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Abstract   

 

For rapid crack propagations, two kinds of material behavior have been observed. Typically, most materials 

show an increase of the fracture energy with the crack tip velocity. However, there do exist a few materials 

for which the fracture energy tends to decrease with the velocity [1, 2]. They are viscoplastic blend materials 

like polymers such as rubber toughened polymethylmethacrylate (RT-PMMA). For these materials, crack tips 

are seen to propagate at the same velocity whatever the loading rate is (or strain energy release rate). This 

critical velocity has been shown to be the crack branching velocity, at least at a macroscopic scale. Our study 

shows that the classical approach which considers that the amount of created surface during the propagation 

can be approximated as the sample thickness multiplied by the crack length is not appropriate. Indeed, this 

study shows that the exact fracture surface roughness has to be included in the amount of created surface in 

order to establish an intrinsic material fracture energy GID. As the fracture surface roughness depends on the 

scale at which the sample is observed, a self-affine model widely used for fracture surfaces is introduced [3, 

4]. This statistical geometrical model of the fracture surface with two parameters, a Hurst exponent and a 

topothesy is shown to be effective and provides a better estimate of the intrinsic surface fracture energy. 

 

Keywords  Dynamic fracture, rapid crack propagation, polymers, energy release rate, self-affine analysis, 

Hurst exponent. 

 

1. Introduction 
 

Considering rapid crack propagation, two kinds of material behavior have been observed. On the 

one hand, there are materials for which the fracture energy increases with the crack tip velocity. 

Fracture velocity changes during the crack propagation when the released energy varies, i.e. the 

dynamic energy release rate GID. Practically, a difference of velocity before and after branching is 

observed and, for instance, the main crack propagates faster than the secondary cracks after 

branching [5-7]. On the other hand, there are materials for which the fracture energy tends to 

decrease with velocity. They are viscoplastic blend materials and typically polymers such as rubber 

toughened polymethylmethacrylate (RT-PMMA) or many semi-crystalline polymers. In these 

materials, crack tips are seen to propagate at the same macroscopic velocity whatever the 

macroscopic fracture energy in mode I solicitation [1, 8, 9]. This velocity corresponds to the crack 

branching velocity, typically 0.6Cr, where Cr is the Rayleigh wave speed. In the case of rapid crack 

propagations, as observed in [1], to maintain the propagation at the same macroscopic crack 

branching speed, the surface roughness evolves as a function of the available energy release rate 

GID. Below a minimal value of GID, cracks stop without any decrease of the crack tip velocity 

contrarily to the first kinds of materials. Crack arrest phases correspond to relatively smooth 

fracture surfaces and fracture surface roughness is seen to increase with the value of fracture energy 

at constant velocity. These observations confirm the aim of this study to explore the roughness of 

fracture surfaces as a function of the energy release rate GID. Moreover, classical consideration of 

the created surface such as the sample thickness times the crack length is not appropriate since 

several values can be obtained for the fracture energy at constant crack tip velocity. Evaluating the 

quantity of created surface is not simple since the surface roughness is correlated with the scale at 

which the sample is observed. Hence, validating the self-affine geometrical model would be of great 
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interest. The concept of self-affinity [10] of surface roughness has been described for many natural 

surfaces including fracture surfaces. This concept allows the introduction of the existence of a 

roughness exponent called the Hurst exponent [11] which is known to be unique and universal 

between 0.78 and 0.80 for many materials such as rocks [3, 4, 12] wood [13-15], steel [16-18] or 

polymers [19-21]. This study shows the interest of the self-affine geometrical model of fracture 

surface, with two parameters being the Hurst exponent and the topothesy. 

 

2. Materials and methods 
 

The general principle of Rubber Toughened (RT) reinforcement is to dissipate energy throughout 

the material through elastomer particles in contrast to pure amorphous polymers for which the 

energy dissipation is smaller and only located at the crack tip [22-31]. RT-PMMA consists of a 

PMMA matrix containing a volume fraction of approximately 20% of spherical elastomer particles 

of about 200nm in diameter. The elastomer particles are prepared separately and then mixed with 

PMMA in a fluid state at high temperatures. The glass transition temperature Tg of the matrix is 

105°C while that of the elastomer particles is about -30°C. Fig. 1 presents sample characteristics for 

rapid crack propagation (RCP) tests. 

