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ABSTRACT. Cyclic non-proportional loading is common experimental practise for
investigations of large structures like vehicles. Numerical analysis of local non-
proportional loading conditions is also a well established field of research and
application. However, theoretical and practical support is rare for evaluating the
growth of fatigue cracks under non-proportional cyclic loading conditions. At least
seven influence factors — most of them not yet throroughly understood — are listed and
discussed in the paper: the mode-mixity, the material’s influence including its
anisotropy if existant, the degree of cyclic plastic deformation and its direction ahead of
the crack tip, the crack closure phenomenon, the related mean stress effect, the
component’ s geometry in general and especially the variable mode-mixity along a crack
front. Two crack propagation mechanisms must be considered: The tensile stress
dominated, mode Il minimising mechanism and the shear stess dominated mechanism.
Transition mode-mixities are observed. Some successful explanations of experimental
findings have been published, however, a generally accepted and validated formulation
of a crack driving force parameter is out of sight.

INTRODUCTION

Most of the engineering structures and components are subjected to fatigue load
conditions, which are a combination of various load sequences originating from
different sources. Only in rare cases, a correlation of these load sequences may be
observed. For ground vehicles, for example, the excitation provided by the roadway
surface is uncorrelated with load sequences from manoeuvring, be it curving or
acceleration and braking. After an onset of fatigue damage — for metallic materials this
generally means the initiation of a fatigue crack — the crack is cyclically loaded in a way
such that at the crack front non-proportional mixed-mode situations will exist.

In experimental investigations of the fatigue strength of such structures, it is common
state of the art to reproduce the action of varios load sequences in their realistic
interconnection in a laboratory. Chassis suspension test systems, for example, with



twelve or more actuators simultaneously loading the structure is a common sight in
vehicle test laboratories.

In numerical fatigue life assessments, methods for dealing with the initiation of
fatigue cracks are available even for the complicated non-proportional cases of
combined cyclic loading. The accuracy of the fatigue life estimates obtained by
applying these methods and the associated software tools is still under thourough
investigation. Nevertheless, the engineers responsible for the fatigue strength of the
structures are supported by these helpful numerical tools. The theoretical and practical
support immediately stops as soon as the growth of fatigue cracks under non-
proportional cyclic loading conditions is a matter of concern. A great discrepancy exists
between experimental and numerical feasibilities of performing a proof of structural
durability.

The topic of non-proportional mixed-mode fatigue crack growth has become a field
of scientific interest. The intention of this paper is to provide a collection of references
to already investigated cases, the experimental observations and the analytical and
numerical models developed therein.

MIXED-MODE FRACTURE CRITERIA

An early hypothesis for mixed-mode fracture was published by Erdogan and Sih [1].
Their maximum tangential stress criterion postulates that a mixed-mode loaded crack
extends in the direction perpendicular to the maximum tangential stress ahead of the
crack tip. The stress involved is usually calculated for linear elastic conditions and only
the near the crack tip asymptotic, singular stress field is exploited. Shih [2], however,
extended the maximum tangential stress criterion to elastic-plastic analysis for strain
hardening material.

Sih [3] further proposed the strain energy density criterion according to which crack
extension in the direction of the minimum strain energy density is assumed. Another
energy-based approach was developed by Hussain et al. [4] who made the maximum
energy release rate of a kinked crack responsible for fracture propagation. All of the
hypotheses listed so far predict very similar directions of a growing crack under mixed-
mode | and Il conditions. In the case that any of the aforementioned hypotheses is
applied for fatigue crack growth analysis, the crack path is predicted such that the mode
Il loading at the crack tip is minimised.

A completely different path is obtained by the maximum shear stress criterion [5,6].
This criterion is especially useful in some cases when a crack subjected to mixed-mode
I and Il loading may remain or turn to propagate in a direction collinear with the plane
of the maximum shear stress rather than the plane plane perpendicular to the maximum
normal stress. Such a fatigue crack growth behaviour is observed, for example, during
stage | of microstructurally short cracks as well as under enforced severe cyclic plastic
deformation of notched axis-symmetric shafts under torsion.



This initial list of most relevant mixed-mode fracture criteria is concluded with
reference to extensive literature surveys of mixed-mode fatigue crack growth under
proportional [7,8,9] and non-proportional loading [10].

