
13th International Conference on Fracture 
June 16–21, 2013, Beijing, China 

 
 

1

Elastodynamic analysis of a finite crack at an arbitrary angle in 
the functionally graded material under in-plane impact loading 

Sheng-Hu Ding*,  Xing Li 
School of Mathematics and Computer Science, Ningxia University, Yinchuan, 750021, China 

*Corresponding author:Email:dshsjtu2009@163.com 
 

Abstract  The plane problem for a infinite functionally graded material containing a finite crack subjected 
to the dynamic impact loads is investigated. The crack arbitrarily oriented with respect to the direction of 
property gradient is considered. Based on the use of Laplace and Fourier integral transforms, formulation of 
the transient crack problem is reduced to solving a system of Cauchy-type singular integral equation in the 
Laplace transform domain. The crack-tip response in the physical domain is recovered via the inverse 
Laplace transform and the values of dynamic stress intensity factors are obtained as a function of time. The 
effects come from  the crack orientation and the nonhomogeneous material parameter on the dynamic stress 
intensity factors are discussed graphically. 
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1. Introduction 
 
With the application of functionally gradient materials in engineering, most of the current 
researches [1-5] on the fracture analysis of the FGMs interface have been devoted to the FGMs 
interlayer and the interface between the functionally graded material (FGM) coating and the 
homogeneous substrate. However, to date, only a few articles were devoted to the dynamic fracture 
mechanics of FGMs. Among these limited work, Atkinson [6] first studied the crack propagation in 
media with spatially varying elastic properties. Li and Wen [7] investigated the dynamic stress 
intensity factor of a cylindrical interface crack located between two coaxial dissimilar homogeneous 
cylinders that are bonded with a functionally graded interlayer and subjected to a torsional impact 
loading. The transient response of a functionally graded coating-substrate system with an internal or 
edge crack perpendicular to the interface [8] has been studied under an in-plane impact load. 
Recently, the dynamic fracture problem of the weak-discontinuous interface between a FGM 
coating and a FGM substrate have been studied by Li and his coauthors [9]. Ding and Li [10] 
studied the dynamic stress intensity factor of collinear crack-tip fields in bonded functionally 
graded finite strips. 
 
For the arbitrarily oriented crack, Bogy [11] studied the problem of an arbitrarily oriented crack 
terminated at the bonded interface. For FGMs, till 1994 when Konda and Erdogan [12] considered 
the mixed mode crack problem in a nonhomogeneous elastic medium. Under the condition of 
antiplane shear impact, the corresponding dynamic stress intensity factors for a crack in a 
homogeneous material when a graded stip between dissimilar half-planes was evaluated by Choi 
[13].  
 
The objective of the present paper is to provide a theoretical analysis of the dynamic behavior of a 
finite crack in the functionally graded material subjected to in-plane impact loading. To solve the 
proposed crack problem, the Fourier integral transform method is employed together with Laplace 
transform, leading to the derivation of a singular integral equation with a generalized Cauchy kernel. 
It is a simple and convenient method for solving this problem. In the numerical results, the values of 
mixed-mode stress intensity factors (SIFs) are provided as a function of crack orientation angle. The 
effects come from  the crack orientation and the nonhomogeneous material parameter on the 
dynamic stress intensity factors (DSIFs) are discussed graphically. 
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2. Formulation of the problem 
 
As shown in Fig.1, consider the plane problem of  an arbitrarily oriented crack located in a 
functionally graded material. Two rectangular Cartesian coordinate systems, ( , , )x y z  and 

1 1 1( , , )x y z , are defined to describe the direction of the material gradient and crack orientation, 

respectively. The system 1 1 1( , , )x y z  is obtained by rotating counterclockwise to the system 

( , , )x y z  with angle   .The crack is assumed to occupy the region 1a x b  , 1 0y  , 1z  ∣ ∣ . 

The shear modulus   and mass density   in 1 1 1( , , )x y z  and ( , , )x y z  coordinate can be written, 

respectively, as follows [12] 

1 1 0 1 1 2 1 1 1 0 1 1 2 1( , ) exp( ), ( , ) exp( ),x y x y x y x y                        (1) 

0 0( ) exp( ), ( ) exp( ),y y y y                           (2) 

where  , 0  and 0  are material constants, and 1 2sin( ), cos( )       . 

 
The mixed boundary value problem shown in Fig.1 will be solved under the following conditions 

1 1 1 1 1 1 1 11 1 1 1 1( ,0 , ) ( ,0 , ), ( ,0 , ) ( ,0 , ), ,y y y y x y x yx t x t x t x t x                    (3) 

1 1 1 1 1 1( ,0 , ) ( ,0 , ), ( ,0 , ) ( ,0 , ), , or ,u x t u x t v x t v x t x a x b                   (4) 

1 1 1 1 1( ,0 , ) ( ), ,y y x t H t a x b                           (5) 

1 1 1 2 1( ,0 , ) ( ), ,x y x t H t a x b                           (6) 

where 1 ( )H t  and 2 ( )H t  are the negative of dynamic normal stress and shear stress at the 

crack plane under external loading in an uncracked specimen. ( )H t  is the Heaviside function of 
time t . When 0t  , ( ) 0H t  , and when 0t  , ( ) 1H t  . 
 

