the basis of the stress intensity factor concept.  However, it was not until 1957 that Irwin [4] formalised the definition of 
the stress intensity factor and connected the stress-based approach to the earlier energy-based analysis of Griffith [5].  
Building on these foundations, the concept of the stress intensity factor as a similitude parameter for characterising the 
fracture behaviour of cracks has become widely established.  The concept was extended from uniaxial loading to the 
analysis of fatigue cracks by Paris and co-workers, leading to the formulation of the ‘Paris Law’ in 1963 [6].  K and K 
have proved to be extremely useful parameters, but it has been widely recognised that there are limitations to their 
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applicability.  The usefulness of K in characterising the crack tip stress field relies on the concept of small-scale yielding, 
so that the leading term in the series expansion for the stresses at the crack tip can be taken to characterise the strains 
within the crack tip process zone.  In practice, the K-based approach is found to be useful, even when small-scale yielding 
is not as well satisfied as we would like.  Nevertheless, there remain many situations where the plastic zone is larger than 
the K-dominated region around the crack tip.  Recognition of this feature has led to the development of elastic-plastic 
fracture mechanics, including the use of the J-integral parameter [7] to characterise conditions at the tip of a crack tip with 
a significant plastic zone. 
The foundations of fracture mechanics were built using the tools of analytical stress analysis.  Over the past 40 years, these 
have been supplemented by powerful numerical stress analysis techniques, particularly the finite element method [8].  
These have allowed the analysis of crack tip stress fields to a level of detail previously unattainable and have allowed 
detailed investigation of phenomena such as plasticity-induced fatigue crack closure [9] and complex corner singularites 
[10].  It has also been possible to capture more realistic material behaviour.  Nevertheless, such simulations have their 
limitations.  For example, finite element methods treat the material as a continuum, and ideal isotropic material behaviour 
is often assumed.  However, in practice the area of high stress surrounding a crack tip is often comparable with the grain 
size of the material.  This means that the assumptions of continuum elasticity and plasticity can sometimes be called into 
question.  Hence, there is a long history of experimental work in the field of fracture mechanics, attempting to 
characterise the crack tip stress fields in real cracks and comparing them to the analytical and numerical solutions 
discussed above. 
It is not appropriate here to provide a comprehensive review of the techniques used to investigate crack tip stress fields 
experimentally.  Nevertheless, a brief overview of early work provides a useful background to our current work.  A wide 
range of techniques have been employed, including photoelasticity [11]; caustics [12]; and interferometric approaches such 
as moiré [13].  These have become useful tools, but they are still experimentally demanding and have a number of 
disadvantages, including that the range of materials to be investigated can be limited (e.g. in the case of transmission 
photoelasticity).  Recent advances in image processing techniques, together with the widespread availability of low-cost 
digital cameras, have led to a dramatic rise in the use of digital image correlation for the analysis of cracks, either for the 
measurement of fatigue crack closure [14], [15] or for the determination of stress intensity factors [16].  By its nature, 
digital image correlation involves the analysis of surface deformations, but recent work using X-Ray Synchrotron 
experiments and volume correlation has extended this to full three-dimensional measurement of crack tip stress fields 
[17]. 
Hence, there has been a renewed interest in the characterisation of crack tip stress fields, with the objective of building on 
the understanding of classical fracture mechanics.  In particular, there is a desire to understand phenomena which are 
currently difficult to predict, such as the effect of load (R-) ratio or non-uniform loading on growth rates of a fatigue 
crack.  The availability of sophisticated tools for numerical stress analysis, combined with relatively straightforward 
measurement techniques such as DIC has provided a significant stimulus for work in this area.  The aim of the current 
paper is to examine in more detail some measurements reported by de Matos and Nowell [18], [19] , made in the context 
of an investigation of fatigue crack closure.  These will be re-analysed in order to examine the implications of the 
measurements for crack tip stress, strain and displacement fields. In particular, results for the opening displacement of 
cracks will be obtained as a function of load and these will be compared to the predictions of a recent two-parameter 
model of crack tip stress suggested by Pommier and co-workers [20]. 
 
