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ABSTRACT 

The solution of the elastostatic problem of an orthotropic body having a central inclined crack and 
subjected at infinity to a uniform biaxial load has been employed. It is assumed that the crack line 
does not coincide with an axis of elastic symmetry of the body. The stress filed is reported. 
The topic of the present paper is the extension of the maximum Circumferential Tensile Stress 
Criterion to orthotropic materials, in order to obtain the crack initiation angle, pointing out the 
effects of orthotropy and load biaxiality. The influence of the non singular terms on the crack 
initiation angle is also investigated. 
 
 

1   INTRODUCTION 
The elastostatic problem of an orthotropic body having a central inclined crack and subjected at 
infinity to a uniform biaxial load has been studied in [1]. It is assumed that the crack line does not 
coincide with an axis of elastic symmetry of the body. The problem must be considered as one of 
general orthotropy, due in particular to the fact that the elastic coefficients of the material change 
with rotation of the reference system. The original problem has been transformed with respect to 
the rotated system of coordinates which is proper of the crack.  
One of the main purposes of this paper is to predict the initial crack growth. The Maximum 
Circumferential Tensile Stress Criterion [2] has been used for the isotropic solids and applied by 
Buczek and Herakovich [3], Saouma et al. [4], Beuth and Herakovich [5] Ayari and Zhiming [6] 
and Carloni et al. [7] to orthotropic plates with a crack aligned with one of the axes of elastic 
symmetry. In this work, the Maximum Circumferential Tensile Stress Criterion is extended to the 
general case with the crack not aligned to one of the direction of elastic symmetry. It is assumed 
that the critical stress intensity factor for Mode-I has a polar variation [3-7]. The crack initiation is 
determined via minimization of the ratio of the circumferential stress over the material critical 
stress intensity factor for Mode-I, pointing out the  effects of orthotropy and load biaxiality on the 
near tip elastic fields and on the angle of incipient crack propagation.  
 

2 THE INCLINED CRACK PROBLEM 
Consider an homogeneous, orthotropic and infinite plate, having a central crack, of length 2l, 
inclined of an angle ϕ with respect to the x1-axis of the Cartesian co-ordinates system O (x1,x2) 
(Fig. 1). Suppose that the crack is not aligned with one of the orthogonal axes of elastic symmetry 
of the body, coincident with the co-ordinates system O (x1,x2). Moreover, admit that the 
orthotropic body is subjected at infinity to a uniform biaxial load, applied along  x1 and x2-
directions.  
The uniform load at infinity * ( )
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k is the biaxial load parameter. 
 

Fig. 1: The inclined crack geometry 
 
The fracture response of an orthotropic  plate having a crack not aligned with one of the axes of 
elastic symmetry has been carried out by Tsukrov and Kachanov [8], Prabhu and Lambros [9] and 
Nobile et al. [1], among others. In terms of polar coordinates (r,ϑ ) centred at the crack tip, the 
stress field near the crack tip is expressed by [10,11]: 
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where λ=T1/T2, and I 2K T= πl , II 2K T= πl  are the stress intensity factor for Mode-I and 
Mode-II respectively. The coefficients appearing in Eqs. (4)-(6) are reported in [11]. Note that the 
stress intensity factors correspond to the ones of the isotropic case. This means that the expressions 
of the stress intensity factors do not depend on the inclination of the crack respect to the directions 
of elastic symmetry of the material. The stress intensity factors depend only on the geometry. 
Note that also the non-singular terms are included. They affect all the stress components *

ijσ , 
despite of the isotropic case. 
 

3    MAXIMUM CIRCUMFERENTIAL TENSILE STRESS CRITERION 
For isotropic materials, the circumferential stress *

ϑσ  defined as: 
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can be studied, following the criterion proposed by Erdogan and Sih [12], for analysing the crack 
extension angle. The criterion states that the direction of crack initiation is the one defined by the 
maximum of the circumferential tensile stress. Referring to the above direction, the crack 
extension begins as soon as the circumferential stress reaches a critical value, related to the critical 
stress intensity factor for Mode-I. For isotropic materials the fracture toughness is a constant 
function of the polar angle ϑ . 
The maximum circumferential stress criterion, used for isotropic material, is inadequate to predict 
the crack extension angle for orthotropic materials. In fact, in this case the critical stress intensity 
factor for Mode-I varies with polar angle ϑ . If  1x