 
Figure 1. Schematic representation of the strip band geometry (L≈200mm, 25mm<H<45mm, B≈2mm) 

uniformly loaded with imposed displacements u in mode I. A conducting layer (1-an Ag layer of 

approximately 10 µm is spread on the sample) used to record the crack tip position during propagation. 

 

A conductive layer is sprayed onto the sample and the resistance evolution is recorded during the 

fracture, with a National Instrument USB-6351 data acquisition which ensures a 1.25 MS.s
-1

 

sampling rate. After calibration, fracture tip velocities are measured. 

The strip band geometry allows a relatively simple mechanical analysis of the structure [32]. 

Samples are initially preloaded in tension using an Instron tensile testing machine equipped with a 

150 kN force cell. A notch a0 ≈ 5/2.H is machined in the sample before loading. Crack propagation 

is then initiated by an impact of a razor blade at the tip of the notch. The entire test is performed at a 

quasi-constant temperature of 23°C.  

An opto-mechanical stylus profilometer was used to characterize the post-mortem fracture surface 

of the RT-PMMA. A mechanical arm carrying a stylus is moved horizontally at constant speed 

(about 1 mm.s
-1

) and subjected to a gravity force ensuring that the sapphire tip (φ = 5µm) keeps in 

contact with the surface. Measurements are discretized along a grid (Nx, Ny) with a mesh (Δx, Δy). 

This technique is compatible with surface transparency which prevents the direct use of optical 

techniques. The present profilometer cumulates optical precision of the height measurement and 

mechanical description of the air/RT-PMMA interface (no penetration).  

First of all, height measurements Z(X,Y) are used to build the topography of fracture surfaces. The 

chosen mesh grid is: Δx=Δy=10µm with a resolution of 2µm. Fracture maps show the surface 
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roughness during crack propagation, in particular during branching or crack arrest (see Fig. 2-3). 

Note that for RT-PMMA macroscopic fracture speed is observed to be constant even if the 

roughness changes [1]. Fig. 2 shows a perspective view of the fracture topography, before a 

branching zone. 

  
Figure 2. Topography of a fracture surface of RT-PMMA before a branching zone and standard deviation 

σy(x) of the height along the Y axis in function of the X axis which defines the stationary state (A) just before 

a branching zone. 

 

This study also addresses the surface topography decrease just before a crack arrest in a sample of 

RT-PMMA (Fig. 3) when the fracture energy becomes too low for the crack to continue. A small 

cut is made to the samples in order to access crack arrests zones. To illustrate the variation of the 

surface roughness during crack propagation, the standard deviation σy (Eq. 1) of the height Z(X,Y) 

along the Y axis is calculated as a function of the X axis. The amplitude variation of σy is used to 

make the difference between stationary and non-stationary regimes. A stationary regime 

corresponds to quasi-constant fluctuations of σy. Fig. 2 and Fig. 3 show two stationary states before 

branching (A) and after branching (B): 

 

- Regime A: σy amplitudes seem relatively constant just before a branching zone.  

- Regime B: σy amplitudes seem relatively constant just before a crack arrest. 

 , (1) 

 
Figure 3. Topography of a fracture surface of RT-PMMA just before a crack arrest and standard deviation 

σy(x) of the height along the Y axis in function of the X axis which defines the stationary state (B) just before 

a crack arrest phase. 
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In order to estimate fracture surfaces a routine in Fortran was created with two estimating methods. 

The first method called “spherical convolution” consists to probe the experimental surface with an 

imaginary profilometer having a variable needle radius Rp. The second method called “sampling” 

consists in undersampling data, i.e. to keep a point every Rp (Fig. 4). Finally, this program computes 

the amount of developed fracture surface A and developed lengths respectively along X and Y axis 

(lx, ly). 