 
EXPERIMENTAL WORK 
 

he fatigue experiments carried out by de Matos have been described elsewhere [18],[19] and are described in 
greater detail in [21].  Hence, only a brief overview will be given here, so that the reader can understand the 
context of the experimental measurements.  CT specimens were manufactured from 6082 T6 aluminium alloy in 

three different thicknesses (3, 10, and 25 mm). The (engineering) yield stress of the material was measured by means of a 
simple uniaxial experiment and was found to be 323  5 MPa.  The material exhibited relatively little work-hardening, and 
the UTS was around 330 MPa at a nominal strain of 0.07.  The specimens were initially pre-cracked and then tested in a 
servo-hydraulic fatigue machine.  Instrumentation was provided in a number of different forms: a conventional load cell 
measured load on the specimen, and a strain gauge was provided on the back face of the specimen (opposite the crack 
tip).  A conventional ‘Elber gauge’ was used to measure crack opening displacement and, together with the back face 
strain gauge, this enabled the use of compliance methods to estimate crack opening loads.  Crack length was measured 
optically, using a video camera on one side of the specimen.  On the other side of the specimen, a ‘Questar’ long range 
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microscope [22] was mounted on a translation stage.  This could be used to measure crack length, but also to acquire 
images of the area close to the crack tip using a low-cost commercial USB webcam.   Fig. 1 shows an overview of the 
specimen geometry and of the experimental configuration.  The microscope was focussed so as to give a field of view of 
0.6 x 0.45 mm near to the crack tip and this was recorded at a resolution of 640 x 480, giving a pixel size of 0.93 m.  
Loading was carried out at a range of loads (1.5kN > Pmax > 12.5 kN) and with R = 0.1 or 0.125. Images were collected at 
30 fps whilst cycling the specimen at a reduced rate of 0.25Hz.  This gave 360 frames per measurement, recorded over 3 
cycles of loading.  Measurements were repeated at a number of different crack lengths during propagation of the crack. 
 

                        
 

Figure 1: (a) Specimen geometry (side view); (b) experimental configuration. 

 
Fig. 2 (a) shows a typical recorded image.  It will be noted that most of the field of view is located behind, rather than in 
front of, the crack tip.  This is because the primary purpose of the original experiments was to investigate crack closure 
and direct measurements of the crack wake were preferred.  Once the images had been acquired, displacements were 
calculated using digital image correlation using the public domain software written by Eberl et al [23].  The amount of data 
collected was quite significant and it was therefore decided not to analyse the complete displacement field for each image.  
Instead, five pairs of locations, separated by 100 μm along the crack direction were chosen for analysis (see Fig. 2). 
 
 

  
 

Figure 2: (a) Typical recorded image, showing locations at which displacement was calculated; (b) schematic diagram showing use of 9 
points at each location to give better quality results. 
 
At each location, 9 points in a 2 x 2 pixel array were selected for analysis (see Fig. 2b) and the results of these calculations 
were averaged at each location to reduce scatter in the results.  The displacements obtained at each pair of locations were 
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then compared to obtain a value for relative displacement at each of the pairs of locations (1-5, Fig. 2).  As expected, the 
relative displacement varied with load and was approximately sinusoidal with time, corresponding to the cyclic load 
applied (Fig. 3a).  However, it is apparent in Fig. 3(a) that there is a period at low load when the relative displacement does 
not change.  This can be interpreted as the time during which the crack is closed at the location of the measurement.  
Relative displacement can also be plotted directly against load (Fig. 3b), and it can be seen that there is clear evidence of 
crack closure.  At each measurement location, there is very little variation of relative displacement with load until a critical 
value of load is reached, Popi, when the crack opens and a nearly linear variation is exhibited.  Points further away from the 
crack tip (e.g. L5) open at lower loads than those near the tip (e.g. L1), indicating that the crack peels open from the mouth 
to the tip. 
 