OBSERVATIONS ON FATIGUE CRACKS GROWING UNDER NON-
PROPORTIONAL LOADING

Superimposing non-proportional mixed-mode conditions may be performed in
innumerably different ways. In academic studies on the subject the available test rig is
the limiting feature for the choice of non-proportional load sequences. Having only a
uniaxial testing machine at hand, all what can be achieved is to change the crack tip
loading mode (or the mode-mixity) abruptly by changing the specimens’ fixing
conditions. Investigations on mode | pre-cracked specimens which are sujected to a
mode-mixity, tan ® = AK,; / AK,, different from zero may be seen as being
investigations on non-proportional mixed-mode loading concerning the early growth
after the mode-mixity change.

Abrupt change of the mode-mixity

The crack growth rate for the non-proportional first cycle after a mode-mixity change is
experimentally inaccessible. The investigations focus on the crack deflection angle from
the direction of the pre-crack grown under pure mode I. Since the early investigation of
lida and Kobayashi [11] the majority of experimental results [7,8] show a crack turning
or kinking towards a path minimising AK; which may be well described by the
maximum tensile stress criterion. However, Roberts and Kibler [12] found cases for
which the maximum tensile stress criterion was not valid. For high mode-mixities co-
planar (with the original Mode | pre-crack) fatigue crack growth was observed. In
descriptions of this observations, the maximum shear stress criterion must be called.
Besides the mode-mixity, this behaviour seems to be dependent on the material under
investigation. No clear classification is available today with respect to which materials
show preferred obedience to a mixed-mode criterion deviating from the popular
maximum tensile stress criterion and its close relatives, strain energy density and energy
release rate criterion. A third factor influencing the fatigue crack growth behaviour must
be emphasised: The co-planar, nearly maximum shear stress driven fatigue crack growth
behaviour is observed preferrably for higher stress intensity factor ranges. At the same
time, this means that larger and more extended cyclic plastic deformations occur in the
vicinity of the crack tip. Plastic deformations in metals — when observed on the
microscopic scale — are dislocation motions in planes with high shear stresses. It seems
that these planes provide the opportunity for crack extension. Even under the
conventional mode | fatigue crack growth situation, the micro mechanism of crack
extension is explained by shear bands deviating from the mode | plane. Under mode |
conditions two symmetric (to the mode | plane) shear systems are competing. After a
deflection to the one side, the other, originally symmetric shear system’s intensity
increases and forces the crack tip to move back towards the symmetry plane. On the



macro scale, this fatigue crack growth mechanism results in the rough fracture plane.
Under mixed-mode conditions a symmetry-return mechanism may also appear after an
initial kinking leading to the fatigue crack growth path described by the maximum
tensile stress criterion. Eventually, at high mixed-mode stress intensity ranges, one
shear plane remains dominating and the fatigue crack stays in this plane. For thes cases,
even crack growth rate data can be aquired. A mixed mode stress intensity factor range
AKmm Was introduced replacing the conventional stress intensity factor range in a crack
growth rate equation (see the overview in reference [10]) according to:

ARy = (AK+q-AK )" )

Values of m= 2 together with g = 2 were suggested as well as m = 4 together with q =4
or g = 8, or all of the parameters adjusted to experimental evidence [8].

In some cases, delayed deflection after a short distance of co-planar, shear mode
driven propagation was observed, see for example Gao et al. [13]. Opposite (or in
addition) to what was said to the data from reference [12], the co-planar growth was
observed in the near threshold region. In the discussion of the obtained results a fourth
item with strong influence on the fatigue crack growth behaviour is outlined: The crack
closure mechanism must be considered. Especially the roughness induced closure in
high mode-mixity situation gives rise to a mode Il crack tip shielding for low stress
intensity ranges. Large plastic deformations in combination with wear at the fracture
surface may — on the other hand — remove and crack closure associated with mode 1I.
As it is the case in mode | fatigue crack growth, crack closure and mean stress effect are
closely related phenomena and therefore all effects should be discussed against the
background of the mean stress or stress ratio effect, R = Knin / K-

In a recent investigation by Highsmith [10] the abrupt change of mode-mixity was
not only performed from pure mode | to proportional mode Il and mode | loading.
Highsmith used mode | pre-cracked thin-walled tube specimens with the pre-crack
oriented perpendicular to the specimen axis. With a testing equipment able to apply
cyclic tension and torsion independently of each other on the specimen, real long-
ranging non-proportional load sequences can be applied. The material was the Nickel-
based super alloy Inconel 718. It was tested at room temperature and the maximum
stress intensity factors at the pre-crack front were in the order of 10 to 25 MPam®®.
Positive stress ratios were applied, R= 0.1 in most cases with some results also for R =
0.6. In his accompanying study on proportional tension-torsion loading, he discovered
the transition from the maximum tensile stress dominated crack deflection to the nearly
co-planar maximum shear stress dominated crack growth occuring at a mode-mixity of
44°. The situation of two competing criteria may be visualised in an interaction diagram
according to Figure 1.
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Figure 1. Schematic visualisation showing the competition of the maximum tensile and
the maximum shear stress criterion.

