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Abstract   
This article focused on three-dimensional analyses of a functionally graded material plate which 
contains a semi-elliptical surface crack and subjected to transient thermal loading. Strain singularity 
around the crack front is simulated using collapsed 20 – node quarter – point brick elements. Three 
–dimensional displacement correlation technique is utilized to extract the mixed mode stress 
intensity factors around the crack front for different inclination angles of the semi-elliptic surface 
crack. Comparisons between current results and those from analytical and other numerical methods 
yield good agreement. Thus, it is concluded that the applied three-dimensional enriched finite 
elements are capable of accurately computing mixed-mode fracture parameters for cracks in FGMs. 
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1. Introduction 
 
Numerical simulations of crack initiation, propagation and branching are a computationally 
intensive   process. Traditional finite element packages simulate the crack propagation problem 
either by using singularity elements or by using line spring elements with built-in fracture criteria. 
Recently, a popular method to do this task is the cohesive surface modeling of the fracture zone. 
Following the work of Baren blatt[2], Dugdale [3] ,and Willis [4], many researchers have addressed 
the issue to this approach. Nee-dleman[5] provided a framework for these parathion process starting 
from initial de-bonding in the cohesive  zone. Larsson [6] used this approach to simulate crack 
growth in brittle materials, while Xia and Shih[7] simulated fracture inductile material sunder static 
loading. Camacho and Ortiz[8] have used cohesive surface modeling to study material 
fragmentation, while Xu and Needleman[9] used it to study dynamic  crack tip in stabilities by 
allowing cracks to formal on element boundaries. The method by Xu and Needleman involves 
introducing special boundary elements between regular elements, where the boundary Elements 
obey a cohesive law. Three factors influence the cohesive law behavior, namely the cohesive 
Strength, the critical separation at cohesive strength and the fracture energy in the separation 
process. These Models obviate the need for a separate external fracture criterion in fracture 
simulations. The effects of Plasticity inside volumetric elements have been investigated using the 
embedded-process-zone cohesive Fracture model by Tvergaard and Hucthinson[10,11]. Gullerud 
and Dodds [12] have used 3-D cohesive Elements for modeling ductile crack growth. More recently 
Foulketal.[13] presented a procedure for  Implementing the cohesive zone modeling a 3-D finite 
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element framework where zones of cracking are Known a-priori and cohesive zone elements are 
placed along these element boundaries. 
Gao [14,15] proposed that materials undergoing brittle fracture have large non-linear elastic 
deformations and that a hyper elastic description of the crack tip behavior provides a better 
explanation of dynamic  Crack tip in stabilities. Gao and Klein[16] developed a method, called the 
virtual internal bond(VIB)model ,In which a cohesive type law is directly incorporated in to the 
constitutive model. This is done by treating the Body as a collection of randomly distributed 
material points inter connected by a network of cohesive bonds.  
The Cauchy–Bornrule of crystal elasticity is used to derive the overall constitutive relations. This is 
done by equating the strain energy of the bonds to the potential energy stored in the continuum due 
to applied loads and deformations. As this is implemented in a hyper elastic frame work 
deformation continuum mechanics, the Green–Lagrange strain tensor can be evaluated from 
deformation gradient, and the second Piola–Kirchoff stress tensor can be computed from the 
potential energy expression. The main advantage of this method is that, as in the cohesive boundary 
element approach [9], no separate fracture criterion is needed. Furthermore, the cohesive law is now 
embedded directly into the constitutive equations, thus no special boundary elements between 
regular elements are needed. 
This study implements a finite element model to study the thermal fracture behavior of functionally 
graded materials. Stress intensity factors (SIF) are evaluated using a thermo mechanics and fracture 
mechanics approach. The results show that the components gradation of the FGM composites has 
significant influence on the specimens' thermal behavior. 
  

2. Thermo-mechanical finite element modeling of FGM 
 

A problem which is encountered in three-dimensional finite element analyses is the large number of 
elements and as a result, a remarkable and time consuming computation. Also, because of very 
rapid changes in the geometrical parameters around the crack front region, mesh generation of this 
region must be done with a great care. This may lead to increase the run time which makes it 
difficult to reach valid results and conclusion [17]. 
The main objective of this study is to model and analyze a three dimensional inclined semi-elliptic 

surface crack in a plate made of Functionally Graded Material (FGM). FGM is 100% zirconia-yttria  
(ZrO2-8wt%-Y2O3 )  at  x=0  and  100%  nickel-chromium–aluminum– zirconium (NiCrAlY) at 
x= t. The thermo mechanical properties of the FGM structure are assigned according to variation 
function by using the centroid of each finite element.  This procedure is developed by utilizing 
ANSYS codes. A unique material property is assigned to each element with the help of this method. 
In this study three different ratio regarding to modulus of elasticity (E) are considered as E2/E1= 20, 
E2/E1= 0.05 and homogeneous material case.E1and E2 are the values of the elastic module at  
x= 0 and x=t, respectively. Except elastic module a total of five material parameters are required to 
be known in order to carry out the transient thermal fracture analysis. These parameters are 
Poisson’s ratio υ, thermal expansion coefficient αt, thermal conductivity k and density multiplied by 