                    
 
Figure 3: (a) Typical variation of relative displacement (uy1) with time (frame number) compared to the sinusoidal applied load (P); (b) 
Relative displacement plotted against load, for 5 different measurement locations L1 to L5 (Fig. 2). 
 
 
RESULTS AND ANALYSIS 
 

lthough the original experiments were carried out to measure crack closure, the primary focus of the current 
paper is not in this area, other than that any closure present will affect the crack tip stress fields.  As was 
highlighted earlier, the amount of information recorded ahead of the crack tip is quite limited.  However, 

measurements of crack opening, uy, at different locations along the crack may usefully be used to assess the accuracy of 
different models of crack tip deformation and to experimentally obtain parameters which characterise crack loading.  
According to the conventional elastic model for a sharp crack, the displacement along the crack faces is given by  
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in plane stress, where KI is the mode I stress intensity factor, E is Young’s Modulus (taken as 70GPa for the alloy under 
investigation), and r is the distance from the crack tip.  In (1), the positive sign corresponds to the upper crack face and 
the negative sign to the lower one, so that the relative displacement between points on the two faces is given by 
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Hence, a plot of log (uy) against log (r) should give a straight line with a gradient of 0.5.  Fig. 4(a) shows a typical set of 
results obtained from a 25 mm thick specimen at a mean crack length of 11.7 mm with a maximum load of 12.5 kN and 
an R ratio of 1.0.  In this figure, four different loads are shown, corresponding to P/Pmax between 0.504 and 1.0 (during 
the loading part of the cycle).  At lower loads than this, the crack is closed over much of the field of view.  It can be seen 
that the log/log plot does give an approximately linear relationship between uy and r as implied by (2), and at maximum 

A 

(a) 
(b)



 

D. Nowell et alii, Characterization of crack tip stress fields, Forni di Sopra (UD), Italy, March 7-9, 2011, 42-49                                                 
 

46 
 

load we obtain ur  r0.508 with a correlation coefficient of 0.99.  Note that, in producing this plot, we have taken the 
distance between the first set of measurement points and the crack tip to equal the nominal value of 100 m.  However, 
in common with many image correlation techniques applied to crack problems, it is not possible to know where the crack 
tip is with absolute precision and, in any case, the position of the crack front may vary through the thickness of the 
specimen so that a surface value may not be wholly representative.  It is therefore advisable to undertake a fitting 
procedure to determine the crack tip position by reference to the data.  However, in the current example, it is found that 
introducing an offset of greater than about 10 pixels (9.3 m) significantly worsens the quality of the data fit.  It should be 
noted, however, that in Fig. 4(a) the slope of the lower line is significantly different from those obtained at the higher 
loads (ur  r0.67 with a correlation coefficient of 0.96).  This suggests that (1) and (2) do not provide such a good fit to the 
experimental data when the crack has only just opened. 
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 Figure 4: (a) Typical variation of relative displacement (uy1) with distance from the crack tip (r) at four different values of load 
(P/Pmax); (b) Stress intensity factors measured from displacement data and calculated from the load and the theoretical SIF expression 
for the specimen geometry. 
 
The data plotted in Fig. 4(a) can be used to obtain a value for the stress intensity factor using equation (2).  This may be 
compared to the nominal value of K for the geometry of specimen used and load applied [25]. Data fitting is carried out 
for each load using the five available points and a least squares procedure. The results of this calculation are displayed in 
Fig. 4b.  It can be seen that the experimental results show an excellent linear relationship between load and K (R2 = 
0.9995), and that the slope of the line is very similar to that predicted by the theoretical SIF based on average crack length.  
However, there is an offset to the experimental line, suggesting that K is zero for a load of 4.9 kN (39% of the maximum 
applied load).  An alternative way of explaining this behaviour is the existence of a residual K of -7.8 MPa m0.5 caused by 
crack closure and the associated residual compressive stresses which exist between the crack faces at zero load1. 