 

Figure 4. a-Top view of the synthetic profile b- “Spherical convolution” method and “sampling” method 

c-Profile of fracture surface obtained with the help of “spherical convolution” method or “sampling” method. 

 

Finally, the concept of self-affinity introduced by Mandelbrot [10] is used to describe the roughness 

of fracture surfaces of RT-PMMA. It applies to surfaces that are statistically invariant under an 

affine transformation, such as: X → λx.X ; Y → λy.Y ; Z → λz.Z with λx = λy; λz = λx
χ
 with χ, the 

roughness exponent, or the Hurst exponent (0<χ<1). Today, there are various analytical techniques 

to analyze stationary and transient self-affinity. Root Mean Square (RMS), Maximum-Minimum 

(MM), Fourrier Power Spectrum (FPS) and Averaged Wavelet Coefficient (AWC) methods which 

are used in this study are described in [4, 33-35]. The aim is to determine a self-affine geometrical 

model of the fracture surface from the estimates of the Hurst exponent and the topothesy lr or the 

pre-factor C. The topothesy [35-38] which corresponds to the theoretical length scale over which 

the surface roughness has an average slope of 45° (σ(lr)=lr) is calculated using the RMS method (Eq. 

2): 

,                           (2) 

The energy release rate GId (Eq. 3) is computed assuming a classical Griffith energy balance 

accounting for inertial effects such as: 

a 

b 

c 
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,                      (3) 

where B is the thickness of the sample, Δa the crack length, Wela the strain elastic energy, Kcin the 

kinetic energy, Wext the work done by external forces and Wdis the bulk dissipated energy integrated 

over the entire structure. It has been largely assessed with optical techniques that Linear Elastic 

Fracture Mechanics (L.E.F.M.) formalism is valid for the dynamic fracture of amorphous polymers 

since the process zone is sufficiently confined [39, 40]. When the crack tip position a(t) during 

propagation and the initial stress state are known, the energy release rate GID may be calculated 

between two tip positions a and a+Δa by means of a transient dynamic finite element procedure, 

using the CAST3M software [41]. Dissipated energy, such as damping, does not involve nonlinear 

behavior in the process zone but only outside the process zone. Indeed, assuming L.E.F.M, the 

fracture toughness GIdc accounts for non linearities in the process zone by setting GIdc = GId for 

crack length increase. Since it has been shown that viscoelasticty is negligible for these experiments, 

Wdis = 0 [42].  

 

3. Results 
 

During rapid crack propagation (RCP) tests, the macroscopic crack speed is quasi constant for a 

given specimen at a given temperature, whether branching occurs or not (Fig. 5). However, for a 

quasi-constant crack speed, several values of energy released rates have been recorded. The 

information given in the Table 1 highlights a striking difference of <GID> for a measured same 

crack speed. 

 

Table 1. Mean dynamic fracture energy values for cracks which branch (<GID>max) and stop (<GID>min). 

<G
ID

>
min

(kJ/m
2
) <G

ID
>

max
(kJ/m

2
) <G

ID
>

max
/<G

ID
>

min
 

0.58±0.2 1.70±0.2 3.0±0.2 

 

 
Figure 5. Crack lengths versus time in the case of crack branching and in the case of no macroscopic crack 

branching. 

 

To quantify the differences of magnitudes of fracture surfaces between stationary states (A) and (B), 
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pre-factors are compared (Table 2). A significant difference of roughness is highlighted between the 

roughest and the smoothest surfaces observed on RT-PMMA samples. 

 

Table 2. Pre-factors and topothesy calculated with RMS method before a branching zone (A) and a crack 

arrest (B). 

 Pre-factor C (mm) Topothesy lr (mm) C(A)/C(B) 

 A 10
-1.84 

1.10
-4

 
2.4±0.2 

B 10
-2.22 

9.10
-6

 

 

Pre-factors and topothesy are calculated for each regime (A) and (B) for 10 samples of RT-PMMA. 

The ratio of C(A) to C(B) is equal to 2.4 ± 0.2. The self-affine geometrical model for stationary 

states (A) and (B) is defined with two parameters: the Hurst exponent and the topothesy. The results 

obtained by the two methods (RMS and MM) are shown in Fig. 6.  