In non-proportional mixed-mode loading the mode-mixity varies during a cycle.
Highsmith presents his results in diagrams showing the deflection angle as a function of
the mode-mixity. In Figure 2, the reproduction of some Highsmith’s results, in
especially the results for constant torsion and cyclic tension, show that none of the
criteria mentioned so far is able to predict the correct deflection angle. This statement
holds for both options, inserting the mode-mixity at the maximum load or for the
ranges.

Highsmith also tested a few through-crack round specimens. The main difference
between a thin-walled tube and the round shaft with a through-(pre-)crack is that the
mode-mixity varies considerable along the crack front in the latter case. This issue
inserts a sixth factor of influence on the non-proportional (but also on the proportional)
mixed-mode fatigue crack growth: At the different positions along the crack front, the
crack may obey to different criteria and therefore it may follow different deflection
angles. The final fracture surface appears either strongly warped or it shows a step-like
joining of cracks initially grown in different planes according to different criteria.
Moreover, the out-of-plane constraints differ between the specimens in that the thin-
walled tube creates a plane-stress situation and in the through-crack round specimen a
plane-strain situation prevails. If the starter crack is cut in a direction which deviates
from being perpendicular to the specimen axis, mode Il non-proportional conditions
may be investigated, too. Observations on this loading case are unaware to the present
authors.
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Figure 2. Crack deflection angles over the range of mode-mixity for constant torsion
with superimposed cyclic tension after Highsmith [10].

Highsmith concludes there is no single formulation at hand to predict crack direction
for all cases. A best-practise approach is proposed which is based on the stress intensity
factors at an infinitesimally small kink crack’s tip, k; and k.

klzcosg(K,coszg—gK,, sin Sj (2)

K, :%cosg(Klsinlﬂ K, (3cos $-1)) @)

In the Egs. (2) and (3), 4 is the kink angle. Since crack deflection angles fall between
the angles of maximum kink tip stress intensity factor, ki max, and the maximum Kink tip
stress intensity factor range, Ak;, a crack driving force combining the influence of both
was suggested:

Ak = AK" K, (4)

A fitting parameter, w, appears in Eq. (4) which is allowed to take different values for
the two cases, i = 1 (tensile stress dominated), and i = 2 (shear stress dominated). A
transition criterion similar to what is shown in Fig. 1 completes the approach.

Highsmith formulated his concept against the background of his overview on
published results. The reference to two more summary papers by Liu [14] and Bold [15]



is given here, both focussing on rolling contact fatigue which is a special type of non-
proportional mixed mode loading. Some of these papers are discussed in a later
paragraph; the others are referenced here for an attempt for — however, unreachable —
completeness [16-26]. Highsmith did not intend to compare crack growth rates when
applying Eqg. (4) in connection with a crack growth law for pure-mode loading. He only
restricted his work to the description of deflection angles which, however, is an
important pre-requisite for any fatigue crack growth modeling. In the following
amendments to Highsmith’s overview are listed.

Effect of interposed mode Il load cycles on mode | fatigue cracks

It is well known that mode | overloading leads to a crack retardation or arrest [27,28]
under pure mode | loading. Investigating the effect of mode Il overloads — as a special
case of non-proportional loading — Nayeb-Hashemi and Taslim [29] found that in
contrast to mode | overloads, mode Il overloads give rise to short time crack growth
acceleration with no retardation afterwards. In contrast to their observations, Gao and
Upul [30], who applied ten overload cycles instead of only one, Srinivas and Vasudevan
[31], Sander and Richard [32] as well as Dahlin and Olsson [33,34,35] observed an
retardation of the mode | crack after the mode Il overload, see Fig. 3. Based on the
results shown in Fig. 3, Dahlin and Olsson [33,34,35] stated that there should be a
certain threshold value for the mode Il overload, below which no decrease of the
subsequent mode | crack growth rate occurs. They found the crack closure due to the
mode 1l displacement of the crack-surface roughness which causes mismatch between
the upper and lower crack faces to be the main reason for the decrease in crack growth

rate.
A

mm/cycle
O L

K, =20 MPam?3

—\

40 MPam?03
20+

Crack growth rate difference

-40 I I
20 40 60 mm
Crack length

Figure 3. Change in mode I crack growth rate due to a single mode Il load cycle of three
different magnitudes (AK, = 20 MPam®®, R=0.1) after Dahlin [35].