 
Elastic-plastic model 
Pommier and co-workers have developed a finite element approach [20] to the prediction of fatigue crack behaviour 
which relies on the decomposition of the crack tip stress field into elastic and plastic components.  If we concentrate on 
mode I loading, the displacement will be expressed as 
 

plelI uuKu                (3) 

 
where KI is the standard mode I stress intensity factor and  is an equivalent scaling factor for the plastic field (effectively 
equal to the crack tip opening displacement).  The quantities uel and upl are respectively the elastic and plastic components 
of the stress field caused by a unit K or .  uel is simply that implied by the Westergaard solution [3], whereas upl can be 
obtained (to a first approximation) by the displacement field resulting from a unit dislocation at the crack tip, with the 

                                                 
1 It should be realised, of course, that a negative stress intensity factor has no physical meaning on its own, but it is a convenient 
concept in a superposition argument when combined the applied value, provided that the total K > 0. 
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branch cut along the crack (i.e. a constant displacement along the crack).  Once these parameters have been defined, it is 
possible to investigate the behaviour of the crack K /  space.  Model predictions suggest that some phases of loading 
(e.g. initial loading from zero, or initial unloading) result in largely elastic behaviour (i.e. a change in K, but not in ) and 
this can be interpreted as a reason for the existence of a threshold K  since crack extension is only likely to occur if there 
is a change in the plastic part of the displacement field (i.e. ) during a given increment of load.  Figure 5(a) shows a 
schematic of crack behaviour in crack K /  space. 
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Figure 5: (a) Schematic of crack behaviour in K /  space (after Pommier et al [20]); (b) Analysis of crack displacements according to 
the elastic-plastic model (Eq. (4)) – loading part of the cycle. 
 

The experimental results described above can be used to investigate the validity of this approach.  Within the framework 
of the model, the relative displacement of the crack faces will be a superposition of that caused by the elastic and plastic 
parts of the field.  Namely 
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Hence, a plot of uy against √r should give a straight line with a gradient of 8KI/(E√(2)) and an intercept of .  Fig. 5(b) 
shows the same data as in Fig. 4(a) interpreted in this way.  It can be seen that the displacement data do, indeed, give 
straight lines when plotted in this manner, but that the intercepts (corresponding to  are relatively small.  This is 
unsurprising, given the good fit of the elastic model (Fig. 4).  We should also note that for the loading phase, values of  
obtained are generally negative, which does not make physical sense.  However, positive values are obtained if the data for 
the unloading part of the cycle are analysed and there is therefore some evidence of the hysteresis type of behaviour 
shown in Fig. 5(a), even though the values of are incorrect and the shape of the loop is also not as expected.  In 
interpreting this data, we should recognise that, as noted above, the crack tip position can be difficult to estimate in the 
DIC images.  We therefore re-analysed the data using a range of possible crack tip offsets to adjust the position of the 
crack tip relative to the first measurement.  Figure 6a shows the results of such a calculation with a crack tip offset of -60 
pixels (i.e. with the crack tip positioned 40 pixels or 37.2 μm from measurement point 1 (Fig. 2.)).  It can be seen that the 
data still produces reasonable straight line variations of displacement with r.  The correlation coefficients obtained for 
P/Pmax > 0.5 lie in the range 0.939 < R2 < 0.987, compared to 0.954 < R2 < 0.993 for the case with no offset.  A similar 
plot can be obtained for the unloading part of the cycle, and the variation of K and can be plotted for a complete cycle, 
to produce an experimental graph in the same form as Fig. 5a.  The resulting plot is shown in Fig. 6b. 
 