specific heat (ܿߩ௧). (ܿߩ௧) can be evaluated using the relationship ܦ ൌ ݇ ௧ൗܿߩ 	where D is the thermal 

diffusivity. 
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ሻݔሺܧ ൌ 0				ఉ௫݁ܧ ൏ ݔ ൏  (Eq. 1)																																																						ݐ
ሻݔሺݒ ൌ 0					ఉ௫݁ݒ ൏ ݔ ൏  (Eq. 2)																																																						ݐ

ሻݔሺߙ ൌ 0					ఉ௫݁ߙ ൏ ݔ ൏ 	(Eq. 3)																																																						ݐ

݇ሺݔሻ ൌ ݇݁ఉ௫					0 ൏ ݔ ൏  (Eq. 4)																																																						ݐ

ሻݔ௧ሺܿߩ ൌ 0					௧݁ఉ௫ܿߩ ൏ ݔ ൏  (Eq. 5)																																															ݐ

  is material constant and ߚ

ߚ ൌ 1
ൗݐ ݊ܮ ൭ܧଶ ଵܧ

ൗ ൱																																																						 (Eq. 6) 

 

Table 1 
Table 1 

 
Material 

 
Modulus Of 

Elasticity 
(GPa) 

 
Poisson’s 

ratio 

Coefficient of 
thermal 

expansion 
( ͦ C-1) 

Coefficient of 
thermal 

conductivity 
(W/mK) 

thermal 
diffusivity 

(m2/s) 

Substrate (Ni) 175.8 0.25 13.91×10-6 7 2×10-6 
Bond Coat 
(NiCrAIY) 

137.9 0.27 15.16×10-6 25 8×10-6 

Zirconia-Yttria 27.6 0.25 13.91×10-6 1 5×10-6 
 
In this paper combined thermal-structural analysis is studied.  In the thermal analysis, first transient 
heat conduction in the FGM structure is conducted and consequently temperature distribution 
within the structure is computed. Afterwards, this temperature distribution is utilized as an input for 
the structural problem. While performing the analyses, it is assumed that the crack surfaces are 
completely  insulated  and  the  medium  is  free  of  any  mechanical  constraints. Furthermore, 
coupling of the thermal and structural problems are assumed to be through the calculated 
temperature distribution only since the inertia effects are not taken into account. During the solution, 
minimum and maximum time step sizes are entered. In order to overcome oscillations in the 
distribution of temperature, minimum time step size is taken to be very small and maximum time 
step size is chosen as not to be very large. By imposing temperature of the environment and 
applying free and forced convection coefficients on related surfaces of the FGM structure in time 
steps the problem is solved and calculated at each node. Then after computing the mixed mode 
stress intensity factors at the crack front nodes by utilizing the displacement correlation technique, 
the procedure of solving is repeated for each required time until the end time is reached. 
 

3. The Displacement Correlation Technique (DCT) 
 
Since the problem considered in this study is related to the inclined cracks (unsymmetrical), a 
complete crack model is needed to calculate the stress intensity factors. The figure below shows the 
full model which is to be used for mode I stress intensity factor calculation of an inclined crack.  
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Fig 1- Deformed shape of the crack surface (non-symmetric) 

 

The displacement component, which is required to calculate KI, at point P on the crack front can be 
expressed as 

,ݎ௱ሺݑ ሻߠ ൌ ൬
1 ൅ ߥ
ܧ

൰ඨ
ݎ2
ߎ
൜݇పሺݏሻ sin ൬

ߠ
2
൰ ൤2ሺ1 െ ሻߥ െ cosଶ ൬

ߠ
2
൰൨

െ ݇పపሺܵሻ cos ൬
ߠ
2
൰ ൤ሺ1 െ ሻߥ2 െ sinଶ ൬

ߠ
2
൰൨ൠ																																																								ሺEq. 1ሻ 

,ݎ௱ሺݑ ,ݎ௱ሺݑ ,ሻis calculated by using equation (4.1). For the non-symmetric crack modelߎ െߎሻ is 
also required. Thus, substituting ߠ ൌ െߎ into equation: 

,ݎ௱ሺݑ െߎሻ ൌ െቀଵାఔ
ா
ቁටଶ௥

௽
݇ଵ2ሺ1 െ  (Eq. 2)																																													ሻߥ

Kı can be obtained as 

݇ଵ ൌ
√ଶ௽⋅ா

଼ሺଵିఔమሻ
⋅ ቂ݈݅݉

௥→଴
ቄ௨೩

ሺ௥,௽ሻି௨೩ሺ௥,ି௽ሻ

√௥
ష ቅቃ																																													(Eq. 3) 