 
Figure 6. Statistical data analysis (RMS and MM) obtained by the characterization of RT-PMMA fracture 

surfaces (A and B). 

 

The Hurst exponent is obtained from the average slope β of each curve in a log-log diagram with 

β=χ for RMS and MM methods. All values of Hurst exponent which have been obtained are 

summarized in Table 3. The main observation is that the surface roughness of RT-PMMA follows a 

self-affine model in stationary regimes. In suggested stationary regimes (A and B) the self-affine 

model stays stable along the crack propagation with<χ>=0.61 ± 0.05. The average value of the 

Hurst exponent <χ> was calculated using the analysis of 10 profiles. 

 

Table 3. Roughness exponent of RT-PMMA fracture surfaces for stationary states A and B. 

Methods RMS MM 

χ(A) 0.54 0.60 

χ(B) 0.56 0.62 
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Furthermore, a decrease of the prefactor and the topothesy was observed between A and B states 

(Table 2). This corresponds to a significant decrease of surface roughness. Contrary to the pre-factor 

and the topothesy, the Hurst exponent stays stable between the two stationary regimes. The interest 

of analyzing the pre-factor and the topothesy provides an estimate of the difference of fracture 

surfaces between the two domains. Fig. 7 presents the quantity of developed surface for “spherical 

convolution” and “sampling” methods for stationary regimes (A) and (B). The amount of developed 

surface in domain (B) is significantly lower than the amount of developed surface in domain (A).  

 
Figure 7. Total fracture surface for “spherical convolution” method (c) or “sampling” method (e) for 

stationary regimes (A) and (B). 

 

Whatever the method, “spherical convolution” or “sampling”, the amount of developed surface 

which are calculated is relatively similar. The choice of the method thus is indifferent on the result.  

 

4. Discussion and conclusions 
 

Using an dynamic L.E.F.M. approach, RT-PMMA samples have revealed a “loss” of GID unicity 

which is related to BΔa (Eq. 3) at a crack tip velocity of approximately 0.6Cr. Indeed, maximum 

values of fracture energy have been shown to vary up to 3.0 ± 0.2 times the minimum. The results 

suggest that differences of GID exist and are associated to the RMS of the fracture surface σy. In this 

article the roughness of fracture surfaces obtained from the analysis of post-mortem surfaces, has 

been quantified with Hurst exponents and pre-factors ratios during stationary regimes (A and B) 

before and after branching. Surfaces considered as inaccessible, either because of the profilometric 

technique (5µm sapphire radius tip) or because of local branches (sub-surfaces), are neglected in 

this study. However it is observed that the amount of fracture of inaccessible surface seems 
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negligible compared to the accessible surface. It is shown that a crack creates 2.4±0.2 times more 

surfaces before a branching zone than before a crack arrest. In addition, the self-affine model allows 

one to say that the surface roughness could be considered as statistically invariant under an affine 

transformation. Evidently the model could lose its validity below the micrometric scale, i.e. 

resolution scale. The “loss” of GID unicity at approximately 0.6Cr can therefore be associated with 

the amount of created fracture surface even if the quantification of A is practically fastidious. GID is 

calculated as a function of the created projected fracture surface (BΔa) on the average fracture plane. 

In the case of rubber toughened polymer, and most probably semi-crystallines, experiments thus 

show that it would be pertinent to correct the real area of the crack surface ΔA/ΔA0 with ΔA0=BΔa 

the projected area and ΔA the real surface. For these kinds of materials it would be necessary to 

multiply GID by ΔA/ΔA0. Finally, the determination of the Hurst exponent (χ=0.61 ± 0.05) 

independently of the fracture domain (A or B) supports the universality of the self-affine scaling of 

fracture surface for quasi-2D sample geometries. The self-affine geometrical model with two 

parameters (Hurst exponent and pre-factor or topothesy), shows its effectiveness in this type of 

study. However, the single Hurst exponent is no longer sufficient, by itself, to describe all the 

regimes encountered and, more precisely, with these kinds of rubber toughened polymers. 
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