ICK  and 2x
ICK  are the critical stress intensity 

factors for Mode–I along the axes of elastic symmetry x1 and x2, the critical stress intensity factor 
on the ϑ  plane will be: 
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The criterion, proposed by Saouma et al. [3] Buczek and Herakovich [4] and Carloni et al. [7] 
consists of finding the maximum of the following function: 
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The direction, corresponding to the value of ϑ  for which Rϑ  becomes maximum, is the crack 
extension direction. The mentioned value of ϑ , defining the crack growth direction, is indicated 



with 0ϑ . In order to find the value of 0ϑ , it is convenient to analyse the maximum of the following 
normalised function: 
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considering that critical stress intensity factor for Mode-I is calculated referring to x1, x2. 
For studying the maximum problem it necessary to fix the value of r/l. In the present study  r/l 
was taken as 0.01. It was also assumed that the critical stress intensity factors ratio  1x

ICK / 2x
ICK  can 

be evaluated by the elastic moduli ratio 1 2/E E . 
Referring to three different orthotropic materials (Arcisz and Sih [12]), Steel-Aluminium (Fig. 2), 
Glass-Epoxy (Fig. 3) and Graphite-Epoxy (Fig. 4), and using the mentioned criterion, the crack 
extension angle 0ϑ  versus the crack inclination angle ϕ, is obtained for different values of the 
biaxial load parameter, as shown in figures 2-4. 
Note that the crack initiation angle depends on the elastic properties of the orthotropic material. In 
particular, when the elastic moduli ratio E1/E2 becomes close to one, the crack extension angles, 
predicted by the Maximum Circumferential Tensile Stress, approximate the values obtained in the 
isotropic case. This means that the value of the crack extension angle depends not only on the 
biaxial load parameter but also on the orthotropic behaviour of the material. For a fixed value of 
the crack inclination angle ϕ, the crack initiation angle is an increasing function of s. Note also that 
for k>1 the crack initiation angle can be negative.  

Fig. 2: Steel Aluminium: crack initiation angle 0ϑ  vs. crack inclination angle ϕ, for different 
values of the biaxial load parameter. Evaluation of the non singular terms effect. 
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Fig. 3: E-Glass Epoxy: crack initiation angle 0ϑ  vs. crack inclination angle ϕ, for different 
values of the biaxial load parameter. Evaluation of the non singular terms effect. 

 

Fig. 4. Graphite Epoxy: crack initiation angle 0ϑ  vs. crack inclination angle ϕ, for different 
values of the biaxial load parameter. Evaluation of the non singular terms effect. 

-90

-70

-50

-30

-10

10

30

0 30 60 90

ϕ   (°)

k=0 k=0.5
k=1 k=3
k=5 k=10
k=0 k=0.5
k=1 k=3
k=5 k=10

   (°)0ϑ
E-Glass Epoxy

E 1/E 2=4.3

-90

-80

-70

-60

-50

-40

-30

-20

-10

0

0 30 60 90

ϕ   (°)

k=0 k=1 k=3 k=5
k=10 k=0 k=1 k=3
k=5 k=10   (°)0ϑ

Graphite Epoxy
E 1/E 2=12.7



Figures 2-4 point out the effect of the non-singular terms on the crack initiation angle. The angle 
of incipient growth is also obtained neglecting the non-singular terms inside the stress components 
(dot lines). The influence of the non-singular terms is more evident when the mechanical 
behaviour of the orthotropic material is close to the isotropic one. Besides the effect of the non-
singular terms depends on the value of k. For k>1 the effect of the non-singular terms increases 
when k increases. For k<1 the effect of the non-singular terms increases when k decreases. For E-
Glass Epoxy and Graphite Epoxy the influence of the non singular terms seems to be emphasised 
when the crack inclination angle is close to 90°. The reason of this fact can be found in equations 
(4)-(6). The non-singular terms affect all the stress components. This means that the relationship 
between the biaxial load parameter and the influence of  the non-singular terms is quite different 
from the isotropic case. 

 
4  CONCLUSIONS 

The elastostatic problem of an orthotropic body having a central inclined crack and subjected at 
infinity to a uniform biaxial load has been reported. The crack line does not coincide with an axis 
of elastic symmetry of the body. The Maximum Circumferential Tensile Stress Criterion has been 
extended to orthotropic materials in order to predict the crack initiation angle, defining a polar 
variation for the critical intensity factor for Mode-I. The crack initiation angle has been 
represented as a function of the crack inclination angle, for different values of the biaxial load 
parameter s. The dependence of crack initiation angle on the elastic properties of the orthotropic 
material and on the biaxial load parameter are underlined, noticing that when the elastic moduli 
ratio becomes close to one, the crack extension angles approximate the values of isotropic case. 
The influence of the non-singular terms is also related to the orthotropic behaviour of the material. 
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