At the crach tip (i.e. ݎ → 0) , ݈݅݉
௥→଴

ቄ௨೩
ሺ௥,௽ሻି௨೩ሺ௥,ି௽ሻ

√௥
ష ቅ ൌ ܺ.Hence, equation 

݇ଵ ൌ
√ଶ௽⋅ா

଼ሺଵିఔమሻ
⋅ ܺ																																																																	(Eq. 4) 

ݔ ൌ
ோయ
యോమ൫௨೩మ,బି௨೩మ,య൯ିோమ

యോమ൫௨೩య,బି௨೩య,య൯

ඥோమඥோయሺோయିோమሻ
																																																(Eq. 5) 

For r=R2	→
௨೩ሺோమ,௽ሻି௨೩ሺோమ,ି௽ሻ

ඥோమ
ൌ

௨೩మ,బି௨೩మ,య
ඥோమ

ൌ ݔ ൅ ܻܴଶ 

And 

For r=R3  →
௨೩ሺோయ,௽ሻି௨೩ሺோయ,ି௽ሻ

ඥோయ
ൌ

௨೩య,బି௨೩య,బ
ඥோయ

ൌ ݔ ൅ ܻܴଷ 

݇పప ൌ
√ଶ௽⋅ா

଼ሺଵିఔమሻ
⋅ ቂ݈݅݉

௥→଴
ቄ௨బ
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ቅቃ																																													(Eq. 6) 

For r=R2	→
௨బሺோమ,௽ሻି௨బሺோమ,ି௽ሻ

ඥோమ
ൌ

௨బమ,బି௨బమ,య
ඥோమ
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And 

For r=R3  →
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ݔ ൌ
ோయ
యോమ൫௨బమ,బି௨బమ,య൯ିோమ

యോమ൫௨బయ,బି௨బయ,య൯

ඥோమඥோయሺோయିோమሻ
																																															(Eq. 7) 

݇పప ൌ
√ଶ௽⋅ா

଼ሺଵିఔమሻ
⋅ ܺ																																																													(Eq. 8) 

KIII can be calculated by the tangential displacement component at point P on the crack front. The 
tangential displacement component at this point is 

,ݎ௖ሺݑ ሻߠ ൌ 2 ቀଵାఔ
ா
ቁටଶ௥

௽
݇௠ሺݏሻ sin ቀ

ఏ

ଶ
ቁ																																									(Eq. 9) 

For r=R2	→
௨೎ሺோమ,௽ሻି௨೎ሺோమ,ି௽ሻ

ඥோమ
ൌ

௨೎మ,బି௨೎మ,య
ඥோమ

ൌ ݔ ൅ ܻܴଶ 

And 

For r=R3	→
௨೎ሺோయ,௽ሻି௨೎ሺோయ,ି௽ሻ

ඥோయ
ൌ

௨೎య,బି௨೎య,య
ඥோయ

ൌ ݔ ൅ ܻܴଷ 

ݔ ൌ
ோయ
యോమ൫௨೎మ,బି௨೎మ,య൯ିோమ

యോమ൫௨೎య,బି௨೎య,య൯

ඥோమඥோయሺோయିோమሻ
																																													(Eq. 10) 

݇పపప ൌ
√ଶ௽⋅ா

଼ሺଵିఔమሻ
⋅ ܺ																																																															(Eq. 11) 

 

ߤ ൌ ா

ଶሺଵାఔሻ
																																																																							(Eq. 12) 

Therefore, the total strain energy release rate under mixed mode loading is 

்ܩ ൌ ଵܩ ൅ పపܩ ൅ పపపܩ ൌ
൫ଵିఔమ൯

ா
ቄ݇ଵ

ଶ ൅ ݇పపଶ ൅
௞ഢഢഢమ

ଵିఔ
ቅ																																			(Eq. 13) 

After the accuracy of the finite element model is checked out, the same model is used for the 
analyses of semi-elliptic inclined surface crack embedded in the FGM coating of composite 
structure. The finite element analyses of FGM coating- bond coat-substrate structure are carried out 
and  the  numerical  results  are  calculated  for  various  inclinations  of  three dimensional  semi-
elliptic  surface  crack,  coating  types,  crack  front  angles  and relative dimension of the crack with 
respect to FGM coating thickness. 
 