 
Figure 1. Geometry of the functionally graded material with an arbitrarily oriented crack 

 
 

3. Method of solutions 
 
The general expressions for displacements components can be written as 
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where ( , )( 1 4)jC p j    are unknown functions, and ( , )( 1 4)j p j     are the roots of the 

characteristic equation 
4 3 2
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4. Singular integral equation 
 
Now, we define the following new unknown functions 
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From (3-6), we obtain 
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and ( , 1, 2)ijck i j   are the complex conjugates of .ijk  

 
The solutions of the singular integral equations Eq.(15) are [14] 

2 2
1 1 2 2ˆ( , ) ( , ) / 1 , ( , ) ( , ) / 1 .g u p G u p u g u p G u p u                    (26) 

 
The stress intensity factors in Laplace domain can be defined as 
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Figure 2. The variation of static SIFs with crack orientation angle   under crack surface pressure 

 ( 0 1.0a  ) 

 
 

 
Figure 3. The variation of static SIFs with crack orientation angle   under crack surface pressure 

 ( 0 1.0a  ) 

 
 

The stress intensity factor in the time domain can be obtained from Eqs.(27-30) by using Laplace 
numerical inversion by Miller and Guy [15]. 

 
5. Numerical results and discussion 
 
The following analysis will be conducted under the plane strain state. The surface of the crack 
loaded by 10 ( )H t  and 20 ( )H t  respectively, where 10  and 20  are constant tractions. 

Poisson's ratio is taken as 0.3  . The dynamic stress intensity factors  are normalized by 

0 10 0k a and 20 0k a  for different loads respectively, where 0 ( ) / 2a b a  . 

2 0 0/c    is the shear wave velocity, 2 0/c t a  is the non-dimensional time. 
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Before the analysis, the validity of the analytical solution must be verified. First, we restrict our 
attention to the crack problem in FGM under static loading. The corresponding static problem was 

 
Figure 4. The variation of DSIFs with crack orientation angle   under crack surface pressure 

( 0 0.5a  ) 

 
studied in [12]. Figs. 2-3 show the variations of the normalized SIFs with the angle   under the 
uniform normal traction. These results are very similar to Konda's results [12]. 
 
 

 
Figure 5. The variation of DSIFs with crack orientation angle   under crack surface pressure 

 ( 0 0.5a  ) 

 
 

Figs.4-5 show the influence of   on the DSIFs. It can be found that the peak value of 0( , ) /IK a t k  

decreases with an increase of    regardless of the value of  0a . For 0 0.5a  , the peak value 

of 0( , ) /IK b t k  increases with the increasing of  . And meanwhile, the emergence of time for the 

DSIFs gradually delays with the decreasing of  . 
 
Figs.6-7 depict the variations of the normalized mode II DSIFs with the crack direction angle under 
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uniform shear stress when 0 0.5a  . It can be found that the normalized DSIFs increases quickly 

with time up to the peak, and then the oscillations gradually decay until corresponding steady-state 
value. The peak time of DSIFs appears more or less for 2 01/ 1.5c t a  , and then exhibit a slight 

oscillation after reaching a peak. The peak values of 0( , ) /IIK a t k  and 0( , ) /IIK b t k increase or 

decrease with an decrease of   regardless of the value of 0a . 

 

 
Figure 6. The influence of crack orientation angle   on the  DSIFs under crack surface shear 

 ( 0 0.5a  ) 

 

 
Figure 7. The influence of crack orientation angle   on the  DSIFs under crack surface shear 

 ( 0 0.5a  ) 

 
 

Based on the premise that the peak dynamic stress intensity factors may induce brittle fracture, such 
peaks are plotted in the sequel as a function of the crack orientation angle   in Figs. 8-9. For 

0 0.5a  , as shown in Fig.8, the peak value of the mode I DSIFs in crack tip a  increases with an 

decrease of  , while the peak value of the mode I DSIFs in crack tip b  increases with an increase 
of  . For 0 1.0a   or 1.5, the peak value of the mode I DSIFs in crack tip b increases with  , 

going through the maxima at some angle, and then begin to decrease at the enlarged crack obliquity, 
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e.g., 0.1   or 0.15 . The peak value of the mode I DSIFs in crack tip a  decreases with an 
increase of  . Of interest in the figure is that for the crack angle more than 0.4 , the variation of 
  appears to hardly affect the peak stress intensification at the crack tips. From Fig.9, it can be 
seen that the peak values of crack tips a  and b  decrease or increase with an increase of  . 
 
 

 
Figure 8. The influence of crack orientation angle   on the peak values of the DSIFs under crack surface 

pressure 
 
 

 
Figure 9. The influence of crack orientation angle   on the peak values of the DSIFs under crack surface 

shear 
 

 
6. Conclusion 

 

The elastodynamic response of an arbitrarily oriented crack in functionally graded materials  has 
been investigated with the aid of the basic plane elasticity equations.  The mixed-mode DSIFs 
evaluated for an arbitrarily oriented crack were shown to be strongly affected by the geometric and 
loading configuration of the media in conjunction with the material gradations in the 
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nonhomogeneous constituent. The integral transform techniques were employed in conjunction with 
the coordinate transformations of relevant field variables and a resulting Cauchy-type singular 
integral equation was solved in the Laplace transform domain. Following the inversion of the 
Laplace transforms, the evolution of the dynamic  mixed-mode DSIFs stress intensity factors with 
time was evaluated. 
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