Changing the overload from purely mode Il to Mixed-mode, Sander and Richard [32]
and Srinivas and Vasudevan [31] observed that, by fixing the size of the transient plastic
zone, the crack growth rate retardation decreases with an increasing mode Il portion.

Dahlin and Olsson [36] extendend their study to investigate not only the case of
mode Il overloads, but also periodic mode Il cycles during mode | loading. They stated
that AK|, the R-ratio of the mode I loading, the magnitude of the mode Il loadcycles and
the frequency of the mode Il cycles, i.e. the number of mode 1l loadcycles per mode |
loadcycles, are the main parameters concerning the influence of the sequential mode Il
cycles on the crack growth behavior. They found two mechanisms resulting from the
mode Il loadcycles: mode Il-induced crack closure, which results in a reduction of the
crack propagation rate, and a mechanism that increases the growth rate temporary at
every mode Il load. For a crack with high mode | R-ratios, i.e. the crack is open during
the whole mode | loadcycle, the decreasing effect of the mode Il load on the crack
growth rate vanishes. They also stated that the crack path deviation from the mode |
crack path is only significant at high mode Il frequencies, as shown in Fig. 4.

Direction of K, loading

o
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>

Figure 4. Crack path of a specimen under cyclic mode | loading with gradually
increasing mode Il frequency after Dahlin and Olssen [36].

As a limiting case of the aformentioned loading Doquet and Pommier [37] studied
sequentially applied mode | and mode Il load cycles in ferritic-pearlitic steel. They
observed coplanar growth for mode-mixities ® between 45° and 76°, see Figure 5.

For a mode-mixity of 76° they found that the crack growth rate is the sum of each
contribution. However, for higher mode-mixities they found a synergetic effect
resulting in a faster growth compared to the simple sum of both contributions. This
effect was also observed by Wong et al. [38,39] for a rail steel. Doguet and Pommier
explained the different bifurcation behavior between their and Wong’s results, who
observed deflection to tensile dominated crack propagation at mode-mixities below 63°,
by the different loading conditions in both tests.
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Figure 5. Crack path development in sequential mode I+11 loading with
AK); = 20 MPa'm®® after Doquet and Pommier [37].

Effect of superimposed static component on fatigue crack growth

Another special case of non-proportional loading, which was often investigated in
research, is the superposition of a static and a cyclic load component. Here, the
following kinds of non-proportional loading can be distinguished:

Cyclic mode I loading and static mode Il load
Cyclic mode Il loading and static mode | load
Cyclic proportional loading and static mode 1 or 11 load
Cyclic mode | or 11 loading and static Mixed-mode load

N S

Plank and Kuhn [40] studied the crack growth behavior under load cases (1), (2) and
(4) on different aluminum alloys using compact tension shear specimen [41]. Within
their studies they distinguish two modes of propagation, as shown in Fig. 6; a mode |
controlled deviation named tensile mode and a coplanar mode Il controlled crack
growth named shear mode.

Mode | controlled Tensilr(]e mode
Statlc mode | growt
precrack
Cycllc mode 11
Mode I controlled_ Shear mode growth
Static mode |
precrack
Divw
e |
Cyclic mode 1l

Figure 6. Different modes of stable crack growth after Plank and Kuhn [40].



They stated that stable shear mode crack growth can only be observed under cyclic
mode Il with superposed static mode I, while for cyclic mode | with superposed static
mode 11 as well as for cyclic mixed-mode with superposed static mode I only stable
tensile mode | crack growth is observed. Moreover, once the crack has turned into
tensile mode it will not reverse to shear mode any more. Based on their experimental
findings, they stated that two loading parameters and one material-specific parameter
are decisive for the kind of crack propagation. For the initiation of shear mode crack
growth, the effective range of the mode Il stress intensity factor AKj s must exceed a
certain threshold value AK, +sm, Which is material-specific. Furtermore, the AK;-value
on the starter crack has to be larger than the mode | range Ak; an the infinitesimally
short kink crack’s tip. They also found AKj sm to be indirectly proportional to the
average grain size.