4. Numerical results 
 
There is a semi-elliptic inclined surface crack which has a length of 2c and a depth of a. The semi-
elliptic crack has an inclination angle α, on the surface of the FGM at x=0. In the numerical analysis 
conducted, crack depth/ FGM thickness ܽ ൗݐ 	ratios and aspect ratio are used. These are as follows: 

ܽ
ൗݐ 	ൌ 0.2	ܽ݊݀	 ܽ⁄ܿ ൌ 1

2ൗ 																																																					(Eq. 14) 

In this analysis, the stress intensity factors are normalized by, 

݇ோ ൌ ଴ටߪ
௽௔

ொ
																																																																				(Eq. 15) 
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Q is defined by, 

ܳ ൌ ൝
1 ൅ 1.464ሺܽ ോ ܿሻଵ.଺ହ						if	ሺ	ୟ

ୡ
	ሻ ൑ 1

1 ൅ 1 ⋅ 464ሺܿ ോ ܽሻଵ.଺ହ		ifሺ	ୟ
ୡ
	ሻ ൐ 1

																																								(Eq. 16) 

The schematic of the crack front can be seen at Figure 2. The validation of the model is done by 
modeling and analyzing the plate, which contains a semi-elliptic inclined surface crack, with finite 
dimensions subjected to uniform tension (figures 3 and 4). As it can be seen from these figures, the 
results of this study are plotted for	ߙ ൌ ߙ	݀݊ܽ	0 ൌ 30. it can be said that the obtained results are in 
good agreement with that of Ayhan et al.  [11] 

                             

Fig 2- semi-elliptic inclined surface crack in a plate under uniform tensile remote stresses 

 

 

Fig 3- Comparisons of normalized mixed mode stress intensity factors for 0୭ inclination angle 

 

 

Fig 4- Comparisons of normalized mixed mode stress intensity factors for 30୭ inclination angle 
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Transient Thermal Loading 
The boundary conditions for this loading case are depicted in Figure 5. 

 
Fig 5- Thermal boundary conditions for the FGM coating, bond coat and substrate structure 

 

It is assumed that the composite medium is initially stress-free at a high processing temperature of 

௜ܶ = 1200 K. Then, the other face of solid is left in an environment which has a temperature of ௢ܶ = 
100 K. The boundary conditions for this loading case are depicted in Figure 5. The thermo 
mechanical parameters used in the transient thermal analyses are described before. For the transient 
thermal analyses, inclination angles of 45௢semi-elliptic surface crack are considered. It is seen that 
the normalized stress intensity factors rates go through a maximum in a short time period and then 

starts to decrease (Figures 6, 7 and 8) for different ratio of		ܧଶ ଵܧ
ൗ . Figures 9 show the distribution of 

energy release around the crack front. 
 

 

Fig 6- Distribution of normalized mode I stress intensity factors around crack front 

 

 

Fig 7- Distribution of normalized mode II stress intensity factors around crack front 
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Fig 8- Distribution of normalized mode III stress intensity factors around crack front 

 

Fig 9- Distribution of normalized energy release rates around crack front 

 
Figures 10 shows the distribution of temperature around the crack front at  the  time  maximum  
values  of  normalized SIFs  and  energy  release  rates  are reached. 
 

 

Fig 10- Distribution of temperature around crack front 

 

In this study, an inclined semi-elliptical surface crack in an FGM structure is modeled in three 
dimension and fracture analyses are carried out by implementing finite element technique. For the 
model generations and  finite  element  analyses,  the  multi-purpose  finite  element  code  ANSYS  
is used. The behavior of three dimensional inclined semi-elliptical surface cracks is examined under 
transient thermal loading for different ratios of material gradient. The mixed mode stress intensity 
factors and  energy  release  rates  around  the  crack  front  are  calculated  by  utilizing  
displacement  correlation technique.In order to verify the model and technique utilized in FGM 
structure, first of all, a plate and a semi-infinite solid with homogeneous material properties are 
modeled and analyzed under uniform tension. Then, the results obtained are compared to those 
given by Ayhan et al. [1 1]. It  is  observed  that  the  figures  generated  for  comparisons  are  in  
good agreement and therefore, it is concluded that this model can also be used for the finite element 
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analyses of the composite medium. The transient thermal analyses of the FGM structure are carried 
out for three different material gradients. It is assumed that the composite medium is initially at a 
high processing temperature. Then, this structure is left in an environment which is at a low 
temperature. Due to the high temperature difference, thermal stresses are induced at the composite 
structure containing an inclined semi-elliptical surface crack. Mixed mode SIFs and energy release 
rates are calculated along the crack front. It is observed that as the inclination angle increases, the 
normalized modes stress intensity factors decrease. The normalized energy release rates also 
decrease as the inclination angle increases. It is seen that for all inclination angles the normalized 
temperature increases as the crack front angle increases. It is could be concluded that material 
gradation has considerable effect on mode-II and mode-III stress intensity factors also. Thus, it is 
concluded that the 3D elements can be applied to calculate mixed-mode cracks in FGMs accurately 
and efficiently without needing special meshes near the crack front and detailed post-processing of 
the finite element solution.   
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