(a) (b) 



 

D. Nowell et alii, Characterization of crack tip stress fields, Forni di Sopra (UD), Italy, March 7-9, 2011, 42-49                                                 
 

48 
 

‐2

0

2

4

6

8

10

12

14

16

0 5 10 15 20 25

D
is
pl
ac
e
m
en

t (
pi
xe
ls
)

sqrt(r) (r in pixels)

P/P_max = 0.1

0.249

0.368

0.504

0.623

0.757

0.871

1.0

   

0

2

4

6

8

10

12

0 0.5 1 1.5 2 2.5 3 3.5

K
 (M

Pa
 s
qr
t(
m
))

pixels

Loading

Unloading

 
 

Figure 6: (a) Analysis of crack displacements according to the elastic-plastic model (Eq. (4)) – loading part of the cycle.  Crack tip 
offset = - 60 pixels (- 55.8 μm); (b) variation of K and  for a complete cycle, Crack tip offset = - 60 pixels. 
 
The opportunity has been taken in Fig. 6b to plot data corresponding to all of the loads captured in the experiment where 
the crack is open (P/Pmax > 0.35).  This gives some measure of the amount of scatter experienced.  It will be seen that the 
results exhibit qualitatively the hysteresis behaviour predicted by Pommier’s model (Fig. 5a and [20]).  There are, however 
some differences.  In particular, it appears that the measured value of  continues to increase slightly for a short while 
after the load is reversed, although as expected the measured value of K starts to fall.  This does not seem to be physically 
sensible.  Some preliminary investigations show that this ‘overshoot’ can be eliminated by increasing the negative offset to 
about -90 pixels, although such a value would suggest that the crack tip is very close to the first measurement point, which 
is not what was thought to be the case when the original experimental results were recorded. 
 
 
DISCUSSION AND CONCLUSIONS 
 

he paper has described a set of digital image correlation measurements made on propagating fatigue cracks in 6082 
T6 aluminium.  These were originally made with the objective of examining fatigue crack closure on three 
different thicknesses of CT specimen.  In the current paper, some of the original results have been re-analysed to 

give the variation of crack profile against load for a complete loading cycle.  The results appear to fit reasonably well to 
the classical elastic model of near tip displacements and quantitative information can be obtained for the corresponding 
stress intensity factor.  The results show that the variation of K with load is relatively close to that expected from the 
stress intensity factor solution for the specimen geometry, but that there is a significant negative residual K caused by the 
contact stresses during the crack closure phase of loading. 
The same data has also been analysed according to the elastic-plastic model proposed by Pommier and co-workers [20].  
The results show that small negative values of crack tip opening, , are obtained when the nominal position for the crack 
tip is assumed.  If the crack tip position is adjusted, more physically-representative values can be obtained and there is 
some evidence of the hysteresis behaviour predicted by Pommier’s model.  This hysteresis behaviour contrasts with that 
observed using the elastic model, where the relationship between load and stress intensity factor is virtually the same 
during loading and unloading. The dependence of the results on the assumed position of the crack tip is not unexpected, 
but there appears to be a relatively wide range of positions which produce acceptable results.  A robust means of 
identifying the ‘best fit’ position is therefore required. 
Space considerations preclude a comprehensive presentation of the results here, and we have concentrated on analysing 
the data obtained from a single specimen at a single crack length.  The data originally collected by de Matos [21] is far 
more comprehensive than that presented here, consisting of measurements from 20 specimens at three different 
thicknesses and, typically, around 25 crack lengths per specimen.  The majority of this data remains to be analysed.  It 
should also be pointed out that the results presented here have only analysed the displacements at the five locations 
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chosen by de Matos for the DIC calculations.  Should more data be required, it would be possible to re-analyse the 
original videos to give displacement information at a wider range of locations. 
The work presented demonstrates the power of the digital image correlation technique for work of this nature and 
suggests that further experimental work of this nature has much to offer in furthering our understanding of crack tip 
stress fields in propagating fatigue cracks. 
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