Concerning the crack growth rates they found that under cyclic mode Il a static mode
I load leads to a significant increase in crack growth rate, because of the reduction of
crack face contact. This result is confirmed by several other researchers, e.g.
[42,43,44,45]. Moreover, at identical cyclic stress intensity factors, the crack growth
rate is higher, if the crack is growing in shear mode than in tensile mode, what would be
in accordance with Eq. (1). The introduction of a static mode Il component on cyclic
mode | loading leads to a decreasing crack growth rate and therefore to longer fatigue
lives. Plank and Kuhn [40] explained this behaviour by increasing friction between the
two crack faces.

Effect of phase shift on fatigue crack growth

A case of non-proportional loading, which has become much attention, is the out-of-
phase loading. Especially the 90° out-of-phase loading shows significant differences
compared to the proportional loading. In Table 1 a comparison of fatigue lives under
proportional and non-proportional loading is presented.

Referring to the results of the publications cited in Table 1, a phase shift from in-
phase loading to out-of phase loading leads to a increase in fatigue life, if the test are
performed in a stress or load controlled condition. This increase is caused by a smaller
increase in local deformations (plastic ratcheting) [9]. In contrast to this, under strain
controlled test, the fatigue life decreases under out-of-phase loading compared to in-
phase loading. However, the material also plays an important role. What was said above
holds for ductile materials wheras for semi-ductile materials a life reduction in strain-
controlled condition could not be observed. The total life discussed here is the sum of
the life to inititate a crack of technical size and subsequent fatigue crack growth.
Whether or not these general statements on the total life can be transformed unaltered to
the crack growth life alone has not yet been investigated. One aspect of this practically
relevant distinction is that the fatigue cracks have to initiated in the test specimens
applying the same load sequence as it is used in the crack growth investigation. In these
cases, the academic abrupt initial mode changes hardly appear. A variety of such
experimental results have been published by Bruning et al. [59,60,61]. In these
experiments on thin-walled tubes under non-proportional tension and torsion, the wall
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thicknes increased considerably from the smallest net cross-section towards the
clamping region due to shouldering. This mild notch effect enforced the fatigue crack to
search its path in the region of small cross section, thus increasing the mode Il
contribution by torsion compared to a tube specimen with constant wall thickness. A
seventh influence parameter — the component’s geometry in general — has therefore
been identified of affecting the non-proportional (and the proportional) mixed-mode
fatigue crack growth.

Table 1. Comparison of fatigue lives under porportional and non-proportional loading
(mainly after [46])

Material Noo=/Nge Noo/Noe, control Reference

for for condition in

Ca = COnst. €a = CONSt. test
Steel 0.1 - Ca Tipton [47]
S460N 10... 20 0.21...0.28 €a Hoffmeyer [48]
S460N 2.3 0.3 Ga, €a Sonsino [49]
CK45 0.4 - Ca, €a Sonsino [50]
SAE 1045 5 0.6 G €a Pan [51]
25 CrMo4 0.6 - Ca Grin [52]
30 CrNiMo8 1.1 0.4 Ca, €a Sonsino [49]
X6CrNiNb18-10 | . 0.54..1.4 (LCF) | g, Hoffmeyer [48]
X6CrNiTi18-10 | 3.8 0.5 Ga, €a Hug [53]
X10CrNiTi18-9 | 1.1 0.5 G €a Sonsino [49]
AlMg4.5Mn 1 0.77 ...0.9 €a Hoffmeyer [48]
6061 Al T6 - 0.2 €a Xia [54]
AlMgSil - 0.5 €a Ahmadi [55]
AZ91 - 3.4 €a Renner [56]
Ti-6Al-4V - 0.1 €a Nakamura [57]
1045 - 0.17 ...2.81 €a Fatemi [58]
CONCLUSION

A lack of tailored, validated and accepted mixed-mode hypotheses for application
with especially non-proportional crack tip conditions must be stated. Specifying simply
the sum of crack growth rated from each mode contribution as suggested by Doguet and
Pommier [37] as well as Doring [46] is certainly not the final end of the development. A
way out of purely empirical descriptions of experimental finding for special loading
situations might be pointed by a rather unknown suggestion published by Hertel et al.
[62]. The AJ-integral at a crack tip under non-proportional mixed mode loading remains
— despite sound expectations — a fairly path independent quantity. The path
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independence — if validated for more cyclic load conditions — would suggest its
application as crack driving force.
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